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2910 W.M. Tulzyjew, P. Urba«skithan was available in the Lagrangian formulation. We propose a version ofthe Legendre transformation without this defet.In a reent paper Cendra, Holm, Hoyle, and Marsden [2℄ express theopinion that Lagrangian systems and Hamiltonian systems o�er di�erentrepresentations of the same objet. The Legendre transformation is thepassage from one of these representations to the other. We agree with theseonepts. We also agree with the statement that �one should do the Legendretransformation slowly and arefully when there are degeneraies�. We thinkthat our Legendre transformation is slow and areful enough to provide theorret Hamiltonian representation of relativisti mehanial systems.We provide an almost omplete although somewhat super�ial review ofthe geometri bakground for analytial mehanis. Complete oordinateharaterizations of all strutures are provided. Intrinsi onstrutions ofmost of the objets are given. A more rigorous version of this material is inpreparation. Related material an be found in [10,12,13℄.Muh of the material was developed in ollaboration with G. Marmo atIstituto Nazionale di Fisia Nuleare, Sezione di Napoli.2. Geometry of tangent and otangent bundlesLet Q be a di�erential manifold of dimension m. We use a oordinatesystem or a hart(q�) : Q! Rm: x 7! (q�)(x) = (q1(x); : : : ; qm(x)): (1)Eah individual oordinate is a funtionq�:Q! R: (2)We ignore the fat that the domain of a hart ould be an open submanifoldof Q and not all of Q.Let F be a di�erentiable funtion on Q. The funtionF Æ (q�)�1:Rm ! R (3)is the oordinate expression of the funtion F . It is a funtion of the oor-dinates (q�(q)) 2 Rm of a point q 2 Q. We de�ne partial derivatives��F = �(F Æ (q�)�1)�q�(v) Æ (q�): (4)These partial derivatives are funtions on Q.



A Slow and Careful Legendre Transformation for Singular Lagrangians 2911The tangent bundle of a manifold Q is a manifold TQ. There is a mapping�Q:TQ! Q (5)alled the tangent �bration. Tangent vetors (elements of TQ) are equiv-alene lasses of urves in Q. Two urves :R ! Q and 0:R ! Q areequivalent if 0(0) = (0) and D(f Æ 0)(0) = D(f Æ )(0) for eah funtionf :Q ! R. The equivalene lass of a urve :R ! Q will be denoted byt(0). Coordinates(q�; Æq�) : TQ! R2m: v 7! (q1(v); : : : ; qm(v); Æq1(v); : : : ; Æqm(v)) (6)are indued by oordinates (q�) in Q. If  is a representative of a vetor v,then q�(v) = q�((0)) and Æq�(v) = D(q� Æ )(0). The tangent �bration isde�ned by �Q(t(0)) = (0): (7)Fibres of this �bration are vetor spaes. We have operations+:TQ �(�Q;�Q)TQ! TQ (8)and � :R � TQ! TQ (9)with oordinate representations(q�; Æq�)(v1 + v2) = (q�(v1); Æq�(v1) + Æq�(v2)) (10)and (q�; Æq�)(k � v) = (q�(v); kÆq�(v)): (11)We denote by TQ� (�Q; �Q)TQ the setf(v1; v2) 2 TQ� TQ; �Q(v1) = �Q(v2)g: (12)Sine representatives of vetors (urves in Q) an not be added the onstru-tion of linear operations in �bres of �Q is somewhat indiret. Let v = t(0),v1 = t1(0), and v2 = t2(0) be elements of the same �bre TqQ = ��1Q (q).We write v = v1 + v2 (13)if D(f Æ )(0) = D(f Æ 1)(0) + D(f Æ 2)(0) (14)



2912 W.M. Tulzyjew, P. Urba«skifor eah funtion f on Q. We have de�ned a relation between three elementsof a �bre TqQ. This relation will turn into a binary operation if we showthat for eah pair (v1; v2) 2 TqQ � TqQ there is an unique vetor v 2 TqQsuh that v = v1 + v2. The oordinate onstrution(q� Æ )(s) = (q�(v1) + (Æq�(v1) + Æq�(v2))s) (15)of a representative  of v proves existene. Let v = t(0) and v0 = t0(0) bein relations v = v1 + v2 and v0 = v1 + v2 with v1 = t1(0) and v2 = t2(0).Then D(f Æ 0)(0) = D(f Æ )(0) = D(f Æ 1)(0) + D(f Æ 2)(0) (16)for eah funtion f on Q. It follows that 0 and  represent the same vetorv0 = v. This proves uniqueness. Let v = t(0) and u = t�(0) be elements ofTqQ and let k be a number. We writev = ku (17)if D(f Æ )(0) = kD(f Æ �)(0) (18)for eah funtion f on Q. The oordinate onstrution(q� Æ )(s) = (q�(u) + kÆq�(u)s) (19)shows that for eah k 2 R and u 2 TqQ there is a vetor v 2 TqQ suh thatv = ku. If v = t(0) and v0 = t0(0) are two suh vetors, thenD(f Æ 0)(0) = D(f Æ )(0) = kD(f Æ �)(0): (20)It follows that the vetor v is unique.Eah urve :R ! Q has a tangent prolongationt : R ! TQ: s 7! t(�+ s)(0): (21)The urve (�+ s) is the mapping(�+ s) : R ! Q: s0 7! (s0 + s): (22)The vetor t(s) is the vetor tangent to  at (s). The oordinate desrip-tion of the prolongation is given by(q�; Æq�) Æ t = (q� Æ ;D(q� Æ )): (23)



A Slow and Careful Legendre Transformation for Singular Lagrangians 2913A mapping X:Q! TQ suh that �QÆX:Q! Q is the identity mappingis alled a setion of the �bration �Q. A setion of the tangent �bration isalled a vetor �eld.Let P be a di�erential manifold with oordinates(pi):P ! Rn : (24)For eah di�erentiable mapping �:Q! P (25)we have the tangent mapping T�:TQ! TP: (26)If :R ! Q is a representative of a vetor v 2 TQ, then � Æ :R ! P is arepresentative of the vetor T�(v) 2 TP :T�(t(0)) = t(� Æ )(0): (27)The oordinate de�nition of the tangent mapping is given by(pi; Æpj) Æ T� = (�i Æ �Q; (���j Æ �Q)Æq�) (28)with �i = pi Æ � or by a simpli�ed formula(pi; Æpj) Æ T� = (�i; ���jÆq�): (29)Einstein's summation onvention is used. The ommutative diagramTQ T�������! TP�Q????y �P????yQ �������! P (30)is a vetor �bration morphism.A di�erentiable mapping �:T ! Q is alled an immersion if at eahpoint t 2 T the linear mapping Tt�:TtT ! T�(t)Q obtained by restritingthe mapping T� to the �bre TtT = ��1T (t) is injetive. If(ti):T ! Rk (31)are oordinates in T and �� = q� Æ �, then � is an immersion if the matrix(�i��) is of maximal rank k. The image S = im(�) � Q is alled an



2914 W.M. Tulzyjew, P. Urba«ski(immersed) submanifold of Q of dimension k. A submanifold S � Q isfrequently given as a setS = fq 2 Q; 8AFA(q) = 0g ; (32)where FA arem�k funtions on Q suh that the matrix (��FA) is of maximalrank m� k at points of S. A set S spei�ed in this way is alled an embed-ded submanifold. Submanifolds are usually assumed to be embedded. Wewill adopt the standard pratie of not distinguishing elements of geometrispaes from their oordinates. Funtions de�ned on these geometri spaeswill be onsidered funtions of oordinates. Instead of writing a formula(32) we will say that S satis�es equations FA(q�) = 0. The tangent set of asubset S � Q (not neessarily a submanifold) is a subset of TQ. A vetor vis in TS if there is a urve :R ! Q suh that v = t(0) and (s) 2 S foreah s in a neighbourhood of 0 2 R. We have �Q(TS) = S. If S is the imageof an immersion �:T ! Q, then TS is the image of T�:TT ! TQ. Theoordinates (q�; Æq�) of elements of TS are related to oordinates (ti; Ætj) byq� = ��(ti); Æq� = �j��(ti)Ætj : (33)If S satis�es equations FA(q�) = 0, then TS satis�es equations ��FAÆq� = 0in addition to FA(q�) = 0.A 0-form on Q is a funtion on Q. A 1-form on Q is a mappingA : TQ! R: v 7! hA; vi (34)linear on �bres of �Q. The produt of a 0-form F with a 1-form A is a 1-formFA de�ned by hFA; vi = F (�Q(v))hA; vi: (35)The di�erential dF of a funtion F on Q is 1-form de�ned byhdF; t(0)i = D(F Æ )(0): (36)The di�erential of the produt FG of two funtions is the 1-form FdG+GdF .Coordinates (Æq�) in TQ are 1-forms. They are the di�erentials (dq�) ofoordinates (q�) in Q. Eah 1-form A an be expressed as a ombinationA = A�dq� (37)of these di�erentials. The oe�ients A� are 0-forms obtained fromhA; vi = A�(v)Æq�(v) (38)



A Slow and Careful Legendre Transformation for Singular Lagrangians 2915for eah v 2 TQ. The di�erential of a funtion F (q�) is the 1-formdF = ��F (q�)dq�: (39)A 2-form on Q is a funtionB : TQ �(�Q;�Q)TQ! R: (v1; v2) 7! hB; v1 ^ v2i; (40)whih is antisymmetri:hB; v1 ^ v2i+ hB; v2 ^ v1i = 0 (41)and linear in its �rst argument:hB; (kv1 + k0v01) ^ v2i = khB; v1 ^ v2i+ k0hB; v01 ^ v2i: (42)Linearity in the �rst argument and antisymmetry imply linearity in theseond argument. The produt of 0-form with a 2-form is a 2-form. Theexterior produt of 1-forms A1 and A2 is a 2-form A1 ^A2 de�ned byhA1 ^A2; v1 ^ v2i = hA1; v1ihA2; v2i � hA1; v2ihA2; v1i: (43)Eah 2-form B is a ombinationB = 12B��dq� ^ dq�: (44)The oe�ients B�� are 0-forms haraterized byhB; v1 ^ v2i = 12B��(Æq�(v1)Æq�(v2)� Æq�(v2)Æq�(v1)) (45)and B�� +B�� = 0: (46)The exterior di�erential of a 1-form A is a 2-form dA. In order to onstrutthe exterior di�erential we assoiate with eah pair (v1; v2) 2 TQ �(�Q;�Q)TQ amapping �:R2 ! Q suh that v1 = t�(�; 0) and v2 = t�(0; �). The oordinateonstrution��(s1; s2) = q�(�(s1; s2)) = q�(v1) + Æq�(v1)s1 + Æq�(v2)s2 (47)proves the existene of suh mappings. We de�ne urves�1 : R ! TQ: s 7! t�(�; s)(0) (48)



2916 W.M. Tulzyjew, P. Urba«skiand �2 : R ! TQ: s 7! t�(s; �)(0) (49)with oordinate representations(��1 (s2); Æ��1 (s2)) = (q�(�1(s2)); Æq�(�1(s2))) = (��(0; s2); �s1��(0; s2))(50)and(��2 (s1); Æ��2 (s1)) = (q�(�2(s1)); Æq�(�2(s1))) = (��(s1; 0); �s2��(s1; 0)):(51)For the mapping de�ned in (47) we have(��1 (s); Æ��1 (s)) = (q�(v1) + Æq�(v2)s; Æq�(v1)) (52)and (��2 (s); Æ��2 (s)) = (q�(v1) + Æq�(v1)s; Æq�(v2)): (53)The exterior di�erential is de�ned byhdA; v1 ^ v2i = DhA; �2i(0) �DhA; �1i(0): (54)Relations A1 ^A2 +A2 ^A1 = 0; (55)d(FA) = dF ^A+ FdA; (56)and ddF = 0 (57)are easily established for an arbitrary 0-form F and arbitrary 1-forms A, A1,and A2. The exterior di�erential of a 1-form A = A�dq� is the 2-formdA = dA� ^ dq� = ��A�dq� ^ dq� = 12(��A� � ��A�)dq� ^ dq�: (58)A 2-form whih is the di�erential of a 1-form is said to be exat.A 1-form A is said to be losed if dA = 0. If A is losed, then there is aneighbourhood V of eah point q0 and a 0-form F on V suh that AjV = dF .This is as a onsequene of the Poinaré lemma.Let P be a di�erential manifold with oordinates (pi) and let �:Q! Pbe a di�erentiable mapping. Let �i = pi Æ�. The pull bak of a 0-form F onP is the 0-form F Æ � on Q. The pull bak of a 1-form A on P is the 1-form��A on Q de�ned by



A Slow and Careful Legendre Transformation for Singular Lagrangians 2917h��A; vi = hA;T�(v)i: (59)If A = Aidpi; (60)then ��A = Ai���idq�: (61)The pull bak of a 2-form B on P is the 2-form ��B on Q de�ned byh��B; v1 ^ v2i = hB;T�(v1) ^ T�(v1)i: (62)If B = 12Bijdpi ^ dpj; (63)then ��B = 12Bij���i���jdq� ^ dq�: (64)The relations d(��F ) = ��dF (65)and d(��A) = ��dA (66)hold for a 0-form F and a 1-form A. Let C � Q be a submanifold. Themapping �C : C ! Q: q 7! q (67)is the anonial injetion. The pull baks ��CF , ��CA, and ��CB are denotedby F jC, AjC, and BjC, respetively.The otangent bundle of a manifold Q is a manifold T�Q. The otangent�bration �Q:T�Q! Q (68)is the vetor �bration dual to the tangent �bration �Q. The anonial pairingis a bilinear mapping h ; i : T�Q �(�Q;�Q)TQ! R: (f; v) 7! hf; vi (69)de�ned on the setT�Q �(�Q;�Q)TQ = f(f; v) 2 T�Q� TQ; �Q(f) = �Q(v)g : (70)



2918 W.M. Tulzyjew, P. Urba«skiEah ovetor f 2 T�qQ = ��1Q (q) is the di�erential dF (q) of a funtionF :Q! R. Di�erentials (dq�(q)) form a basis of the vetor spae T�qQ. Let(e�(q)) be the basis of the vetor spae TqQ dual to the base (dq�(q)) in thesense that hdq�(q); e�(q)i = Æ��: (71)Coordinates (q�; f�):T�Q! R2m (72)are de�ned by (q�; f�)(f) = (q�(�Q(f)); hf; e�(�Q(f))i): (73)The anonial pairing has the oordinate expressionhf; vi = f�(f)Æq�(v): (74)For the tangent bundle TT�Q of the otangent bundle T�Q we have thetangent �bration �T�Q:TT�Q! T�Q (75)and the tangent mapping T�Q:TT�Q! TQ (76)of the otangent �bration �Q:T�Q! Q. The diagramTT�Q T�Q������! TQ�T�Q????y �Q????yT�Q �Q������! Q (77)is ommutative. Hene, (�T�Q(w);T�Q(w)) 2 T�Q �(�Q;�Q)TQ for eahw 2 TT�Q. A anonial 1-form #Q on T�Q, alled the Liouville form, isde�ned by h#Q; wi = h�T�Q(w);T�Q(w)i: (78)In the manifold TT�Q we have oordinates(q�; p�; Æq�; Æp�):TT�Q! R4m (79)related to the oordinates (q�; f�) as the oordinates (q�; Æq�) in TQ are re-lated to the oordinates (q�) in Q. In terms o these oordinates, oordinates



A Slow and Careful Legendre Transformation for Singular Lagrangians 2919(q�; f�) in T�Q, and oordinates (q�; Æq�) in TQ we have the oordinatede�nitions of the �brations �T�Q and T�Q:(q�; f�) Æ �T�Q = (q�; f�) (80)and (q�; Æq�) Æ T�Q = (q�; Æq�): (81)It follows that h#Q; wi = f�(w)Æq�(w): (82)Hene, #Q = f�dq�: (83)A 1-form A on Q is a funtion on TQ but it an be interpreted as a setionA:Q! T�Q of the otangent �bration. In terms of this dual interpretationwe state the following fundamental property of the Liouville form:A�#Q = A: (84)A manifold P and an exat, non degenerate 2-form ! form an (exat)sympleti manifold (P; !). The 2-form ! de�nes a mapping �(P;!):TP !T�P haraterized by the equalityh�(P;!)(u); vi = h!; u ^ vi (85)for vetors u 2 TP and v 2 TP suh that �P (v) = �P (u). The 2-form ! issaid to be non degenerate if the mapping �(P;!) is invertible. The otangentbundle T�Q together with the 2-form!Q = d#Q = df� ^ dq� (86)form a sympleti manifold (T�Q;!Q). In the otangent bundle T�T�Q weuse oordinates (q�; f�; a�; b�):T�T�Q! R4m (87)indued by oordinates (q�; f�) in T�Q. The oordinate de�nition of themapping �(T�Q;!Q):TT�Q! T�T�Q (88)is given by (q�; f�; a�; b�) Æ �(T�Q;!Q) = (q�; f�; Æf�;�Æq�): (89)This mapping is invertible. Its inverse��1(T�Q;!Q):T�T�Q! TT�Q (90)



2920 W.M. Tulzyjew, P. Urba«skiis de�ned by (q�; f�; Æq�; Æf�) Æ ��1(T�Q;!Q) = (q�; f�;�b�; a�): (91)The Poisson braket fF;Gg:T�Q! R (92)of two funtions F and G on T�Q is de�ned byfF;Gg(f) = hdG(f); ��1(T�Q;!Q)(dF (f))i: (93)It follows from the oordinate relation (91) that the Poisson braket fF;Ggof two funtions F (q�; f�) and G(q�; f�) is the funtion�F�q� �G�f� � �G�q� �F�f� (94)or ��F��G� ��G��F (95)with the symbol �� used to denote the partial derivative with respet to f�.3. Lagrangian submanifoldsA Lagrangian submanifold of a general sympleti manifold (P; !) is asubmanifold S � P of dimension dim(S) = 12 dim(P ) suh that !jS = 0.This last ondition means that the sympleti form ! evaluated on twovetors tangent to S vanishes. If S is the image of an immersion �:T ! P ,then !jS = 0 is equivalent to ��! = 0.A Lagrangian submanifold of (T�Q;!Q) is a submanifold S � T�Q ofdimension m suh that !QjS = 0. If S is the image of an immersion �:T !T�Q from a manifold T with oordinates (t�) and(q�; f�) Æ � = (��; ��); (96)then��!Q = ��������dt� ^ dt� = 12 (�������� � ��������) dt� ^ dt�: (97)If S is a Lagrangian submanifold, then the Lagrange brakets�������� � �������� (98)vanish. Let f 2 S and let TfS � TfT�Q denote the spae of vetors tangentto S at f . Let TÆfS = �a 2 T�fT�Q; 8w2TfSha;wi = 0	 (99)



A Slow and Careful Legendre Transformation for Singular Lagrangians 2921be the polar of TfS. If u 2 TfS, thenh�(T�Q;!Q)(u); wi = h!Q; u ^wi = 0 (100)for eah w2TfS. Hene, �(T�Q;!Q)(TfS)�TÆfS. Sine dim(�(T�Q;!Q)(TfS))= dim(TfS) = m and dim(TÆfS) = dim(T�fT�Q) � dim(TfS) = m, thespaes TÆfS and �(T�Q;!Q)(TfS) are equal. If F and G are funtions on T�Qonstant on S, then dF (f) and dG(f) are in TÆfS for eah f 2 S. It followsthat fF;GgjS = 0: (101)If S is spei�ed by equations FA = 0, where FA are m independent funtionson T�Q, then fFA; FBgjS = 0: (102)There are three ategories of Lagrangian submanifolds of otangent bun-dles generated by inreasingly omplex objets.3.1. Lagrangian submanifolds generated by funtionsLet U be a funtion on Q. The image S of the di�erential dU :Q! T�Qis a Lagrangian submanifold of (T�Q;!Q) sine dim(S) = m and(dU)�!Q = (dU)�d#Q = d(dU)�#Q = ddU = 0: (103)The submanifold S is said to be generated by U . In terms of oordinates(q�; f�) the set S is desribed by equationsf� = ��U(q�); (104)equivalent to the simple version of the priniple of virtual workf�Æq� = ÆU(q�) = ��U(q�)Æq�; (105)where the virtual displaements Æq� are oordinates of a vetor v 2 TQ.Let S = im(�) � T�Q be the image of a 1-form interpreted as a setion�:Q! T�Q of the otangent �bration. From(�)�!Q = (�)�d#Q = d(�)�#Q = d� (106)it follows that if S is a Lagrangian submanifold, then for eah element f0 2 Sthere is a neighbourhood W � T�Q of f0 and a funtion U on Q suh thatS \W = im(dU) \W . This is a version of the Poinaré lemma.



2922 W.M. Tulzyjew, P. Urba«ski3.2. Lagrangian submanifolds generated by onstrained funtionsLet C � Q be a submanifold of dimension k and let U :C ! R be adi�erentiable funtion. The setS = �f 2 T�Q; q = �Q(f) 2 C;8v2TqC�TqQhf; vi = hdU; vi	 (107)is an a�ne subbundle of the otangent bundle T�Q restrited to C. At eahpoint q 2 C the �bre Sq = S\T�qQ is an a�ne subspae of T�qQ modeled onthe vetor subspae TÆqC � T�qQ of dimension m� k. It follows that S is asubmanifold of T�Q of dimension m. We hoose a funtion U :Q! R suhthat U jC = U and de�ne funtions eU = U Æ �Q on T�Q and eU = eU jS onS. The funtion eU does not depend on the hoie of the funtion U , it anbe de�ned diretly by eU(f) = U(�Q(f)) for eah f 2 S. If w 2 TS, thenT�Q(w) 2 TC sine �Q(S) = C. Fromh#Q; wi = h�T�Q(w);T�Q(w)i= hdU;T�Q(w)i= hdU;T�Q(w)i= hdeU;wi= hdeU;wi (108)it follows that #QjS = deU (109)and !QjS = d#QjS = d(#QjS) = ddeU = 0: (110)Hene, S is a Lagrangian submanifold of (T�Q;!Q).Given a funtion U(q�) and m � k independent funtions FA(q�) suhthat the set C is desribed by the equations FA(q�) = 0 we write the prinipleof virtual work FA(q�) = 0f�Æq� = ��U(q�)Æq���FA(q�)Æq� = 0 (111)for the set S. Coordinates (q�; f�) of elements of S satisfy the variationalpriniple with arbitrary virtual displaements Æq� satisfying the last equality.This last equality indiate that the virtual displaements are oordinates of



A Slow and Careful Legendre Transformation for Singular Lagrangians 2923vetors tangent to C. Using Lagrange multipliers �A we write the equationsfor S in the form FA(q�) = 0f� = ��U(q�) + ��FA(q�)�A: (112)Let (ti) be the oordinates in C and let q� = ��(ti) be the oordinateexpression of the anonial injetion of C in Q. If U(ti) is the internal energy,then S is represented by q� = ��(ti)f��j��(ti) = �jU(ti): (113)Let C � Q be a submanifold and let S be an a�ne subbundle of theotangent bundle T�Q restrited to C modeled on the vetor subbundleTÆC of T�Q restrited to C. If S is a Lagrangian submanifold of (T�Q;!Q),then #QjS is losed. Let f0 be an element of S and let W � T�Q be aneighbourhood of f0 and eU a funtion on S \W suh that #QjS \W = deU .We hoose the neighbourhood W to have a onneted intersetion Wq =Sq \W with the �bre Sq = S \ T�qQ for eah q in V = �Q(S \W ). Therestrition of #Q to the �bre T�qQ is the zero form sine h#Q; wi = 0 ifT�Q(w) = 0. Consequently,deU jWq = #QjWq = 0 (114)and the funtion eU is onstant on the onneted set Wq. This permits theintrodution of a funtion U on C suh that eU(f) = U(�Q(f)) for eahf 2 S \W . The set�f 2 T�Q; q = �Q(f) 2 C;8v2TqC�TqQhf; vi = hdU; vi	 (115)interseted with W is the intersetion of S with W . We have obtained anextension of the Poinaré lemma to onstrained Lagrangian submanifolds.3.3. Lagrangian submanifolds generated by Morse familiesLet �:Y ! Q be a di�erential �bration with oordinates (q�; yA) adaptedin the sense that (q�) Æ � = (q�); (116)where the oordinates (q�) on the right hand side are oordinates in Y . LetU :Y ! R be a funtion interpreted as a family of funtions de�ned on �bres



2924 W.M. Tulzyjew, P. Urba«skiof the �bration �. The family is alled a Morse family if the k � (m + k)matrix � �2U�yA�yB �2U�yA�q�� (117)is of maximal rank. A Morse family generates a setS = nf 2 T�Q; 9y2Y�q(f)8z2TyY hf;T�(z)i = hdU; zio : (118)The ritial setCr(U; �) = �y 2 Y ; 8w2TyY T�(w) = 0 ) hdU;wi = 0	 (119)of the Morse family is a submanifold of Y of dimension m. A mapping�: Cr(U; �) ! T�Q (120)suh that �Q(�(y)) = �(y) is de�ned byh�(y); vi = hdU;wi; (121)where v is any vetor in T�(y) and w 2 TyY suh that T�(w) = v. This map-ping is an immersion and S = im(�). Let y 2 Cr(U; �) and w 2 Ty Cr(U; �).From h��#Q; wi = h#Q;T�(w)i= h�T�Q(T�(w));T�Q(T�(w))i= h�(y);T�(w)i= hdU;wi (122)it follows that ��#Q = dU jCr(U; �): (123)The set S is an immersed Lagrangian submanifold of (T�Q;!Q) sine��!Q = 0 (124)and dim(S) = dim(Cr(U; �)) =m.It follows from a theorem of Hörmander [4,7℄ that for eah element f0 ofa Lagrangian submanifold of (T�Q;!Q) there is a neighbourhood W � T�Qand a Morse family U :Y ! R of funtions on �bres of a �bration �:Y ! Qsuh that S and the Lagrangian submanifold generated by U oinide in W .This is an extension of the Poinaré lemma.



A Slow and Careful Legendre Transformation for Singular Lagrangians 2925The oordinates (q�; f�) of elements of S satisfy equationsf� = ��U(q�; yA)0 = �BU(q�; yA) (125)derived from the variational priniple of virtual workf�Æq� = ÆU(q�; yA) = ��U(q�; yA)Æq� + �BU(q�; yA)ÆyA (126)with some values of the variables (yA) and all variations (Æq�; ÆyB). Thesymbol �A stands for the partial derivative with respet to yA. Equations(125) imply the equalitiesdf� = ����U(q�; yA)dq� + �B��U(q�; yA)dyB0 = ���BU(q�; yA): (127)Consequently,!QjS = df� ^ dq�jS = ����U(q�; yA)dq� ^ dq� = 0: (128)It follows from the maximality of the rank of the matrix (117) thatdim(S) = m.Note that the a�ne subbundle (107) is generated by the Morse familyU(q�; yA) = U(q�) + FA(q�)yA: (129)The rank of the matrix� �2U�yA�yB �2U�yA�q�� = �0 �FA�q� � (130)is maximal due to independene of the funtions FA(q�). The funtion (129)depends linearly on the unrestrited variables (yA). This is the harateris-ti feature of a Morse family equivalent to a onstrained generating funtion.There is little di�erene between the variables (yA) and the Lagrange mul-tipliers (�A).A Morse family generating a Lagrangian submanifold is not unique. Itis frequently possible to redue the dimension of the �bration �. Redutionsare based on the following observation. Let S be a Lagrangian submanifoldof (T�Q;!Q) generated by a Morse family U :Y ! R of funtions de�ned on�bres of a �bration �:Y ! Q. If the ritial set Cr(U; �) is the image of asetion �:Q! Y of �, then S is generated by the funtion U Æ�:Q! R. Iff 2 S and q = �Q(f), then f = �(�(q)) andhf; vi = h�(�(q)); vi = hdU;T�(v)i = hd(U Æ �); vi (131)



2926 W.M. Tulzyjew, P. Urba«skifor eah v 2 TqQ. Hene, f = d(U Æ �)(q). This shows that S � im(U Æ �).If f = d(U Æ �)(q), thenhf; vi = hd(U Æ �); vi = hdU;T�(v)i = h�(�(q)); vi (132)for eah v 2 TqQ. Hene, f = �(�(q)). It follows that im(U Æ �) � S.It may happen that the �bration � is the omposition �00 Æ �0 of �brations�0:Y ! Y 0 and �00:Y 0 ! Q and that the ritial set Cr(U; �0) is the imageof a setion �:Y 0 ! Y of �0. In this ase the Lagrangian submanifold S isgenerated by the Morse family U Æ �:Y 0 ! R of funtions on �bres of �00.4. Statis of mehanial systemsLet Q be the on�guration spae of a stati mehanial system. Elementsof the otangent bundle T�Q are the generalized fores applied to the system.The onstitutive set of a stati system is subset S (usually a submanifold)of the otangent bundle. An element f 2 S is the generalized fore whihwhen applied by an external ontrolling devie will maintain the system inequilibrium at the on�guration q = �Q(f). The onstitutive set providesa omplete haraterization of the response of the stati system to externalontrol represented by generalized fores applied to it. The knowledge ofequilibrium on�gurations of an isolated system does not haraterize thesystem ompletely. Two systems may have the same equilibrium on�gura-tions and yet respond di�erently to external ontrol.The system is said to be reiproal if !QjS = 0. Let w1 and w2 bevetors tangent to S suh that �T�Q(w2) = �T�Q(w1). Let Æ1q� = Æq�(w1),Æ1f� = Æf�(w1), Æ2q� = Æq�(w2), and Æ2f� = Æf�(w2). The equalityÆ1f�Æ2q� = Æ2f�Æ1q� (133)derived from h!Q; w1 ^ w2i = 0 is a reiproity relation. The system issaid to be potential if S is a Lagrangian submanifold generated globallyby a generating funtion, a onstrained funtion or a Morse family. Thegenerating funtion is interpreted as the internal energy of the system. Apotential system is reiproal.In the following three examples the on�guration spae is an a�ne Eu-lidean plane with Cartesian oordinates (x; y). Coordinates (x; y; f; g) areused in T�Q.Example 1. The funtionU(x; y) = k2 (x2 + y2) (134)



A Slow and Careful Legendre Transformation for Singular Lagrangians 2927is the internal energy of an elastially suspended material point. The onsti-tutive set S is the Lagrangian submanifold generated by U . It is desribedby equations f = kx; g = ky (135)derived from the priniple of virtual workfÆx+ gÆy = �xU(x; y)Æx + �yU(x; y)Æy: (136)NExample 2. Let C � Q be the irlex2 + y2 = a2: (137)Let U(x; y) = ky (138)represent the internal energy of a material point onstrained to the irlex2 + y2 = a2: (139)From the variational priniple x2 + y2 = 0fÆx+ gÆy = kÆyxÆx+ yÆy = 0 (140)we derive equations x2 + y2 = 0f = �xg = k + �y (141)for the onstitutive set S with a Lagrange multiplier �. With the parametrirepresentation x = a os#y = a sin# (142)we obtain the expression U(#) = ka sin# for the internal energy and thevariational priniple x = a os#y = a sin#�fa sin#Æ#+ ga os #Æ# = ka os#Æ# (143)



2928 W.M. Tulzyjew, P. Urba«skiequivalent to (140). The onstitutive set is generated by the Morse familyU(x; y; �) = ky + �2 (x2 + y2 � a2): (144)NExample 3. The funtionU(x; y; #) = k2 ((x� a os#)2 + (y � a sin#)2) (145)is the internal energy of a material point tied elastially to a point left tomove freely on the irle x = a os#; y = a sin#: (146)The funtion U is a Morse family of funtions of the variable # sine therank of the 1� 3 matrix� �2U�#�# �2U�#�x �2U�#�y� = (ka(x os#+ y sin#); ka sin#; �ka os#)(147)is 1. From the priniple of virtual workfÆx+ gÆy = ÆU(x; y; #)= k(x� a os#)Æx+ k(y � a) sin#)Æy + ka(x sin#� y os#)Æ#(148)we obtain equations f = k(x� a os#)g = k(y � a sin#)0 = ka(x sin#� y os#) (149)for the onstitutive set S. Equationsx = � os#y = � sin#f = k(�� a) os#g = k(�� a) sin# (150)represent a mapping � from R2 to T�Q. The set S is the image of thismapping. The matrix



A Slow and Careful Legendre Transformation for Singular Lagrangians 29290B� �x�� �y�� �f�� �g���x�# �y�# �f�# �g�# 1CA= � os# sin# k os# k sin#�� sin# � os# �k(�� a) sin# k(�� a) os#� (151)is of rank 2. This indiates that S is an immersed submanifold. With theexlusion of points orresponding to � = 0 the set S is the union of images oftwo setions of �Q orresponding to the two di�erent signs in the formulaef = kxpx2 + y2 �px2 + y2 � a�g = kypx2 + y2 �px2 + y2 � a� : (152)With the exlusion of points orresponding to x2 + y2 � a2, S is the set ofpoints satisfying equationsF 0x (x; y; f; g) = x� fkpf2 + g2 �pf2 + g2 � ka� = 0F 0y (x; y; f; g) = y � gkpf2 + g2 �pf2 + g2 � ka� = 0: (153)The funtions F 0x and F 0y are obviously independent. It follows that S is anembedded submanifold. The rank of the Jaobian0B� �x�� �y���x�� �y�� 1CA = � os# sin#�� sin# � os#� (154)of the mapping �Q Æ � represented byx = � os#y = � sin# (155)hanges from 2 to 1 at � = 0. This indiates the presene of a Lagrangiansingularity above the point with oordinates (x; y) = (0; 0). N



2930 W.M. Tulzyjew, P. Urba«ski5. Di�erential equationsThe tangent �bration �q:TQ ! Q was introdued in Setion 2. Ele-ments of the tangent bundle TQ were interpreted as virtual displaements.We return to the topi of tangent vetors this time interpreted as veloi-ties. Coordinates (q�; Æq�):TQ ! R2m introdued in Setion 2 will be nowdenoted by (q�; _q�).A �rst order di�erential equation in Q is a submanifold D � TQ. Aurve : I ! Q de�ned on an open interval I � R is said to be a solution ofD if for eah t 2 I the vetor t(t) tangent to  at (t) is an element of D.A di�erential equation D is said to be integrable if for eah v 2 D there is asolution : I ! Q of D suh that v = t(t0) for some t0 2 I.Not all di�erential equations are integrable. Let D � TQ be a di�erentialequation and let C be the set �Q(D). If v 2 D and D is integrable, thenthere is a solution : I ! Q of D suh that v = t(t0) for some t0 2 I. Sinet(t) 2 D for eah t 2 I, it follows that (t) 2 C for eah t 2 I. Consequentlyt(t) 2 TC for eah t 2 I and v = t(t0) 2 TC. We have shown that theondition D � TC is neessary for integrability of the equation D. Thisondition is su�ient for a lass of di�erential equations desribed below.The image D = im(X) of a vetor �eld X:Q ! TQ is an integrabledi�erential equation. Let C � Q be a submanifold and let D be the union[�2Afim(X�jC)g (156)of a family of vetor �elds X�:Q! TQ (157)restrited to C. If D � TC, then eah �eld X� indues a vetor �eldX� : C ! TC: q 7! X�(q) (158)sine im(X�jC) � D � TC. The di�erential equation im(X�) is integrablefor eah � 2 A and D = [�2Afim(X�)g: (159)Hene, D is integrable.If the neessary ondition D � T�Q(D) is not satis�ed, then the reduedequation D \ T�Q(D) is loser to being integrable although the onditionD \ T�Q(D) � T�Q(D \ T�Q(D)) is not neessarily satis�ed. This observa-tion suggests the following algorithm for extrating the integrable part of adi�erential equation. We onsider the sequene of setsC0 = �Q(D); C1 = �Q(D \ TC0); : : : ; Ck = �Q(D \ TCk�1); : : : (160)



A Slow and Careful Legendre Transformation for Singular Lagrangians 2931and the sequene of di�erential equationsD0 = D;D1 = D \ TC0; : : : ;Dk = D \ TCk�1; : : : (161)It may happen that after a �nite number of steps the sets in the sequene(160) are all equal to a set C. This set satis�es the equalityC = �Q(D \ TC): (162)If the di�erential equation D = D\TC is integrable, then it is the integrablepart of D.In Setion 12 we give an example of a version of the above algorithmapplied to a Hamiltonian system.Other algorithms for extrating the integrable part of a di�erential equa-tions have been designed. They require the use of higher order tangentvetors.The seond tangent bundle of a manifold Q is the set T2Q of equivalenelasses of urves in Q. Two urves :R ! Q and 0:R ! Q are equivalentif 0(0) = (0), D(f Æ 0)(0) = D(f Æ )(0), and D2(f Æ 0)(0) = D2(f Æ )(0)for eah funtion f :Q! R. We use oordinates(q�; _q�; �q�):T2Q! R3m (163)in T2Q. If  is a representative of a seond tangent vetor a 2 T2Q, thenq�(a) = q�((0)), _q�(a) = D(q� Æ )(0), and �q�(a) = D2(q� Æ )(0). Theequivalene lass of a urve :R ! Q will be denoted by t2(0). Eah urve:R ! Q has a seond tangent prolongationt2 : R ! T2Q: t 7! t2(�+ t)(0): (164)The oordinate desription of the prolongation is given by(q�; _q�; �q�) Æ t2 = (q� Æ ;D(q� Æ );D2(q� Æ )): (165)The seond tangent �bration is the mapping�2Q : T2Q! Q: t(0) 7! (0): (166)There is also the �bration�12Q : T2Q! TQ: t2(0) 7! t(0): (167)



2932 W.M. Tulzyjew, P. Urba«skiA seond order di�erential equation in Q is a submanifold E � T2Q. Asolution is a urve : I ! Q suh that t2(t) 2 E for eah t in the openinterval I � R. The onept of integrability is easily extended to seondorder equations. The image im(X) of a setionX:TQ! T2Q (168)of the �bration �12Q is an integrable di�erential equation.Elements of the iterated tangent bundle TTQ are equivalene lasses ofurves in TQ. Coordinates(q�; _q�; q0�; _q0�):TQ! R4m (169)will be used. These oordinates are related to oordinates (q�; _q�) as oor-dinates (q�; _q�) are related to oordinates (q�). We have �brations�TQ:TTQ! TQ (170)and T�Q:TTQ! TQ (171)with oordinate representations(q�; _q�) Æ �TQ = (q�; _q�) (172)and (q�; _q�) Æ T�Q = (q�; q0�): (173)There is an useful immersion �Q of T2Q in TTQ. This immersion as-soiates with a seond tangent vetor a = t2(0) the vetor w = tt(0)tangent to the prolongation t of the urve  at t(0). The formal de�nitionis expressed in �Q : T2Q! TTQ: t2(0) 7! tt(0): (174)From �TQ(tt(0)) = t(0), T�Q(tt(0)) = t(0), and �12Q(t2(0)) = t(0)it follows that �TQ Æ �Q = T�Q Æ �Q = �12Q: (175)Let D � TQ be a di�erential equation. The setPD = ��1Q (TD) � T2Q (176)is a seond order di�erential equation alled the prolongation of D. If thedi�erential equation is given in the formD = fv 2 TQ; 8ifi(v) = 0g ; (177)



A Slow and Careful Legendre Transformation for Singular Lagrangians 2933where fi are funtions on TQ, then TD is the setfw 2 TTQ; 8ifi(�TQ(w)) = 0;��fi(�TQ(w))q0�(a) + � _�fi(�TQ(w)) _q0�(a) = 0g (178)and PD is the setfa 2 T2Q; 8ifi(�12Q(a)) = 0;��fi(�12Q(a)) _q�(a) + � _�fi(�12Q(a))�q�(a) = 0g: (179)The symbol � _� stands for the partial derivative with respet to _q�.The inlusion �12Q(PD) � D (180)follows from�12Q(PD) = �TQ(�Q(PD)) = �TQ(�Q(��1Q (TD))) � �TQ(TD) = D: (181)Let D � TQ be an integrable equation. If v 2 D, then there is a solution: I ! Q of D suh that t(0) = v. We have �Q(t2(0)) = tt(0) 2 TDsine t(t) 2 D for eah t 2 I. It follows that v = t(0) = �12Q(t2(0)) 2�12Q(PD). Hene, D � �12Q(PD) (182)if D is integrable. We have established a neessary ondition�12Q(PD) = D (183)for integrability of a di�erential equation D � TQ. If this ondition is notsatis�ed, then the integrable part of D is a subset of the set �12Q(PD).The set �12Q(PD) is a subset of D loser to the integrable part withoutbeing neessarily integrable. These observations suggest a new algorithmfor extrating the integrable part of a di�erential equation. We introduethe sequene of di�erential equationseD0 = D; eD1 = �12Q(P eD0); : : : ; eDk = �12Q(P eDk�1); : : : (184)It may happen that after a �nite number of steps the sets in the sequene(184) are all equal to a set eD. It may happen that eD is the integrablepart of D.



2934 W.M. Tulzyjew, P. Urba«ski6. The iterated tangent bundleWe have already introdued the iterated tangent bundle TTQ and theoordinates (q�; _q�; q0�; _q0�):TQ! R4m : (185)The �bration �TQ:TTQ! TQ (186)is a vetor �bration. We have the operations+:TTQ �(�TQ;�TQ)TTQ! TTQ (187)and � :R � TTQ! TTQ (188)with oordinate representations(q�; _q�; q0�; _q0�)(w1 + w2)= (q�(w1); _q�(w1); q0�(w1) + q0�(w2); _q0�(w1) + _q0�(w2)) (189)and (q�; _q�; q0�; _q0�)(k � w) = (q�(w); _q�(w); kq0�(w); k _q0�(w)): (190)The diagram TTQ T�Q������! TQ�TQ????y �Q????yTQ �Q������! Q (191)is a vetor �bration morphism.We show that the mappingT�Q:TTQ! TQ (192)is a vetor �bration by onstruting operations~+:TTQ �(T�Q ;T�Q)TTQ! TTQ (193)and ~� :R � TTQ! TTQ: (194)



A Slow and Careful Legendre Transformation for Singular Lagrangians 2935Let w1 and w2 be elements of TTQ suh that T�Q(w2) = T�Q(w1). It ispossible to hoose urves �1:R ! TQ and �2:R ! TQ suh that w1 = t�1(0),w2 = t�2(0) and �Q Æ �2 = �Q Æ �1. The oordinate onstrutions(q�; _q�) Æ �1 = (q�(w1) + q0�(w1)s; _q�(w1) + _q0�(w1))s (195)and (q�; _q�) Æ �2 = (q�(w2) + q0�(w2)s; _q�(w2) + _q0�(w2))s (196)provide an example. The operation ~+ is de�ned byw1 ~+w2 = t(�1 + �2)(0): (197)The operation ~� is de�ned byk~� t�(0) = t(k�)(0): (198)Coordinate representations of these operations are given by(q�; _q�; q0�; _q0�)(w1 ~+w2)= (q�(w1); _q�(w1) + _q�(w2); q0�(w1); _q0�(w1) + _q0�(w2)) (199)and (q�; _q�; q0�; _q0�)(k~�w) = (q�(w); k _q�(w); q0�(w); k _q0�(w)): (200)The diagram TTQ T�Q������! TQT�Q????y �Q????yTQ �Q������! Q (201)is a vetor �bration morphism.Elements of the iterated bundle TTQ are equivalene lasses of urves ina set of equivalene lasses of urves in Q. A simpler representation of theseelements is needed. Let �:R2 ! Q be a di�erentiable mapping. For eahs 2 R we denote by t(0;1)�(s; 0) the vetor t�(s; �)(0) 2 TQ. For eah t 2 Rwe denote by t(1;0)�(0; t) the vetor t�(�; t)(0) 2 TQ. We have urvest(0;1)�(�; 0):R ! TQ (202)and t(1;0)�(0; �):R ! TQ: (203)



2936 W.M. Tulzyjew, P. Urba«skiVetors tt(0;1)�(�; 0)(0) 2 TTQ and tt(1;0)�(0; �)(0) 2 TTQ will be denotedby tt(0;1)�(0; 0) and tt(1;0)�(0; 0) respetively. For eah w 2 TTQ there is amapping �:R2 ! Q suh that w = tt(0;1)�(0; 0). The mapping spei�ed byoordinate relations(q� Æ �)(s; t) = (q�(w) + _q�(w)t+ q0�(w)s+ _q0�(w)st) (204)has the required property. We onsider mappings �:R2 ! Q and �0:R2 ! Qequivalent if tt(0;1)�0(0; 0) = tt(0;1)�(0; 0): (205)These mappings are equivalent if�0(0; 0) = �(0; 0); (206)D(1;0)�0(0; 0) = D(1;0)�(0; 0); (207)D(0;1)�0(0; 0) = D(0;1)�(0; 0); (208)and D(1;1)�0(0; 0) = D(1;1)�(0; 0): (209)We have obtained an e�ient representation of elements of TTQ. In termsof this representation we de�ne the anonial involution�Q : TTQ! TTQ: tt(0;1)�(0; 0) 7! tt(1;0)�(0; 0) = tt(0;1)e�(0; 0); (210)with e� : R2 ! Q: (s; t) 7! �(t; s): (211)The oordinate expression of this involution is given by(q�; _q�; q0�; _q0�) Æ �Q = (q�; q0�; _q�; _q0�): (212)The ommutative diagramTTQ �Q������! TTQT�Q????y �TQ????yTQ ======== TQ (213)



A Slow and Careful Legendre Transformation for Singular Lagrangians 2937is a vetor �bration isomorphism. The diagramTTQ �Q������! TTQ�TQ????y T�Q????yTQ ======== TQ (214)is the inverse isomorphism. For a di�erentiable mapping �:Q! P we haveTT�(tt(0;1)�(0; 0)) = tt(0;1)(� Æ �)(0; 0) (215)and �P Æ TT� = TT� Æ �Q: (216)Let A be a 1-form on Q. A 0-form iTA on TQ is de�ned as the funtioniTA(v) = hA; vi: (217)Let B be a 2-form onQ. Ifw 2 TTQ, then (�TQ(w);T�Q(w)) 2 TQ �(�Q;�Q)TQsine �Q Æ T�Q = �Q Æ �TQ. A 1-form iTB on TQ is de�ned byhiTB;wi = hB; �TQ(w) ^ T�Q(w)i: (218)Let F , A, and B = dA be a 0-form, a 1-form, and an exat 2-form on Qrespetively. We de�ne a 0-form dTF , a 1-form dTA, and a 2-form dTB onTQ by dTF = iTdF; (219)dTA = iTdA+ diTA; (220)and dTB = diTB = diTdA = ddTA: (221)The oordinate expression of the funtion dTF isdTF (q�; _q�) = ��F (q�) _q�: (222)If A = A�(q�; p�)dq� (223)and B = 12B��(q�; p�)dq� ^ dq�; (224)



2938 W.M. Tulzyjew, P. Urba«skithen iTA = A�(q�; p�) _q�; (225)dTA = ��A� _q�dq�; (226)iTB = B��(q�; p�) _q�dq�; (227)anddiTdA = 12��(��A����A�) _q�dq�^dq�+(��A����A�)d _q�^dq�: (228)Eah 1-form on Q an be expressed as a sum of produts FdG and fromhdT (FdG); tt(0;1)�(0; 0)i = ��t �F (�(0; t)) ��sG(�(s; t))�js=0;t=0 (229)and ddthFdG; t�(�; t)(0)ijt=0 = ��t �F (�(0; t)) ��sG(�(s; t))�js=0;t=0 (230)it follows thathdT (FdG); tt(0;1)�(0; 0)i = ddthFdG; t�(�; t)(0)ijt=0: (231)Hene, hdTA; tt(0;1)�(0; 0)i = ddthA; t�(�; t)(0)ijt=0 (232)for eah 1-form A.7. A geometri framework for analytial mehanisLet Q be a manifold of dimension m. We have already desribed thegeometry of the tangent bundle TQ, the otangent bundle T�Q and thetangent bundle TT�Q of the otangent bundle T�Q. The present setionis devoted to the study of the anonial sympleti struture of the bundleTT�Q. We will use oordinates(q�; _q�) : TQ! R2m ; (233)(q�; p�) : T�Q! R2m ; (234)and (q�; p�; _q�; _p�):TT�Q! R4m (235)



A Slow and Careful Legendre Transformation for Singular Lagrangians 2939in the manifolds TQ, T�Q and TT�Q. The mappings �T�Q and T�Q havenow the oordinate expressions(q�; p�) Æ �T�Q = (q�; p�) (236)and (q�; _q�) Æ T�Q = (q�; _q�): (237)We introdue the exat 2-formdT!Q = diT!Q: (238)It will be shown that this 2-form is non degenerate. The manifold TT�Qwith the form dT!Q form a sympleti manifold (TT�Q;dT!Q). We believethat the sympleti form dT!Q is the only natural sympleti form in TT�Q.The disovery of a seond sympleti struture in TT�Q was announed in areent Springer-Verlag publiation [9℄. We have not been able to identify theseond sympleti struture. We strongly suspet that this announementis false. The formula d#� = d _q� ^ dq� + d _p� ^ dp� (239)for the Marsden�Ratiu sympleti form does not seem to have an intrinsimeaning sine elementary rules of tensor alulus have been violated. Wehave the oordinate expressionsdT#Q = _p�dq� + p�d _q� (240)and dT!Q = d _p� ^ dq� + dp� ^ d _q�: (241)The �bration �T�Q:TT�Q! T�Q is a vetor �bration. We will onstruta vetor �bration struture for the �bration T�Q:TT�Q ! TQ. For twovetors z1 2 TT�Q and z2 2 TT�Q suh that T�Q(z2) = T�Q(z1) it ispossible to hoose representatives �1:R ! T�Q and �2:R ! T�Q suh thatz1 = t�1(0), z2 = t�2(0) and �Q Æ �2 = �Q Æ �1. An example is provided bythe oordinate onstrutions(q�; p�) Æ �1 = (q�(z1) + _q�(z1)s; p�(z1) + _p�(z1)s) (242)and (q�; p�) Æ �2 = (q�(z2) + _q�(z2)s; p�(z2) + _p�(z2)s): (243)An operation ~+:TT�Q �(T�Q;T�Q)TT�Q! TT�Q (244)



2940 W.M. Tulzyjew, P. Urba«skiis de�ned by z1 ~+ z2 = t(�1 + �2)(0): (245)An operation ~� :R � TTQ! TTQ (246)is de�ned by k~� t�(0) = t(k�)(0): (247)Coordinate representations of these operations are given by(q�; p�; _q�; _p�)(z1 ~+ z2) = (q�(z1); p�(z1) + p�(z2); _q�(z1); _p�(z1) + _p�(z2))(248)and (q�; p�; _q�; _p�)(k~� z) = (q�(z); kp�(z); _q�(z); k _p�(z)): (249)The diagram TT�Q �T�Q������! T�QT�Q????y �Q????yTQ �Q������! Q (250)is a vetor �bration morphism. The vetor �bration T�Q:TT�Q ! TQ isdual to the vetor �bration T�Q:TTQ! TQ. The pairingh ; i�:TT�Q �(T�Q;T�Q)TTQ! R (251)is de�ned by hz; wi� = ddsh�(s); �(s)ijs=0 ; (252)where �:R ! T�Q and �:R ! TQ are urves suh that z = t�(0), w = t�(0)and �QÆ� = �QÆ�. Suh urves are provided by the oordinate onstrutions(q�; p�) Æ � = (q�(z) + _q�(z)s; p�(z) + _p�(z)s) (253)and (q�; _q�) Æ � = (q�(w) + q0�(w)s; _q�(w) + _q0�(w)s): (254)The oordinate expression of the pairing ishz; wi� = p�(z) _q0�(w) + _p�(z) _q�(w): (255)A mapping  Q:TT�Q �(�QÆ�T�Q;�Q)T�Q! TT�Q (256)



A Slow and Careful Legendre Transformation for Singular Lagrangians 2941is de�ned by  Q(w; f) = w � t�(0) (257)with �:R ! T�Q de�ned by �(s) = �T�Q(w) + sf . The oordinate expres-sion of the mapping in terms of oordinates (q�; p�; _q�; _p�) in TT�Q andoordinates (q�; f�) in T�Q is given by(q�; p�; _q�; _p�) Æ  Q = (q�; p�; _q�; _p� � f�): (258)In the otangent bundle T�TQ we use oordinates(q�; _q�; a�; b�):T�TQ! R4m (259)indued by oordinates (q�; _q�) in TQ. The Liouville form is the 1-form#TQ = a�dq� + b�d _q�: (260)The 2-form !TQ = da� ^ dq� + db� ^ d _q� (261)is the sympleti form on T�TQ. A vetor �bration isomorphismTT�Q �Q������! T�TQT�Q????y �TQ????yTQ ======== TQ (262)is de�ned as dual to the vetor �bration isomorphismTTQ �Q������! TTQT�Q????y �TQ????yTQ ======== TQ (263)in the sense that h�Q(z); wi = hz; �Q(w)i� (264)for z 2 TT�Q and w 2 TTQ suh that T�Q(z) = �TQ(w). We have theoordinate haraterization(q�; _q�; a�; b�) Æ �Q = (q�; _q�; _p�; p�) (265)of the mapping �Q.



2942 W.M. Tulzyjew, P. Urba«skiFor a vetor z = tt(0;1)�(0; 0) 2 TTT�Q represented by a mapping�:R2 ! T�Q we haveh��Q#TQ; zi = h#TQ;T�Q(z)i= h�T�TQ(T�Q(z));T�TQ(T�Q(z))i= h�Q(�TT�Q(z));TT�Q(z)i= h�TT�Q(z); �Q(TT�Q(z))i�= h�TT�Q(tt(0;1)�(0; 0)); �Q(TT�Q(tt(0;1)�(0; 0)))i�= ht(0;1)�(0; 0); �Q(tt(0;1)(�Q Æ �)(0; 0))i�= ht�(0; �)(0); tt(1;0)(�Q Æ �)(0; 0)i�= ddth�(0; t); t(1;0)(�Q Æ �)(0; t)ijt=0= ddth�(0; t); t(�Q Æ �)(�; t)(0)ijt=0= ddth�T�Q(t�(�; t)(0));T�Q(t�(�; t)(0))ijt=0= ddth#Q; t�(�; t)(0)ijt=0= ddth#Q; t(1;0)�(0; t)ijt=0= hdT#Q; tt(0;1)�(0; 0)i= hdT#Q; zi: (266)We have used the formula (232) and relations�T�TQ Æ T�Q = �Q Æ �TT�Q (267)and T�TQ Æ T�Q = TT�Q (268)derived from �TQ Æ �Q = T�Q: (269)We have shown that ��Q#TQ = dT#Q: (270)It follows that the 2-form dT!Q is non degenerate and that the mapping�Q:TT�Q ! T�TQ is a sympletomorphism from (TT�Q;dT!Q) to(T�TQ;!TQ) sinedT!Q = dTd#Q = ddT#Q = d��Q#TQ = ��Qd#TQ = ��Q!TQ: (271)



A Slow and Careful Legendre Transformation for Singular Lagrangians 2943These results are on�rmed by the oordinate alulations��Q#TQ = _p�dq� + p�d _q� = dT#Q (272)and ��Q!TQ = d _p� ^ dq� + dp� ^ d _q� = dT!Q: (273)In the otangent bundle T�T�Q we use oordinates(q�; p�; u�; v�):T�T�Q! R4m (274)indued by oordinates (q�; p�) in T�Q. We have the Liouville form#T�Q = u�dq� + v�dp�: (275)and the sympleti 2-form!T�Q = du� ^ dq� + dv� ^ dp�: (276)on T�T�Q. We have already introdued the mapping�(T�Q;!Q):TT�Q! T�T�Q (277)haraterized by the equalityh�(T�Q;!Q)(u); vi = h!Q; u ^ vi (278)for vetors u 2 TT�Q and v 2 TT�Q suh that �T�Q(v) = �T�Q(u). Thediagram TT�Q �(T�Q;!Q)������! T�T�Q�T�Q????y �T�Q????yT�Q ======== T�Q (279)is a vetor �bration isomorphism. For eah z 2 TT�T�Q we haveh��(T�Q;!Q)#T�Q; zi = h#T�Q;T�(T�Q;!Q)(z)i= h�T�T�Q(T�(T�Q;!Q)(z));T�T�Q(T�(T�Q;!Q)(z))i= h�(T�Q;!Q)(�TT�Q(z));T�T�Q(z)i= h!Q; �TT�Q(z) ^ T�T�Q(z)i= hiT!Q; zi: (280)



2944 W.M. Tulzyjew, P. Urba«skiThe formula (218) and relations�T�T�Q Æ T�(T�Q;!Q) = �(T�Q;!Q) Æ �TT�Q (281)and T�T�Q Æ T�(T�Q;!Q) = T�T�Q (282)derived from �T�Q Æ �(T�Q;!Q) = �T�Q (283)were used. We have shown that��(T�Q;!Q)#T�Q = iT!Q: (284)It follows that the mapping �(T�Q;!Q):TT�Q ! T�T�Q is a sympletomor-phism from (TT�Q;dT!Q) to (T�T�Q;!T�Q) sinedT!Q = diT!Q = d��(T�Q;!Q)#T�Q = ��(T�Q;!Q)d#T�Q = ��(T�Q;!Q)!T�Q:(285)Coordinate alulations��(T�Q;!Q)#T�Q = _p�dq� � _q�dp� = iT!Q (286)and ��(T�Q;!Q)!T�Q = d _p� ^ dq� + dp� ^ d _q� = dT!Q: (287)on�rm these results.8. Dynamis of mehanial systemsLet Q be the on�guration manifold of a mehanial system. The otan-gent bundle T�Q is the phase spae of the system. Elements of the phasespae are momenta. The ommutative diagram�(T�Q;!Q) �QT�T�Q � TT�Q - T�TQ�T�Q �T�Q T�Q �TQ�����+ �����+QQQQQs QQQQQsT�Q TQQQQQQs �����+�Q �QQ (288)



A Slow and Careful Legendre Transformation for Singular Lagrangians 2945ontains the geometri strutures used to formulate the dynamis of thesystem. The dynamis is a di�erential equation D � TT�Q. A solution�: I ! T�Q of this equation is a phase spae trajetory of the system.External fores have to be inluded in a omplete desription of dynamis.The dynamis of the system with external fores is the di�erential equationDf =  �1Q (D) � TT�Q �(�QÆ�T�Q;�Q)T�Q: (289)A solution is a urve (�; �): I ! T�Q �(�Q;�Q)T�Q. The values of this urverepresent the momenta and external fores. The di�erential equation Df isof �rst order for the momentum omponent � and of zero order for the foreomponent �. This treatment of external fores is suitable for non relativis-ti systems. Relativisti systems desribed by homogeneous Lagrangiansrequire a modi�ation of the onept of fore. We will deal with dynamiswithout external fores.Trajetories of the system in the on�guration manifold Q are solutionsof the seond order Euler�Lagrange equationE = T2�Q(PD): (290)We have reognized the presene of a anonial sympleti struture inTT�Q with the sympleti form dT!Q. In most ases of interest in relativistiphysis the dynamis is a Lagrangian submanifold of (TT�Q;dT!Q). Mor-phisms �Q and �(T�Q;!Q) are anonial sympletomorphisms from(TT�Q;dT!Q) to (T�TQ;!TQ) and to (T�T�Q;!T�Q). These sympleto-morphisms with otangent bundles reate the possibility of generating thedynamis from (generalized) Lagrangians assoiated with TQ or (general-ized) Hamiltonians assoiated with T�Q.We will present a number of examples of mehanial systems in La-grangian and Hamiltonian formulations. We will perform the Legendretransformations and test the integrability riteria for these systems.9. Lagrangian systemsLet L:TQ! R (291)be the Lagrangian of a mehanial system with on�guration spae Q. TheLagrangian may be de�ned on all of TQ or on an open subset. The imageN = im(dL) of the mapping dL:TQ! T�TQ (292)



2946 W.M. Tulzyjew, P. Urba«skiis a Lagrangian submanifold of (T�TQ;!TQ) and the set D =��1Q (N) � TT�Q is a Lagrangian submanifold of (TT�Q;dT!Q). Coordi-nates (q�; _q�; a�; b�) of N satisfy equationsa� = ��L(q�; _q�)b� = � _�L(q�; _q�) (293)and oordinates (q�; p�; _q�; _p�) of elements of D satisfy equations_p� = ��L(q�; _q�)p� = � _�L(q�; _q�) (294)derived from the variational priniple_p�Æq� + p�Æ _q� = ÆL(q�; _q�) = ��L(q�; _q�)Æq� + � _�L(q�; _q�)Æ _q�: (295)Substituting the equalitiesd _p� = ����Ldq� + � _���Ld _q� (296)and dp� = ��� _�Ldq� + � _�� _�Ld _q� (297)in dT!Q = d _p� ^ dq� + dp� ^ d _q� (298)we obtain the equalitydT!QjD = ����Ldq� ^ dq� + � _���Ld _q� ^ dq�+��� _�Ldq� ^ d _q� + � _�� _�Ld _q� ^ d _q� = 0: (299)This equality together with dim(D) = 2m = 1=2 dim(TT�Q) on�rms thatD is a Lagrangian submanifold of (TT�Q;dT!Q). The set N is a Lagrangiansubmanifold sine it is the image of the di�erential of a funtion and Dis a Lagrangian submanifold sine it is obtained from N by applying thesympletomorphism �Q. We have on�rmed this fat by diret alulation.The set D � TT�Q is a di�erential equation. A solution is a urve:R ! T�Q suh that vetors tangent to  are in D. Equations_� = ��L(�; _�)� = � _�L(�; _�) (300)are di�erential equations for the oordinate expression(�; �) = (q�; p�) Æ  (301)



A Slow and Careful Legendre Transformation for Singular Lagrangians 2947of a urve  derived from equations (294). Dots indiate derivatives. Thedi�erential equation D represents dynamis in the sense that solution urvesare phase spae trajetories of the mehanial system. We say that D is aLagrangian system sine it was obtained from a Lagrangian funtion (291).Equations (294) and equations (300) will be alled the Lagrange equations.The seond order equations_p� = ��L(q�; _q�)p� = � _�L(q�; _q�)�p� = ����L(q�; _q�) _q� + � _���L(q�; _q�)�q�_p� = ��� _�L(q�; _q�) _q� + � _�� _�L(q�; _q�)�q� (302)represent the prolongation PD of the Lagrange equations. The equations��� _�L(q�; _q�) _q� + � _�� _�L(q�; _q�)�q� � ��(q�; _q�) = 0 (303)are the Euler�Lagrange equation T2�Q(PD) in oordinate form.Example 4. Let Q be a manifold of dimension 3 with oordinates (qi) =(q1; q2; q3). There is a Riemannian metri tensor gij , a funtion �, and a1-form A = Aidqi on Q. The funtionL(qi; _qj) = m2 gij _qi _qj � e�+ eAi _qi (304)is the Lagrangian of a partile of mass m and harge e in an eletri �eldE = Eidqi = �d� = ��i�dqi (305)and a magneti �eld (indution)B = 12Bijdqi ^ dqj = dA = dAj ^ dqj= �iAjdqi ^ dqj = 12(�iAj � �jAi)dqi ^ dqj: (306)The dynamis D of the partile is desribed by equations_pi = m2 �igjk _qj _qk � e�i�+ e�iAj _qjpi = mgij _qj + eAi: (307)Gauge independent ovariant seond order Euler�Lagrange di�erential equa-tions mgij(�qj + � jkl _qk _ql) = eEi +Bij _qj (308)



2948 W.M. Tulzyjew, P. Urba«skiare easily derived. The symbol � jkl is the Christo�el symbol� jkl = 12gji (�kgli + �lgki � �igkl) : (309)Solution urves of (308) are motions in the on�guration spae Q. Theseequations provide a partial desription of dynamis. The omplete desrip-tion of dynamis is obtained by omplementing these equations with thegauge dependent veloity-momentum relationpi = mgij _qj + eAi: (310)A gauge transformation Ai 7! Ai + �i (311)will not modify equations (308) but will hange the veloity-momentumrelation. NExample 5. A gauge independent formulation of dynamis of a hargedpartile is obtained by extending the on�guration spae Q to a manifoldQ of four dimensions with oordinates (q; qi). A gauge transformation is aoordinate transformation (q; qi) 7! (q+ (qk); qi). The dynamis is derivedfrom the gauge independent LagrangianL(q; qi; _q; _qj) = m2 gij _qi _qj � e�+ eAi _qi + e _q: (312)The equations _p = 0_pi = m2 �igjk _qj _qk � e�i�+ e�iAj _qjp = epi = mgij _qj + eAi (313)provide a desription of dynamis in terms of oordinates (q; qi; p; pj ; _q; _qk;_p; _pl) in TT�Q. These equations are gauge independent and an be given anexpliitly ovariant and gauge independent form_p = 0mgij(�qj + � jkl _qk _ql) = eEi +Bij _qjp = epi � eAi = mgij _qj : (314)The gauge invariant quantity (pi� eAi) is the momentum of the partile. N



A Slow and Careful Legendre Transformation for Singular Lagrangians 2949Example 6. Let Q be the spae-time of general relativity with oordinates(q�) = (q0; q1; q2; q3). The gravitational �eld is represented by a Minkowskimetri g�� and the eletromagneti �eld is a 2-formF = 12F��dq� ^ dq� = �dA = �dA� ^ dq�= ���A�dq� ^ dq� = 12(��A� � ��A�)dq� ^ dq� (315)derived from a potential A = A�dq�: (316)The dynamis of a relativisti partile of mass m and harge e is derivedfrom the Lagrangian L(q�; _q�) = mpg�� _q� _q� + eA� _q� (317)de�ned for time-like vetors � vetors satisfying g�� _q� _q� > 0. DynamisD � TT�Q is desribed by the Lagrange equations_p� = m��g�� _q� _q�2k _qk + e��A� _q� = mg��� ��� _q� _q�k _qk + e��A� _q�p� = mg�� _q�k _qk + eA� (318)with k _qk = pg�� _q� _q�. Note that these equations are reparametrizationinvariant: if :R ! T�Q is a solution and �:R ! R is a di�eomorphismwith positive derivative, then  Æ � is a solution. One an say that solutionsare one-dimensional oriented but not parametrized submanifolds of T�Q.The Euler�Lagrange equationsmk _qkg�� ��q� + � ��� _q� _q��+eF�� _q� = mk _qk3 g�� _q�g�� ��q� + � ��� _q� _q�� _q� (319)are reparametrization invariant and gauge invariant. If proper time is ho-sen as the parameter, then k _qk = 1 and the world line of the partile inspae-time is a solution of simpli�ed gauge invariant seond order di�eren-tial equations m(�q� + � ��� _q� _q�) = �eg��F�� _q�: (320)The omplete dynamis is gauge dependent. NExample 7. Let Q be the spae-time of general relativity with oordinates(q�), a Minkowski metri g�� and an eletromagneti potential A = A�dq�.



2950 W.M. Tulzyjew, P. Urba«skiLet Q be a manifold of dimension 5 with oordinates (q; q�). A gauge trans-formation is a oordinate transformation (q; q�) 7! (q +  (q�); q�). We useoordinates (q; q�; p; p�) in T�Q. Two gauge invariant quantities are derivedfrom the 5-momentum (p; p�). These are the harge p and the energy mo-mentum (p��pA�). There are two equivalent interpretations of the manifoldQ [6℄. This manifold is interpreted as a pseudoriemannian manifold (Kaluza[5℄) with a metri tensor � 1 A�A� g�� +A�A�� (321)or as the total spae of a prinipal �bration (Utiyama [14℄)�:Q! Q (322)haraterized by (q�) Æ � = (q�) (323)The eletromagneti potential is used to introdue the onnetion form� = dq +A�dq� (324)in the prinipal bundle Q. The urvature form� = d� = �12F��dq�dq� = dA� ^ dq�= ��A�dq� ^ dq� = �12(��A� � ��A�)dq� ^ dq� (325)represents the eletromagneti �eld.The Lagrangian of a partile with mass m and harge e is the gaugeinvariant funtionL(q; q�; _q; _q�) = mpg�� _q� _q� + eA� _q� + e _q: (326)Coordinates (q; q�; p; p�; _q; _q�; _p; _p�) are used in TT�Q. The Lagrange equa-tions _p = 0_p� = m��g�� _q� _q�2k _qk + e��A� _q� = mg��� ��� _q� _q�k _qk + e��A� _q�p = ep� = mg�� _q�k _qk + eA� (327)



A Slow and Careful Legendre Transformation for Singular Lagrangians 2951are equivalent to the expliitly ovariant and gauge independent seond orderequations _p = 0m(�q� + � ��� _q� _q�) = eg��F�� _q�p = ep� � eA� = mg�� _q�: (328)These equations are obtained by adopting the simplifying ondition k _qk = 1.Trajetories in Q satisfy the seond order equationsm(�q� + � ��� _q� _q�) = eg��F�� _q� (329)with no onditions on q. Compatibility with �eld equations requires thattrajetories in Q be two dimensional. The dynamis of a harge partilehas to be suitably modi�ed for orret desription of interation with theeletromagneti �eld. NNot all mehanial systems are Lagrangian systems derived from a La-grangian de�ned on the tangent bundle TQ. The dynamis ould be gener-ated by a Morse family of funtions de�ned on �bres of a �bration�:Y ! TQ: (330)We have oordinates (q�; _q�) in TQ. In the spae Y we use adapted oordi-nates (q�; _q�; yA):Y ! R2m+k (331)suh that (q�; _q�) Æ � = (q�; _q�): (332)Let L:Y ! R be a Morse family of funtions de�ned on �bres of �. Thek � (2m+ k) matrix � �2L�yA�yB �2L�yA�q� �2L�yA� _q�� (333)is of maximal rank. The Lagrangian submanifold N � T�TQ generated bythe family is the set of elements of T�TQ with oordinates (q�; _q�; a�; b�)satisfying equations a� = ��L(q�; _q�; yA)b� = � _�L(q�; _q�; yA)0 = �AL(q�; _q�; yA); (334)



2952 W.M. Tulzyjew, P. Urba«skifor some values of the variables yA. The set D = ��1Q (N) � TT�Q is aLagrangian submanifold of (TT�Q;dT!Q). It is the set of elements of TT�Qwith oordinates (q�; p�; _q�; _p�) satisfying equations_p� = ��L(q�; _q�; yA)p� = � _�L(q�; _q�; yA)0 = �AL(q�; _q�; yA) (335)for some values of the variables yA. These equations an be derived from avariational priniple_p�Æq� + p�Æ _q� = ÆL(q�; _q�; yA) = ��L(q�; _q�; yA)Æq�+� _�L(q�; _q�; yA)Æ _q� + �BL(q�; _q�; yA)ÆyB : (336)Equations (335) present the set D parametrized by variables (q�; _q�; yA)subjet to �AL(q�; _q�; yA) = 0. Fromd _p� = ����Ldq� + � _���Ld _q� + �A��LdyA; (337)dp� = ��� _�Ldq� + � _�� _�Ld _q� + �A� _�dyA; (338)�A��L = 0; (339)�A� _�L = 0 (340)we obtain the equality dT!QjD = 0: (341)Equations �AL(q�; _q�; yA) = 0 leave only 2m out of the 2m + k variables(q�; _q�; yA) independent. This is a onsequene of maximality of the rank ofthe matrix (333). It follows that dim(D) = 2m. We have thus on�rmed thatD is a Lagrangian submanifold of (TT�Q;dT!Q). The set D is a di�erentialequation and may represent the dynamis of a mehanial system.Example 8. Let Q be the spae-time of general relativity with oordinates(q�) = (q0; q1; q2; q3) and a Minkowski metri g��. LetL(q�; _q�; y) = 12y g�� _q� _q� (342)be a funtion on ÆTQ� R+ , where ÆTQ is the tangent bundle with the zerovetors removed. This funtion is a Morse family of funtions of the variable



A Slow and Careful Legendre Transformation for Singular Lagrangians 2953y with the oordinates (q�; _q�) treated as parameters. It represents the La-grangian of a partile of mass zero. The dynamis of the partile is governedby the equations _p� = 12y �kg�� _q� _q�p� = 1yg�� _q�0 = g�� _q� _q� (343)satis�ed for some value of the variable y. The variable y an be eliminatedfrom the equation for _p�. It follows from the resulting equation_p� � � ���p� _q� = 0 (344)that the ovetor p� is ovariant onstant along the world line. If an a�neparameter is hosen then y is onstant and the dynamis satis�es equations�q� + � ��� _q� _q� = 0g��q�q� = 0p� = 1yg��q� (345)for some onstant y > 0. N10. Hamiltonian systemsLet H:T�Q! R (346)be the Hamiltonian of a mehanial system with on�guration spae Q. Themapping �dH:T�Q! T�T�Q (347)is a setion of the �bration �T�Q. ConsequentlyX = ��1(T�Q;!Q) Æ (�dH):T�Q! TT�Q (348)is a vetor �eld. The image M = im(�dH) is a Lagrangian subman-ifold of (T�T�Q;!T�Q) and D = im(X) is a Lagrangian submanifold of(TT�Q;dT!Q). The equations desribing D are the Hamilton equations_q� = ��H_p� = ���H (349)



2954 W.M. Tulzyjew, P. Urba«skiderived from the variational priniple_p�Æq� � _q�Æp� = ÆH(q�; p�) = ���H(q�; p�)Æq� � ��H(q�; p�)Æp�: (350)The symbol �� denotes the partial derivative ��p� . The dimension of D is2m and by using equalitiesd _q� = ����Hdq� + ����Hdp� (351)and d _p� = �����Hdq� � ����Hdp� (352)in dT!Q = d _p� ^ dq� + dp� ^ d _q� (353)we obtain the equalitydT!QjD = �����Hdq� ^ dq� � ����Hdp� ^ dq�+����Hdp� ^ dq� + ����Hdp� ^ dp� = 0: (354)It follows that D is a Lagrangian submanifold of (TT�Q;dT!Q). The set Dis a di�erential equation and may represent the dynamis of a mehanialsystem.Example 9. Equations (307) of Example 4 an be rewritten in the form_qi = 1mgij(pj � eAj)_pi = 12m�igjkgjlgkm(pl � eAl)(pm � eAm)�e�i�+ em�iAjgjl(pl � eAl): (355)These equations desribe a Hamiltonian vetor �eld. They are the Hamiltonequations for the HamiltonianH(qi; pj) = 12mgij(pi � eAi)(pj � eAj) + e�: (356)NGauge independent dynamis of harged partiles and the dynamis ofrelativisti partiles are not images of Hamiltonian vetor �elds. Dira [1℄introdued generalized Hamiltonian systems in order to be able to deal withsimilar ases. In the original onstrution of Dira a generalized Hamiltoniansystem is a family of Hamiltonian vetor �elds on the phase spae T�Q



A Slow and Careful Legendre Transformation for Singular Lagrangians 2955restrited to a onstraint set C � T�Q. We have translated this onstrutionin an equivalent onstrution of a di�erential equation D � TT�Q.Let C � T�Q be a submanifold and letH:C ! R (357)be a di�erentiable funtion. The setM = fb 2 T�T�Q; a = �T�Q(b) 2 C;8u2TaC�TaT�Qhb; ui = �hdH;uig(358)is a Lagrangian submanifold of (T�T�Q;!T�Q) andD = ��1(T�Q;!Q)(M)= fw 2 TT�Q; a = �T�Q(w) 2 C;8u2TaC�TaT�Qh!Q; u ^ wi = hdH;uig(359)is a Lagrangian submanifold of (TT�Q;dT!Q). If (�A) is a set of k indepen-dent funtions on T�Q suh thatC = fa 2 T�Q; �A(a) = 0 for A = 1; : : : ; kg (360)and H is a funtion on T�Q suh thatHjC = H, then oordinates (q�; p�; _q�;_p�) of elements of D satisfy the equations�A(q�; p�) = 0_q� = ��H + vA���A_p� = ���H + vA���A (361)derived from the variational priniple�A(q�; p�) = 0_p�Æq� � _q�Æp� = ÆH(q�; p�) = ���H(q�; p�)Æq� � ��H(q�; p�)Æp� (362)with variations (Æq�; Æp�) satisfying���AÆq� + ���AÆp� = 0: (363)Lagrange multipliers (vA 2 Rk ) appear in these equations. The same equa-tions are derived from the variational priniple_p�Æq� � _q�Æp� = Æ eH(q�; p�; vA)= ���H(q�; p�)Æq� � ��H(q�; p�)Æp� + �A(q�; p�)ÆvA (364)



2956 W.M. Tulzyjew, P. Urba«skiorresponding to the Morse familyeH(q�; p�; vA) = H(q�; p�)� vA�A(q�; p�) (365)of funtions of the variables (vA 2 Rk ). The set D is a Lagrangian subman-ifold sine it is generated by a Morse family. At eah point a 2 C the setDa = D \ TaT�Q is an a�ne subspae of the vetor spae TaT�Q.In Dira's onstrution the dynamis is desribed by vetor �eldsX = ��1(T�Q;!Q) Æ (vAd�A � dH):T�Q! TT�Q (366)with arbitrary funtions vA(q�; p�). These �elds are restrited to the on-straint set C.Example 10. The dynamis of the harged partile of Example 5 is a Dirasystem. The Hamiltonian is the funtionH(q; qi; p; pj) = 12mgij(pi � eAi)(pj � eAj) + e� (367)and the onstraint is the set haraterized by�(q; qi; p; pj) = p� e = 0: (368)The funtioneH(q; qi; p; pj ; v) = 12mgij(pi � eAi)(pj � eAj) + e�� v(p� e) (369)is a Morse family of funtions of v 2 R. Equationsp = e_q = v_qi = 1mgij(pj � eAj)_p = 0_pi = 12m�igjkgjlgkm(pl � eAl)(pm � eAm)� e�i�+ em�iAjgjl(pl � eAl):(370)obtained with this Morse family are equivalent to equations (313). NThe dynamis of a non relativisti harged partile in the above exampleis the only Dira system known to us. Hamiltonian formulations of rela-tivisti dynamis require a higher level of omplexity. Di�erential equations



A Slow and Careful Legendre Transformation for Singular Lagrangians 2957generated by Lagrangians and by Lagrangian Morse families are Lagrangiansubmanifolds of (TT�Q;dT!Q). The same is true of Dira systems. We de-�ne a generalized Dira system as a di�erential equation D � TT�Q, whihis a Lagrangian submanifold of (TT�Q;dT!Q). Existene of Morse familiesfor open subsets of Lagrangian submanifolds is guaranteed by Hörmander'stheorem. Known generalized Dira systems are globally generated by Hamil-tonian Morse families.Example 11. Lagrange equations (318) of Example 6 have an equivalentform g��(p� � eA�)(p� � eA�) = m2_q� = vmg��(p� � eA�)_p� = � v2m��g��(p� � eA�)(p� � eA�)+vemg����A�(p� � eA�) (371)with arbitrary v > 0. These equations are obtained from the Morse familyH(q�; p�; v) = v�qg��(p� � eA�)(p� � eA�)�m� (372)of funtions of the variable v > 0. NExample 12. The gauge independent dynamis in Example 7 is a general-ized Dira system. Equationsg��(p� � eA�)(p� � eA�) = m2p = e_q = v2_q� = v1mg��(p� � eA�)_p = 0_p� = � v12m��g��(p� � eA�)(p� � eA�)+v1em g����A�(p� � eA�) (373)with v1 > 0 and arbitrary v2 are equivalent to equations (328). Theseequations are generated by the Morse family



2958 W.M. Tulzyjew, P. Urba«ski
H(q�; p�; v1; v2) = v1�qg��(p� � eA�)(p� � eA�)�m�+v2(p�e) (374)of funtions of the variables v1 > 0 and v2. NExample 13. The generalized Dira system of Example 8 is desribed byequations g��p�p� = 0_q� = vg��p�_p� = �v2��g��p�p� (375)derived from the Morse familyH(q�; p�; v) = v2g��p�p� (376)with v > 0. N11. The Legendre transformationA Lagrangian L(q�; _q�) is said to be hyperregular if the Legendre mapping�:TQ! T�Q (377)de�ned by (q�; p�) Æ � = (q�; � _�L(q�; _q�)) (378)is a di�eomorphism. Let the mapping�:T�Q! TQ (379)represented by (q�; _q�) Æ � = (q�; ��(q�; p�)) (380)be the inverse di�eomorphism. Relations� _�L(q�; ��(q�; p�)) = p� (381)��(q�; � _�L(q�; _q�)) = _q� (382)hold. Using the di�eomorphism � to eliminate the veloities ( _q�) from theenergy funtion E(q�; p�; _q�) = p� _q� � L(q�; _q�) (383)



A Slow and Careful Legendre Transformation for Singular Lagrangians 2959we obtain the HamiltonianH(q�; p�) = p���(q�; p�)� L(q�; ��(q�; p�)): (384)The energy funtion is de�ned on T�Q �(�Q;�Q)TQ. The passage from theLagrangian to the above Hamiltonian is the Legendre transformation for ahyperregular Lagrangian.Let H be the Hamiltonian (384) obtained from a hyperregular Lagran-gian L. For the mappings dH:T�Q! T�T�Q; (385)��1(T�Q;!Q):T�T�Q! TT�Q; (386)and ��1(T�Q;!Q) Æ (�dH):T�Q! TT�Q (387)we have (q�; p�; u�; v�) Æ dH = (q�; p�; ��H(q�; p�); ��H(q�; p�)); (388)(q�; p�; _q�; _p�) Æ ��1(T�Q;!Q) = (q�; p�;�v�; u�); (389)and(q�; p�; _q�; _p�) Æ ��1(T�Q;!Q) Æ (�dH) = (q�; p�; ��H(q�; p�);���H(q�; p�)):(390)On the other hand, we have(q�; _q�; a�; b�) Æ dL = (q�; _q�; ��L(q�; _q�); � _�L(q�; _q�)); (391)(q�; p�; _q�; _p�) Æ ��1Q = (q�; b�; _q�; a�); (392)(q�; p�; _q�; _p�) Æ ��1Q Æ dL = (q�; � _�L(q�; _q�); _q�; ��L(q�; _q�)); (393)and (q�; p�; _q�; _p�) Æ ��1Q Æ dL Æ � =(q�; � _�L(q�; ��(q!; p� )); ��(q!; p� ); ��L(q�; ��(q!; p� ))) (394)for the mappings dL : TQ! T�TQ; (395)��1Q : T�TQ! TT�Q; (396)��1Q Æ dL : TQ! TT�Q; (397)



2960 W.M. Tulzyjew, P. Urba«skiand ��1Q Æ dL Æ �:T�Q! TT�Q: (398)From ��H(q�; p�) = p�����(q�; p�)� ��L(q�; ��(q�; p�))�� _�L(q�; ��(q!; p� ))����(q�; p�)= ���L(q�; ��(q�; p�)) (399)and ��H(q�; p�) = ��(q�; p�) + p�����(q�; p�)�� _�L(q�; ��(q!; p� ))����(q�; p�)= ��(q�; p�) (400)it follows that ��1Q Æ dL Æ � = ��1(T�Q;!Q) Æ (�dH): (401)We see that the Hamiltonian and the Lagrangian generate the same dynam-is D = im(��1(T�Q;!Q) Æ (�dH)) = im(��1Q Æ dL): (402)Example 14. The LagrangianL(qi; _qj) = m2 gij _qi _qj � e�+ eAi _qi (403)of Example 4 is hyperregular. The Legendre mapping and its inverse are themappings (qi; pj) Æ � = (qi;mgjk _qk + eAj) (404)and (qi; _qj) Æ � = �qi; 1mgij(pj � eAj)� : (405)From the energy funtionE(qi; pj ; _qk) = pi _qi � m2 gij _qi _qj + e�� eAi _qi (406)we derive the HamiltonianH(qi; pj) = 12mgij(pi � eAi)(pj � eAj) + e�: (407)N



A Slow and Careful Legendre Transformation for Singular Lagrangians 2961If a Lagrangian is not hyperregular, then the Legendre mapping is notinvertible. It may happen that the image of the Legendre mapping � isa submanifold C � T�Q. Let G � T�Q �(�Q;�Q)TQ be the graph of � (in-terseted with T�Q �(�Q;�Q)TQ � T�Q � TQ). The energy funtion (383)restrited to the graph G does not depend on _q� sine� _�E = p� � � _�L: (408)If �bres of the projetion pr1:T�Q �(�Q;�Q)TQ! T�Q are onneted, then afuntion H(q�; p�) = E(q�; p�; _q�) (409)an be de�ned on C by substituting in E any values of the veloities ( _q�) suhthat p� � � _�L = 0. This is the onstrution of the onstrained Hamiltonianused by Dira. This is also the onstrution of the generalized Legendretransformation introdued by Cendra, Holm, Hoyle and Marsden. The Dirasystem generated by the onstrained Hamiltonian is sometimes equal to theLagrangian system generated by the original Lagrangian.Example 15. Applying the Cendra�Holm�Hoyle�Marsden generalized Leg-endre transformation to the LagrangianL(q; qi; _q; _qj) = m2 gij _qi _qj � e�+ eAi _qi + e _q: (410)of Example 5 we obtain the onstraint C desribed byp = e (411)and the HamiltonianH(q; qi; pj) = 12mgij(pi � eAi)(pj � eAj) + e� (412)de�ned on the onstraint C with oordinates (q; qi; pj). This Hamiltoniangenerates the equations (370) of Example 10 equivalent to the Lagrangeequations (313) of Example 5. The Cendra�Holm�Hoyle�Marsden versionof the Legendre transformation gives orret results for this example of amehanial system. NThe mehanial system in the above example is the only mehanialsystem known to us for whih this version of the Legendre transformationfuntions orretly.



2962 W.M. Tulzyjew, P. Urba«skiExample 16. The LagrangianL(q�; _q�) = mpg�� _q� _q� + eA� _q� (413)of Example 6 is singular. The image of the Legendre mapping(q�; p�) Æ � = (q�;mg�� _q�k _qk + eA�) (414)is the onstraint set C desribed byg��(p� � eA�)(p� � eA�) = m2: (415)The energy funtionE(q�; p�; _q�) = p� _q� �mpg�� _q� _q� � eA� _q� (416)vanishes on the graph G of the Legendre mapping and the Dira Hamiltonianis zero. Di�erential equations derived from this onstrained Hamiltonian arethe equationsg��(p� � eA�)(p� � eA�) = m2_q� = vmg��(p� � eA�)_p� = � v2m��g��(p� � eA�)(p� � eA�) + vemg����A�(p� � eA�) (417)with arbitrary values of the Lagrange multiplier v. The Dira system rep-resented by these equations is the union D+ [ D0 [ D� of three sets or-responding to v > 0, v = 0, and v < 0 respetively. The set D+ is thegeneralized Dira system D of Example 11 equivalent to the Lagrangiansystem of Example 6. The set D0 desribed byg��(p� � eA�)(p� � eA�) = m2_q� = 0_p� = 0 (418)must be exluded sine the veloities _q� evaluated on vetors tangent toworld lines are never zero. The setD� is a generalized Dira system obtainedfrom the LagrangianL�(q�; _q�) = �mpg�� _q� _q� + eA� _q�: (419)Setting v = 1 in equations (417) we obtain equationsp� = mg�� _q� + eA�m(�q� + � ��� _q� _q�) = �eg��F�� _q� (420)



A Slow and Careful Legendre Transformation for Singular Lagrangians 2963orretly desribing the dynamis of harged partiles. Solutions of theseequations are urves using proper time as the parameter. With y = �1equations (417) result in the equationp� = �mg�� _q� + eA� (421)and the seond order systemm(�q� + � ��� _q� _q�) = eg��F�� _q�: (422)Solutions of the seond order equations are world lines of partiles withmass m and harge �e or partiles with mass �m and harge e. The equa-tion (421) suggests that we are dealing with partiles with negative mass�m. The priniple that world lines of partiles with positive energy shouldbe oriented towards the future and that world lines of partiles with nega-tive energy (antipartiles) should be oriented towards the past (Stuekelberg[11℄, Feynman [3℄) is violated. We onlude that the Cendra�Holm�Hoyle�Marsden version of the Legendre transformation is too fast to provide orretresults for this important example of a mehanial system. NThe Dira system generated by a onstrained HamiltonianH:C ! R (423)is haraterized by the variational relation_p�Æq� � _q�Æp� = ��zkHÆq� � ��HÆp� (424)on C. A onstrained Hamiltonian derived from a singular Lagrangian anbe onsidered a funtion on the graph G of the Legendre mapping de�nedby H(q�; p�) = E(q�; p�; _q�) = p� _q� � (q�; _q�): (425)The variational relation_p�Æq� � _q�Æp� = ��zkEÆq� � ��EÆp� � � _�EÆ _q� (426)on G is equivalent to the relation (424) for the Hamiltonian (425). Thevariations (Æq�; Æp�; Æ _q�) are omponents of a vetor tangent to G. HeneÆp� = ��� _�Æq� + � _�� _�Æ _q�: (427)If Lagrange equations _p� = ��L(q�; _q�)p� = � _�L(q�; _q�) (428)



2964 W.M. Tulzyjew, P. Urba«skiare satis�ed, then _p�Æq� � _q�Æp� = ��LÆq� � _q�Æp� (429)and��zkEÆq� � ��EÆp� � � _�EÆ _q� = ��LÆq� � _q�Æp� � (p� � � _�L)Æ _q�= ��LÆq� � _q�Æp�: (430)This seems to imply that the Dira system generated by the Hamiltonian(425) is equivalent to the Lagrangian system (428). This onlusion is notorret. It is true that the variational relation (424) follows from the La-grange equations. The onverse is not true sine the same onstrainedHamiltonian may be in the relation (425) with di�erent energy funtionsonstruted from di�erent Lagrangians. The Lagrangians L+ = L and L�of Example 16 generate di�erent Lagrangian systems D+ and D� but leadto the same onstrained Hamiltonian.We observe that if E(q�; p�; _q�) is the energy funtion assoiated with aLagrangian L(q�; _q�), then E(q�; p�; v�) is a Morse family of the variables(v�). The rank of the matrix� �2E�v��v� �2E� _v��q� �2E�v��p�� = � ��2L�v��v� ��2� _v��q� Æ��� (431)is maximal. No requirements are imposed on the Lagrangian. The general-ized Dira system generated by the Morse family E(q�; p�; v�) is obtainedfrom the variational relation_p�Æq� � _q�Æp� = ��zkEÆq� � ��EÆp� + � _�EÆv� (432)with arbitrary variations (Æq�; Æp�; Æv�). WithE(q�; p�; v�) = p�v� � L(q�; v�) (433)the relation takes the form_p�Æq� � _q�Æp� = ��L(q�; v�)Æq� � v�Æp� � (p� � � _�L(q�; v�))Æv�: (434)Equations _p� = ��L(q�; v�)p� = � _�L(q�; v�)_q� = v� (435)obtained from this relation are equivalent to the Lagrange equations.



A Slow and Careful Legendre Transformation for Singular Lagrangians 2965The passage from the Lagrangian L(q�; _q�) to the global HamiltonianMorse family E(q�; p�; v�) is the slow and areful Legendre transformationrequired to provide a orret Hamiltonian formulation of any Lagrangian sys-tem. The Morse family generating a Lagrangian submanifold is not unique.Modi�ations resulting in a redution of the number of variables are usuallypossible.Example 17. The Hamiltonian Morse familyE(q; qi; p; pj ; v; vk) = pv + pivi � m2 gijvivj + e�� eAivi � ev (436)for the harged partile of Example 5 redues to the Hamiltonian MorsefamilyH(q; qi; p; pj ; v) = 12mgij(pi � eAi)(pj � eAj) + e�� v(p� e) (437)of Example 10. The redution is obtained by using in (436) the equalityvk = 1mgkj(pj � eAj) (438)obtained from �E�vi = pi �mgijvj � eAi = 0: (439)NExample 18. E(q�; p�; v�) = p�v� �mpg��v�v� � eA�v� (440)for the harged partile of Example 6 redues to the Hamiltonian Morsefamily H(q�; p�; v) = v�qg��(p� � eA�)(p� � eA�)�m� (441)of a single variable v > 0 introdued in Example 11. Variables (q�; p�; v�)are oordinates in the manifold T�Q �(�Q;�Q)TQ. Only the open subset de-sribed by the inequality g��v�v� > 0 is onsidered. Variables (q�; p�; v) areoordinates in T�Q � R+ . The funtion E(q�; p�; v�) is a Morse family offuntions on �bres of the �bration�:T�Q �(�Q;�Q)TQ! T�Q (442)



2966 W.M. Tulzyjew, P. Urba«skiharaterized by (q�; p�) Æ � = (q�; p�): (443)This �bration an be interpreted as the �bration� 0:T�Q �(�Q;�Q)TQ! T�Q� R+ (444)haraterized by (q�; p�; v) Æ � 0 = �q�; p�;pg��v�v�� (445)followed by the projetionprT�Q:T�Q� R+ ! T�Q: (446)Fibres of � 0 are hyperboloids g��v�v� = v2. FromÆE(q�; p�; v�) = ��v� Æv� = 0 (447)with variations Æv� satisfyingÆ(g��v�v�) = 2g��v�Æv� = 0 (448)we obtain two ritial pointsv� = �vpg��v�v� g��(p� � eA�) (449)in a �bre over the point with oordinates (q�; p�; v). Evaluating the funtionE at these points results in two Morse familiesH � (q�; p�; v) = �v�qg��(p� � eA�)(p� � eA�)�m� (450)of funtions of v. One of these is the redued Morse family (441). The othergenerates an empty set sine it has no ritial points. The family (441)depends linearly on the variable v restrited to positive values. No furtherredution is possible. NExample 19. The dynamis of the harged partile of Example 7 is gener-ated by the Hamiltonian Morse familyE(q; q�; p; p�; v; v�) = pv + p�v� �mpg��v�v� � eA�v� � ev (451)



A Slow and Careful Legendre Transformation for Singular Lagrangians 2967or by the Hamiltonian Morse familyH(q�; p�; v1; v2) = v1�qg��(p� � eA�)(p� � eA�)�m�+v2(p�e) (452)of funtions of two variables v1 > 0 and v2 as in Example 12. NThe slow Legendre transformation an be extended to Lagrangian Morsefamilies. If L(q�; _q�; yA) (453)is a Morse family, then the k � (k + 2m) matrix� �2L�yA�yB �2L�yA�v� �2L�yA�p�� (454)is of maximal rank k. It follows that the funtionE(q�; p�; yA; v�) = p�v� � L(q�; v�; yA) (455)is a Morse family of funtions of the variables (yA; v�) sine the (k +m)�(k + 3m) matrix0BB� �2E�yA�yB �2E�yA�v� �2E�yA�q� �2E�yA�p��2E�v��yB �2E�v��v� �2E�v��q� �2E�v��p� 1CCA =0BB� ��2L�yA�yB ��2L�yA�v� ��2L�yA�q� 0��2L�v��yB ��2L�v��v� ��2L�v��q� Æ��1CCA (456)is of rank k +m.Example 20. The Hamiltonian Morse familyE(q�; p�; y; v�) = p�v� � 12yg��v�v� (457)generates the generalized Dira system of Example 8. The equations� _�E(q�; p�; y; v�) = p� � 1yg��v� (458)permits the elimination of v� from E(q�; p�; y; v�). The result is the Hamil-ton Morse family H(q�; p�; y) = y2g��p�p� (459)with y > 0. It is the Morse family of Example 13 with v replaed by y. N



2968 W.M. Tulzyjew, P. Urba«ski12. IntegrabilityIn Setion 5 we have established integrability riteria for a lass of di�er-ential equations whih an be spei�ed in terms of vetor �elds restrited toa submanifold. The dynamis of relativisti mehanial systems presented inour examples all admit the Dira-style formulations in terms of Hamiltonianvetor �elds. The integrability riterion and the �rst integrability algorithmformulated in Setion 5 an be adapted to this situation.Let Q be the on�guration manifold of a mehanial system and let thedynamis of the system be represented by the unionD = [�2Afim(X�jC)g (460)of a family of Hamiltonian vetor �eldsX�:T�Q! TT�Q (461)generated by a family of HamiltoniansH�:T�Q! R (462)and restrited to a submanifold C � T�Q spei�ed asC = fp 2 T�Q; 8A�A(p) = 0g ; (463)where �A are independent funtions on T�Q alled primary onstraints. Theondition D � TC means that at points of C the vetor �eldsX� are tangentto C or that hd�A;X�ijC = 0 (464)for eah � 2 A and eah funtion �A. In view ofX� = ��1(T�Q;!Q) Æ (�dH�) (465)the integrability riterion for the dynamis D assumes the formfH�; �AgjC = 0 (466)for eah � 2 A and eah funtion �A.Example 21. The dynamis of the system in Example 9 is integrable sineit is the image of a Hamiltonian vetor �eld. N



A Slow and Careful Legendre Transformation for Singular Lagrangians 2969Example 22. The dynamis in Example 10 is a Dira system. It is theunion of images of the family of Hamiltonian vetor �elds generated by thefamilyH�(q; qi; p; pj) = 12mgij(pi � eAi)(pj � eAj) + e�� �(p� e) (467)restrited to a onstraint set C. The parameter � is an arbitrary funtionon T�Q. There is one primary onstraint. It is the funtion�(q; qi; p; pj) = p� e: (468)The system is integrable sinefH�; �gjC = 0: (469)NExample 23. The dynamis in Example 11 is a generalized Dira system.It is desribed by the family of Hamiltonian vetor �elds generated by thefamily H�(q�; p�) = ��qg��(p� � eA�)(p� � eA�)�m� (470)of Hamiltonians parametrized by a funtion � > 0 on T�Q. There is oneprimary onstraint�(q�; p�) =qg��(p� � eA�)(p� � eA�)�m: (471)The integrability riterion is satis�ed. NExample 24. The generalized Dira system of Example 12 is desribed byHamiltonian vetor �elds generated by the familyH(�1;�2)(q�; p�) = �1�qg��(p� � eA�)(p� � eA�)�m�+�2(p�e) (472)parametrized by funtions �1 > 0 and �2 on T�Q. There are two primaryonstraints: �1(q; q�; p; p�) =qg��(p� � eA�)(p� � eA�)�m (473)and �2(q; q�; p; p�) = p� e: (474)Integrability riteria are again satis�ed. N



2970 W.M. Tulzyjew, P. Urba«skiExample 25. For the generalized Dira system in Example 13 we use thefamily of Hamiltonians H�(q�; p�) = �2 g��p�p� (475)depending on a funtion � > 0. There is one primary onstraint�(q�; p�) = g��p�p�: (476)The system is integrable. NExample 26. Let Q be the a�ne spae-time of speial relativity withCartesian oordinates (q�) and a onstant Minkowski metri tensor (g��).We analyse the dynamis of two interating relativisti partiles [15℄ [16℄.The on�guration spae is the produt Q � Q with oordinates (q�1 ; q�2 ).Coordinates (q�1 ; q�2 ; _q�1 ; _q�2 ), (q�1 ; q�2 ; p1�; p2�), and (q�1 ; q�2 ; p1�; p2� ; _q�1 ; _q�2 ; _p1� ; _p2!)will be used in T(Q�Q), T�(Q�Q), and TT�(Q�Q) respetively. Massesof the partiles are denoted by m1 and m2. The interation potential is afuntion V of a real positive argument. Relationsg�� _q�1 _q�1 > 0g�� _q�2 _q�2 > 0g��p1�p1� > 0g��p2�p2� > 0g��(q�2 � q�1 )(q�2 � q�1 ) < 0 (477)are assumed to be satis�ed. Abbreviationsk _q1k = qg�� _q�1 _q�1k _q2k = qg�� _q�2 _q�2k _p1k = qg��p1�p1�k _p2k = qg��p2�p2�kq2 � q1k = q�g��(q�2 � q�1 )(q�2 � q�1 )m1 = pm12 + V (kx2 � x1k)m2 = pm22 + V (kx2 � x1k) (478)will be used.



A Slow and Careful Legendre Transformation for Singular Lagrangians 2971The dynamis of the partiles is a generalized Dira system desribed byLagrange equations_p1� = DV (kq2 � q1k)2kq2 � q1k �k _q1km1 + k _q2km2 � g��(q�2 � q�1 )_p2� = DV (kq2 � q1k)2kq2 � q1k �k _q1km1 + k _q2km2 � g��(q�1 � q�2 )p1� = m1k _q1kg�� _q�1p2� = m2k _q2kg�� _q�2 (479)derived from the LagrangianL(q�1 ; q�2 ; _q�1 ; _q�2 ) = m1 k _q1k+m2 k _q2k: (480)The Hamiltonian is the Morse familyH(q�1 ; q�2 ; p1�; p2� ; v1; v2) = v1 (kp1k �m1) + v2 (kp2k �m2) (481)of funtions of the variables v1 > 0 and v2 > 0. Hamilton equations_p1� = DV (kq2 � q1k)2kq2 � q1k � v1m1 + v2m2� g��(q�2 � q�1 )_p2� = DV (kq2 � q1k)2kq2 � q1k � v1m1 + v2m2� g��(q�1 � q�2 )_q�1 = v1kp1kg��p1�_q�2 = v2kp2kg��p2�kp1k = m1kp2k = m2 (482)are equivalent to the Lagrange equations (479).The dynamis is the union of the family of Hamiltonian vetor �eldsX(�1;�2):T�(Q�Q)! TT�(Q�Q) (483)generated by the family of HamiltoniansH(�1;�2)(q�1 ; q�2 ; p1�; p2�) = �1 (kp1k �m1) + �2 (kp2k �m2) (484)



2972 W.M. Tulzyjew, P. Urba«skiand restrited to a submanifold C � T�(Q � Q) desribed by two primaryonstraints: �1(q�1 ; q�2 ; p1�; p2�) = kp1k �m1 (485)and �2(q�1 ; q�2 ; p1�; p2�) = kp2k �m2: (486)The parameters (�1; �2) are positive funtions on T�(Q�Q). The PoissonbraketsfH(�1;�2); �1gjC = �2 DV (kq2 � q1k)2m1m2kq2 � q1k(p1� + p2�)(q�1 � q�2 ) (487)and fH(�1;�2); �2gjC = �1 DV (kq2 � q1k)2m1m2kq2 � q1k(p1� + p2�)(q�2 � q�1 ) (488)indiate that the dynamis is not integrable unless the potential V is on-stant. NThe generalized Dira system in Example 26 is the only ase of a nonintegrable dynamis known to us. We will extrat the integrable part of thissystem by applying di�erent versions of the extration algorithm.Example 27. We apply the �rst algorithm of Setion 5 to Hamilton equa-tions (482) and onstraint set C desribed bykp1k = m1kp2k = m2: (489)We obtain equationskp1k = m1kp2k = m2g��p1� _p1� = DV (kq2 � q1k)2kq2 � q1k g��(q�2 � q�1 )( _q�2 � _q�1 )g��p2� _p2� = DV (kq2 � q1k)2kq2 � q1k g��(q�2 � q�1 )( _q�2 � _q�1 ) (490)for TC and equations_p1� = DV (kq2 � q1k)2kq2 � q1k � v1m1 + v2m2� g��(q�2 � q�1 )



A Slow and Careful Legendre Transformation for Singular Lagrangians 2973_p2� = DV (kq2 � q1k)2kq2 � q1k � v1m1 + v2m2� g��(q�1 � q�2 )_q�1 = v1kp1kg��p1�_q�2 = v2kp2kg��p2�kp1k = m1kp2k = m20 = (p1� + p2�)(q�2 � q�1 )v1 > 0v2 > 0 (491)for the intersetion D1 = D\TC if the potential V is not onstant. For thenew onstraint set C1 = �Q(D1) we have equationskp1k = m1kp2k = m20 = (p1� + p2�)(q�2 � q�1 ) (492)and equations kp1k = m1kp2k = m20 = (p1� + p2�)(q�2 � q�1 )g��p1� _p1� = DV (kq2 � q1k)2kq2 � q1k g��(q�2 � q�1 )( _q�2 � _q�1 )g��p2� _p2� = DV (kq2 � q1k)2kq2 � q1k g��(q�2 � q�1 )( _q�2 � _q�1 )0 = ( _p1� + _p2�)(q�2 � q�1 ) + (p1� + p2�)( _q�2 � _q�1 ) (493)for TC1. The equations_p1� = DV (kq2 � q1k)2kq2 � q1k � v1m1 + v2m2� g��(q�2 � q�1 )_p2� = DV (kq2 � q1k)2kq2 � q1k � v1m1 + v2m2� g��(q�1 � q�2 )_q�1 = v1kp1kg��p1�



2974 W.M. Tulzyjew, P. Urba«ski_q�2 = v2kp2kg��p2�kp1k = m1kp2k = m2p1� + p2� 6= 00 = (p1� + p2�)(q�2 � q�1 )v1 > 0v2 > 0v1m1 g��(p1� + p2�)p1� = v2m2 g��(p1� + p2�)p2� (494)for D2 = D\TC1 of D are the last step in the algorithm. We have exludedfrom D2 the ase p1� + p2� = 0. The system D = D2 will be shown to beintegrable. NExample 28. We apply the seond algorithm of Setion 5 to the Lagrangeequations (479). The prolongation of the Lagrange equations is the systemof seond order equations_p1� = DV (kq2 � q1k)2kq2 � q1k �k _q1km1 + k _q2km2 � g��(q�2 � q�1 )_p2� = DV (kq2 � q1k)2kq2 � q1k �k _q1km1 + k _q2km2 � g��(q�1 � q�2 )p1� = m1k _q1kg�� _q�1p2� = m2k _q2kg�� _q�2�p1� = f1(q�1 ; q�2 ; _q�1 ; _q�2 ; �q�1 ; �q�2 )�p2� = f2(q�1 ; q�2 ; _q�1 ; _q�2 ; �q�1 ; �q�2 )_p1� = �DV (kq2 � q1k)2m1kq2 � q1k g��(q�2 � q�1 )( _q�2 � _q�1 )g�� _q�1k _q1k+m1g���Æ�� � g�� _q�1 _q�1k _q1k� �q�1k _q1k_p2� = �DV (kq2 � q1k)2m2kq2 � q1k g��(q�2 � q�1 )( _q�2 � _q�1 )g�� _q�2k _q2k+m1g���Æ�� � g�� _q�2 _q�2k _q2k� �q�2k _q2k : (495)The exat form of the funtions f1(q�1 ; q�2 ; _q�1 ; _q�2 ; �q�1 ; �q�2 ) and



A Slow and Careful Legendre Transformation for Singular Lagrangians 2975f2(q�1 ; q�2 ; _q�1 ; _q�2 ; �q�1 ; �q�2 ) is of no interest sine equations for �p1� and �p2� annot impose restritions on �rst derivatives. Projetion in T(Q � Q) elim-inates these equations and also the omponents of the last two equationsorthogonal to ( _q�1 ) and ( _q�2 ) respetively. The resulting �rst order equations_p1� = DV (kq2 � q1k)2kq2 � q1k �k _q1km1 + k _q2km2 � g��(q�2 � q�1 )_p2� = DV (kq2 � q1k)2kq2 � q1k �k _q1km1 + k _q2km2 � g��(q�1 � q�2 )p1� = m1k _q1kg�� _q�1p2� = m2k _q2kg�� _q�2_p1� _q�1 = �DV (kq2 � q1k)2kq2 � q1k k _q1km1 g��(q�2 � q�1 ) _q�1_p2� _q�2 = �DV (kq2 � q1k)2kq2 � q1k k _q2km2 g��(q�1 � q�2 ) _q�2 (496)are equivalent to the simpli�ed equations_p1� = DV (kq2 � q1k)2kq2 � q1k �k _q1km1 + k _q2km2 � g��(q�2 � q�1 )_p2� = DV (kq2 � q1k)2kq2 � q1k �k _q1km1 + k _q2km2 � g��(q�1 � q�2 )p1� = m1k _q1kg�� _q�1p2� = m2k _q2kg�� _q�20 = (p1� + p2�)(q�2 � q�1 ): (497)These equations are not yet integrable. They were falsely delared theintegrable part of the dynamis in [8℄. The prolongation of equations (497)projeted in TT�(Q�Q) results in equations_p1� = DV (kq2 � q1k)2kq2 � q1k �k _q1km1 + k _q2km2 � g��(q�2 � q�1 )_p2� = DV (kq2 � q1k)2kq2 � q1k �k _q1km1 + k _q2km2 � g��(q�1 � q�2 )p1� = m1k _q1kg�� _q�1



2976 W.M. Tulzyjew, P. Urba«skip2� = m2k _q2kg�� _q�20 = (p1� + p2�)(q�2 � q�1 )0 = (p1� + p2�)( _q�2 � _q�1 ): (498)From(p1� + p2�)( _q�2 � _q�1 ) = k _q2km2 g��(p1� + p2�)p2� � k _q1km1 g��(p1� + p2�)p1� (499)we see that the last equation in (498) imposes a synhronization relation be-tween parametrizations of the world lines of the partiles unless p1� + p2� = 0.The ase p1� + p2� = 0 seems to be too restritive to be of interest. We willexlude this ase. The integrability algorithm applied to equations (498)produes no further restritions. NExample 29. Although the dynamis of two relativisti partiles is not aDira system it admits the Dira-style representation in terms of onstrainedHamiltonian vetor �elds. This representation an be used to simplify thealgorithm in Example 27 and to prove the integrability of the resulting equa-tions. The simpli�ed algorithm is an adaptation of Dira's original algorithm[1℄. Sine the Poisson brakets (487) and (488) do not vanish on C we restritthe set C by adding the seondary onstraint	(q�1 ; q�2 ; p1�; p2�) = (p1� + p2�)(q�2 � q�1 ): (500)The resulting system D1 is now the union of images of Hamiltonian vetor�elds generated by the family (484) restrited to the onstraint set C1 �T�(Q�Q) satisfying the equations�1 = 0; �2 = 0; 	 = 0: (501)The system is not yet integrable. In the seond step we require the vanishingof the Poisson braketfH(�1;�2); 	g = �1kp1kg��(p1� + p2�)p1� � �2kp2kg��(p1� + p2�)p2� (502)on the new onstraint set. We will exlude the ase p1�+ p2� = 0 and imposethe ondition �1m1 g��(p1� + p2�)p1� � �2m2 g��(p1� + p2�)p2� = 0 (503)



A Slow and Careful Legendre Transformation for Singular Lagrangians 2977on the funtions (�1; �2). The resulting system D2 is the union of images ofonstrained Hamiltonian vetor �elds generated by the family (484) with thepositive funtions (�1; �2) satisfying the ondition (503). The vetor �eldsare restrited to the onstraint set C1. The system is exatly the systemdesribed by equations (494) and (498). The system is integrable sinefH(�1;�2); �1gjC1 = 0; (504)fH(�1;�2); �2gjC1 = 0; (505)and fH(�1;�2); 	gjC1 = 0 : (506)NREFERENCES[1℄ P.A.M. Dira, Canad. J. Math. 2,129 (1950). Letures in Quantum Mehan-is, Belfer Graduate Shool of Siene, Yeshiva University, New York 1967.J.L. Anderson, P.G. Bergmann, Phys. Rev. 83, 1018 (1951).[2℄ H. Cendra, D.D. Holm, M.J.W. Hoyle, J.E. Marsden, J. Math. Phys. 39, 3138(1998).[3℄ R.P. Feynman, Phys. Rev. 76, 749 (1949).[4℄ L. Hörmander, Ata Mathematia 127, 79 (1971).[5℄ Th. Kaluza, Berl. Berihte, 966 (1921).[6℄ R. Kerner, Ann. Inst. Henri Poinaré IX, 143 (1968).[7℄ P. Libermann, M.-C. Marle, Sympleti Geometry and Analytial Mehanis,D. Reidel Publishing Company, Dordreht 1987.[8℄ G. Marmo, G. Mendela, W.M. Tulzyjew, J. Phys. A: Math. Gen. 30, 277(1997).[9℄ J.E. Marsden, T.S. Ratiu, Introdution to Mehanis and Symmetry, Texts inApplied Mathematis, vol. 17, Springer-Verlag, New York Berlin HeidelbergLondon Paris Tokyo Hong Kong Barelona Budapest 1994.[10℄ Maria Rosa Menzio, W.M. Tulzyjew, Ann. Inst. H. Poinaré 28, 349 (1978).[11℄ E.C.C. Stuekelberg, Helv. Phys. Ata 15, (1942).[12℄ W.M. Tulzyjew, Symposia Mathematia 16, 247 (1974). W.M. Tulzyjew,Ann. Inst. H. Poinaré 27, 101 (1977).[13℄ W.M. Tulzyjew, P. Urbanski, in Gravitation, Eletromagnetism and Geomet-ri Strutures, Pitagora Editrie 1996.[14℄ R. Utiyama, Phys. Rev. 101, 1597 (1956).
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