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PHENOMENOLOGY OF NEUTRINO MASSESAND MIXING�W. GrimusInstitute for Theoretial Physis, University of ViennaBoltzmanngasse 5, A�1090 Vienna, Austria(Reeived Otober 21, 1999)We disuss all possible shemes with four massive neutrinos inspired bythe existing experimental indiations in favour of neutrino mixing, namelythe atmospheri, solar and LSND neutrino experiments. We argue thatthe sheme with a neutrino mass hierarhy is not ompatible with theexperimental results, likewise all other shemes with the masses of threeneutrinos lose together and the fourth mass separated by a gap needed toinorporate the LSND neutrino osillation result. Only two shemes withtwo pairs of neutrinos with nearly degenerate masses separated by this gapof the order of 1 eV are in agreement with the results of all experiments,inluding those where no indiations for neutrino osillations have beenfound. We also point out the possible e�et of big-bang nuleosynthesis onthe 4-neutrino mixing matrix and its onsequenes for neutrino osillations.Finally, we study preditions for neutrino osillation experiments and 3Hand (��)0� deays, following from the two favoured neutrino mass spetraand mixing shemes. These preditions an be oneived as heks of theinput used for arriving at the two favoured shemes.PACS numbers: 14.60.Pq, 14.60.St, 26.35.+The sope of this artileAt present there are three indiations in favour of neutrino osillations:the results of the solar [1�5℄, atmospheri [6�13℄ and LSND experiments[14�16℄. These three indiations require three di�erent sales of mass-squar-ed di�erenes and, therefore, four neutrinos with de�nite mass. Sine theLEP experiments [17℄ have shown that the number of ative neutrinos isthree, a fourth neutrino is needed whih is sterile, i.e., its ouplings to theW and Z bosons are zero or negligible.� Presented at the XXIII International Shool of Theoretial Physis�Reent Developments in Theory of Fundamental Interations�, Ustro«, Poland,September 15�22, 1999. (3067)



3068 W. GrimusIn this paper we take all three indiations seriously and thus disuss thephenomenologial analysis of all existing neutrino data in terms of3 ative + 1 sterile neutrino.We will onsider the topis of the nature of the possible neutrino mass spe-tra, onstraints on the neutrino mixing matrix from the osillation data andfrom big-bang nuleosynthesis and, �nally, heks and onsequenes ensuingfrom the favoured neutrino mass spetra and the assoiated mixing matries.In the following we will use the abbreviations SBL for short-baseline,LBL for long-baseline and BBN for big-bang nuleosynthesis.1. Introdution1.1. Neutrino mixingNeutrino masses and neutrino mixing are natural phenomena in gaugetheories extending the Standard Model (see, for example, Ref. [18℄). How-ever, for the time being, masses and mixing angles annot be predited ontheoretial grounds and they are the entral subjet of the experimentalativity in the �eld of neutrino physis.In the general disussion, we assume that there are n neutrino �elds withde�nite �avours and that neutrino mixing is desribed by a n � n unitarymixing matrix U [19℄ suh that��L = nXj=1 U�j �jL (� = e; �; �; s1; : : : ; sn�3) : (1)Note that the neutrino �elds ��L other than the three ative neutrino �avour�elds �eL, ��L, ��L must be sterile (for a review see Ref. [20℄) to omply withthe result of the LEP measurements of the number of neutrino �avours. The�elds �jL (j = 1; : : : ; n) are the left-handed omponents of neutrino �eldswith de�nite masses mj. We assume the ordering m1 � m2 � : : : � mn forthe neutrino masses.The most striking feature of neutrino masses and mixing is the quantum-mehanial e�et of neutrino osillations [21℄ (for a review on the early yearsof neutrino osillations see Ref. [22℄). The transition (� 6= �) or survival(� = �) probability for �� ! �� is given byP��!�� = ������ nXj=1 U�jU��j exp �i�m2j1L2E !������2 ; (2)where �m2jk � m2j � m2k, L is the distane between neutrino soure anddetetor and E is the neutrino energy. Eq. (2) is valid for ultrarelativisti



Phenomenology of Neutrino Masses and Mixing 3069neutrinos with m2j=E2 � 1 (j = 1; : : : ; n). There are additional onditionsdepending on the neutrino prodution and detetion proesses whih musthold for the validity of Eq. (2). See, e.g., Ref. [23℄ and referenes therein.Let us indiate some important features of Eq. (2):� The osillation probability P���!��� for antineutrinos is obtained fromP��!�� by making the replaement U ! U�.� The probabilities P��!�� and P���!��� depend only on mass-squareddi�erenes, whih is expliitly shown by the phase fator exp(im21L=2E)multiplying the expression within the absolute value in the probabil-ity (2).� The osillation probabilities P��!�� and P���!��� do not distinguishbetween the Dira or Majorana nature of neutrinos. Note that neutrino�elds of di�erent natures annot mix.� In the osillation probabilities, phases of the form�m2L2E ' 2:53���m21 eV2�� E1MeV��1� L1m� (3)our, where �m2 is a generi mass-squared di�erene. Given E andL, these phases determine the order of magnitude of �m2 a neutrinoosillation experiment is sensitive to.Let us disuss two examples illustrating the last point. Clearly, exper-iments an only see phases (3) if they are not too small, say if they are oforder 1. The �rst example onerns SBL reator experiments. By onven-tion, SBL experiments are sensitive to mass-squared di�erenes�m2 & 0:1 eV2. With E � 1 MeV it follows that L & 10 m is a su�ientdistane between neutrino soure and detetor to ahieve this sensitivity.On the other hand, the longest baseline possible on earth is 13000 km, thediameter of the earth. In this ase, the atmospheri neutrino �ux is availablewith the largest �ux around E � 1 GeV. The requirement that the phase(3) is of order 1 leads to a sensitivity estimate �m2 & 10�4 eV2.1.2. Indiations in favour of neutrino osillationsAt present, indiations that neutrinos are massive and mixed have beenfound in solar neutrino experiments (Homestake [1℄, Kamiokande [2℄, GAL-LEX [3℄, SAGE [4℄ and Super-Kamiokande [5℄), in atmospheri neutrinoexperiments (Kamiokande [6℄, IMB [7℄, Soudan [8℄, Super-Kamiokande [9℄and MACRO [13℄) and in the LSND experiment [14, 15℄ (see also the re-view [24℄). From the analyses of the data of these experiments in terms of



3070 W. Grimusneutrino osillations one infers the following sales of neutrino mass-squareddi�erenes:� Solar neutrino de�it: Interpreted as e�et of neutrino osilla-tions, the relevant value of the mass-squared di�erene is determinedas [25, 26℄�m2solar � 10�5 eV2 (MSW) or �m2solar � 10�10 eV2 (va. os.) :(4)The two possibilities for �m2solar orrespond, respetively, to the MSW[27℄ and to the vauum osillation solutions of the solar neutrino prob-lem. The solar neutrino experiments are �e disappearane experi-ments.� Atmospheri neutrino anomaly: Interpreted as e�et of neutrinoosillations, the zenith angle dependene of the atmospheri neutrinoanomaly [6, 9℄ using the so-alled ontained and partially ontainedmulti-GeV events [12℄ gives�m2atm = 3:5� 10�3 eV2 (5)with sin2 2�atm = 1 for the mixing angle as best �t values under the as-sumption of (�)��!(�)�� osillations. In essene, the atmospheri neutrinoanomaly is interpreted as (�)�� disappearane.� LSND experiment: The evidene for (�)��!(�)�e osillations in thisexperiment leads to [14℄ �m2LSND � 1 eV2 : (6)The result of the LSND experiment is the only evidene for neutrinoappearane.Thus, due to the three di�erent sales of �m2, at least four light neu-trinos with de�nite masses must exist in nature in order to aommodatethe results of all neutrino osillation experiments, and beause of the LEPresult on the number of ative neutrinos the existene of at least one non-interating sterile neutrino is required. In the following, apart from theSBL disussion in Setion 3, we will on�ne ourselves to four neutrinos. Forearly works on four neutrinos see Ref. [28℄, for general phenomenologialdisussions see Refs [29�32℄.



Phenomenology of Neutrino Masses and Mixing 30712. Types of 4-neutrino mass spetraWith four massive neutrinos and the ordering m1 < m2 < m3 < m4among the masses, there are six possible types of neutrino mass spetrawhih aommodate the three mass-squared di�erenes required by the ex-perimental data. In four of them three masses form a luster separatedby the gap from the fourth mass needed to desribe the LSND experiment(types (I)�(IV)). Spetrum (I) is the hierarhial type, Spetrum (III) issometimes alled inverted hierarhy (see Fig. 1). The remaining two spetradenoted by (A) and (B) have two nearly degenerate mass pairs separatedby the LSND gap (see Fig. 1). One of the main fouses of this artile isthe disussion of these 6 types of neutrino mass spetra in the light of allavailable experimental data.6
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(I) (II) (III) (IV) (A) (B)Fig. 1. The six types of neutrino mass spetra that an aommodate the solar,atmospheri and LSND sales of �m2. The di�erent distanes between the masseson the vertial axes symbolize the di�erent sales of �m2. The spetra (I)�(IV)de�ne lass 1, whereas lass 2 omprises (A) and (B).3. SBL experimentsThe material disussed in this setion is independent of the number ofneutrinos. Therefore, this number will be kept general and denoted by n.3.1. Basi assumption and formalismWe will make the following basi assumption [29, 33℄ in the further dis-ussion in this report:A single �m2 is relevant in SBL neutrino experiments.



3072 W. GrimusThis assumption is trivially ful�lled for n = 4. In aordane with Eq. (6)we denote this �m2 by �m2LSND � �m2SBL : (7)As a onsequene of this assumption the neutrino mass spetrum onsistsof two groups of lose masses, separated by a mass di�erene in the eV range.Denoting the neutrinos of the two groups by �1; : : : ; �r and �r+1; : : : ; �n, themass spetrum looks likem21 � : : : � m2r � m2r+1 � : : : � m2n (8)suh that�m2kj � �m2SBL for 1 � j < k � r and r + 1 � j < k � n;�m2kj ' �m2SBL for 1 � j � r and r + 1 � k � n (9)holds for the purpose of the SBL formalism.Eq. (2) together with Eq. (9) gives the SBL transition probabilityP (SBL)��!�� = ������ rXj=1 U�jU��j + exp��i�m2SBLL2E � nXj=r+1U�jU��j������2 : (10)3.2. SBL formulasFor the probability of the transition �� ! �� (� 6= �) we obtain fromEq. (10) P (SBL)��!�� = 12A�;� �1� os �m2SBLL2E � ; (11)where the osillation amplitude A�;� is given byA�;� = 4 ������ Xj�r+1U�jU��j������2 = 4 ������Xj�r U�jU��j������2 : (12)Eqs (11) and (12) follow from the unitarity of U . Furthermore, the osillationamplitude A�;� ful�lls the ondition A�;� = A�;� � 1. The seond part ofthis equation is a onsequene of the Cauhy�Shwarz inequality and theunitarity of the mixing matrix. The survival probability of �� is alulatedas P (SBL)��!�� = 1�X� 6=�P (SBL)��!�� = 1� 12B��1� os �m2SBLL2E � (13)



Phenomenology of Neutrino Masses and Mixing 3073with the survival amplitudeB� = 40� Xj�r+1 jU�j j21A0�1� Xj�r+1 jU�j j21A= 40�Xj�r jU�j j21A0�1�Xj�r jU�j j21A : (14)Conservation of probability gives the important relationB� = X� 6=�A�;� � 1: (15)The expressions (11) and (13) desribe the transitions between all pos-sible neutrino states, whether ative or sterile. Let us stress that with thebasi assumption in the beginning of this subsetion the osillations in allhannels are haraterized by the same osillation lengthlos = 4� E�m2SBL = 2:48m � E1MeV�� 1 eV2�m2SBL� : (16)Furthermore, the substitution U ! U� in the amplitudes (12) and (14) doesnot hange them and therefore it ensues from the basi SBL assumptionthat the probabilities (11) and (13) hold for antineutrinos as well and henethere is no CP violation in SBL neutrino osillations.3.3. The relation between SBL n-neutrino osillations and2-neutrino osillationsThe osillation probabilities (11) and (13) look like 2-�avour probabili-ties. De�ning sin2 2��� � A�;�, sin2 2�� � B� and sin2 2�� � B� for � 6= �,the resemblane is even more striking. It means that the basi SBL assump-tion allows to use the 2-�avour osillation formulas in SBL experiments.However, genuine 2-�avour �� $ �� neutrino osillations are haraterizedby a single mixing angle ��� = �� = ��.4. SBL disappearane experimentsFor the two �avours � = e and �, results of disappearane experimentsare available. We will use the 90% exlusion plots of the Bugey reatorexperiment [34℄ for ��e disappearane and the 90% exlusion plots of theCDHS [35℄ and CCFR [36℄ aelerator experiments for �� disappearane.
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Fig. 2. The bounds a0� (� = e; �)Sine no neutrino disappearane has been seen in SBL experiments, thereare upper bounds B0� on the disappearane amplitudes for � = e; �. Theseexperimental bounds are funtions of �m2SBL. It follows thatB� = 4 �(1� �) � B0� with � � rXj=1 jU�j j2 (17)and, therefore [37℄,� � a0� or � � 1� a0� with a0� � 12 �1�p1�B0� � : (18)



Phenomenology of Neutrino Masses and Mixing 3075This equation formulates the important onstraints on the mixing matrix Ustemming from the negative results of SBL disappearane neutrino osilla-tion experiments. Note that Eq. (18) shows that a0� � 1=2. Furthermore,sine the upper bounds B0� on the survival amplitudes B� are funtions of�m2SBL, the same is true for the bounds a0�. In the region of �m2SBL whereno experimental restritions on the survival amplitude are available, we haveB0� " 1, in whih ase it follows that a0� " 0:5.In Fig. 2 the bounds a0e and a0� are plotted as funtions of �m2SBL inthe wide range 10�1 eV2 � �m2SBL � 103 eV2. In this range a0e is small(a0e . 4� 10�2) and a0� . 10�1 for �m2SBL & 0:5 eV2.5. The LSND experimentThe LSND experiment investigates ��� ! ��e osillations, where the ����ux is generated by �+ deay at rest [14℄, and �� ! �e osillations, where theneutrino soure is given by �+ deay in �ight [15℄. Both hannels have shownevidene in favour of neutrino osillations with perfetly ompatible resultsand, therefore, give a non-zero measurement of the transition amplitude A�;e(12). On the other hand, from the negative result of the Bugey experimentand from inequality (15) we also have the onstraintA�;e � B0e : (19)From the 90% CL plot [16℄ of the LSND ollaboration and from the Bugeybound B0e one obtains approximately2� 10�3 . A�;e . 4� 10�2 (20)and 0:2 eV2 . �m2SBL . 2 eV2 : (21)See, e.g., also Fig. 5.9 in Ref. [24℄. These ranges are also ompatible withthe negative result of the KARMEN experiment [38℄.6. The Super-Kamiokande up�down asymmetryIn the Super-Kamiokande experiment � like before in the Kamiokandeexperiment � atmospheri eletron and muon neutrinos are measured by theCherenkov light of eletrons and muons, respetively, produed by hargedurrent interations of the neutrinos. Thus, e-like events appear as di�userings and �-like events as sharp rings in the detetor. A distinguished lass ofevents is given by the single-ring (1r) events whih are fully ontained (FC) inthe inner detetor. These events are harged urrent e-like and �-like eventswith very high probability [9℄. Partially ontained (PC) events have traks



3076 W. Grimusexiting the inner detetor and are nearly 100% �-like events. The zenithangle distributions of Kamiokande [6℄ and Super-Kamiokande [9℄, whih gavethe �rst evidene for atmospheri neutrino osillations, are based on suhevents, and the up-down asymmetry of Super-Kamiokande as well [9℄.Note that in the Super-Kamiokande experiment muons going through[10℄ or stopping [11℄ in the detetor are also measured, whih originate fromatmospheri muon neutrinos interating with the rok beneath the detetor.Evaluating these events under the hypothesis of neutrino osillations givesresults for �m2atm and the atmospheri mixing angle ompatible with theosillation parameters derived from the zenith angle distribution [10�12℄.The same applies to the result of the MACRO experiment on through-goingmuon events [13℄. Moreover, these types of events, whih orrespond toneutrino energies of E � 100 GeV for the through-going and E � 10 GeVfor the stopping events, have the apaity to allow for a distintion betweenthe �� ! �� and �� ! �s solutions of the atmospheri neutrino anomaly. Atpresent, the sterile neutrino solution is disfavoured at about 95% CL [39℄.The zenith angle �z of an e-like or �-like event is de�ned as the anglebetween the vertial line and the diretion of the eletron or muon trak.For multi-GeV events, de�ned by a visible energy larger than 1.33 GeV,the average angle between the harged lepton diretion and the neutrinodiretion is around 20Æ [9℄. Sine os �z = �0:2 orresponds to 90Æ � 11:5Æit is reasonable to de�ne up (U) and down (D) going �-like events in thefollowing way:U = #(multi GeV FC 1r + PC �-like events with �1 � os �z � �0:2) ;D = #(multi GeV FC 1r + PC �-like events with 1 � os �z � 0:2) :(22)Clearly, if there are no neutrino osillations, we would have U = D. Super-Kamiokande has measured the up-down asymmetry with the latest result [12℄A� = U �DU +D = �0:311 � 0:043 � 0:01 : (23)This value onstitutes the most ompelling evidene for neutrino osillationsat present. The error �0:01 stems from an estimation of the up-down asym-metri e�ets of the magneti �eld of the earth on the primary osmi ray�ux. The value for the orresponding asymmetry for e-like events (de�nedvia (22) but without PC) is given by Ae = �0:036 � 0:067 � 0:02 [9℄ and isompatible with zero, i.e., no osillations of atmospheri eletron neutrinos.7. The 4-neutrino mass hierarhy is disfavoured by the dataIn the ase of a neutrino mass hierarhy, m1 � m2 � m3 � m4,the mass-squared di�erenes �m221 and �m232 ' �m231 are relevant for the



Phenomenology of Neutrino Masses and Mixing 3077suppression of the �ux of solar neutrinos and for the atmospheri neutrinoanomaly, respetively. In this ase the quantity � is de�ned via r = 3 (seethe formalism in Setion 3.1 and the de�nition (17)) and, therefore, we have� = 3Xj=1 jU�j j2 : (24)In the following, aording to the 4-neutrino assumption, we assume that�m2SBL is in the numerial range (21) given by the result of the LSNDexperiment. Our aim is to derive three bounds on � as funtions of �m2SBL,using as input various osillation data. We will �nally see that these boundsare inompatible with eah other, thus strongly disfavouring the hierarhialneutrino mass spetrum.The �rst bound we need is given by Eq. (18):Bound a: � � a0� or � � 1� a0� : (25)For this bound the experimental input is the data on SBL (�)�� disappearane[35, 36℄.For the derivation of the next bound we refer the reader to Ref. [32℄. Itis based on the up-down asymmetry [9, 12℄:Bound b: �A� � 2� + 2 a0e(1� a0e)=r2� + 2(1 � �)2 ; (26)where r � n�=ne is de�ned as the ratio of �-like to e-like events in thedetetor without neutrino osillations. Its numerial value r ' 2:8 an beread o� from Fig. 3 in Ref. [9℄. Beause of the smallness of a0e the bound(26) has a very weak dependene on the preise value of r. For the bound(26), in addition to A�, also SBL disappearane data [34℄ have been usedand the lower bound on the survival probability of solar neutrinos givenby [40℄ P��e!�e � jUe4j4 = (1 � e)2. The latter inequality shows that onlythe possibility e � 1� a0e is allowed.The third bound uses the fat that the LSND result establishes a lowerbound Amin�;e on the transition amplitude A�;e:Bound : � � 1�Amin�;e =4a0e : (27)It derives from A�;e = 4(1� e)(1 � �) (see Eq. (12)) and e � 1� a0e.In Fig. 3 the bounds a, b, , labelled by CDHS, SK+Bugey, LSND+Bu-gey, respetively, are plotted in the �m2SBL�� plane. Note that bound  ispratially a horizontal line due to the smallness of the term ontaining a0e.
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Fig. 3. Regions in the �m2SBL�� plane disfavoured by the results of the CDHS,CCFR, LSND, Super-Kamiokande and Bugey experiments in the ase of the spetraof lass 1. The shaded region is exluded by the inequalities (25) and the regionwith oblique hathing by the bound (27). The nearly horizontal urve labelled SK+ Bugey represents the lower bound (26) derived from the Super-Kamiokande up�down asymmetry. No allowed region is left in this plot and, therefore, the spetraof lass 1 are disfavoured by the data.The three bounds, whih are all derived from 90% CL data, leave no allowedregion in the plot. Thus the hierarhial mass spetrum (I) is stronglydisfavoured by the data. The same arguments presented here an be usedalso for the other spetra (II), (III), (IV) of lass 1 (see Fig. 1) by de�ning� (17) through a summation over the indies of the three lose masses foreah of the spetra of lass 1 [32℄.8. The favoured 4-neutrino mass spetra (A) and (B)Now we are left with only two possible neutrino mass spetra in whihthe four neutrino masses appear in two pairs separated by � 1 eV [29, 30℄:(A) atmz }| {m1 < m2 � solarz }| {m3 < m4| {z }LSND and (B) solarz }| {m1 < m2 � atmz }| {m3 < m4| {z }LSND :(28)



Phenomenology of Neutrino Masses and Mixing 3079In the ase of these two mass spetra we have r = 2 and thus� = Xj=1;2 jU�j j2 (� = e; �) : (29)With the argument analogous to the one using P��e!�e below Eq. (26) one�nds the following onstraint on the mixing matrix:(A) e � a0e ; (B) e � 1� a0e : (30)We have to hek that these mass spetra are ompatible with the resultsof all neutrino osillation experiments. Going through the same argumentsas in the ase of the hierarhial mass sheme in the previous setion, wehave plotted the orresponding bounds a, b,  in Fig. 4 for Sheme (A)and in Fig. 5 for Sheme (B). We observe that in these ases white areas(unshaded and unhathed) are left [32℄ whih show the allowed ranges of �in the �m2SBL�� plane. Thus, Shemes (A) and (B) are ompatible withall osillation data.

∆m2       (eV2)

0.1 1 10

c µ

0.0

0.2

0.4

0.6

0.8

1.0

SBL

LSN
D

 + Bugey

C
D

H
S

SK + Bugey

Fig. 4. The bounds for Sheme (A) analogous to the ones depited in Fig. 3 in thease of the hierarhial mass spetrum. The white area shows the allowed regionof �.



3080 W. Grimus

∆m2       (eV2)

0.1 1 10

c µ

0.0

0.2

0.4

0.6

0.8

1.0

SBL

LS
N

D
 +

 B
ug

ey

C
D

H
S

SK + Bugey

Fig. 5. The bounds a, b,  for Sheme (B) analogous to Fig. 4. This �gure isobtained by re�etion of all the urves in Fig. 4 at the line � = 1=2.9. The sterile neutrino and big-bang nuleosynthesisSine we are disussing four neutrinos it is neessary to study the om-patibility of the preferred Shemes (A) and (B) with BBN. Whether thee�etive number N� of light neutrinos relevant in BBN is smaller than 4, isstill debated in the literature. An upper bound on N� depends, in partiu-lar, on the primordial deuterium abundane (D=H)P for whih on�itingmeasurements exist. For the low value of (D=H)P the value of N� shouldrather be lose to 3 [41℄ whereas a high ratio (D=H)P allows also valuesof N� around 4 [42℄. In this setion we inquire onstraints on the mixingmatrix U under the assumption of N� < 4. In this ase, a large ative �sterile neutrino mixing seems to be exluded by standard BBN with zerolepton number asymmetry (see Refs. [30, 43, 44℄ and itations therein).In a simpli�ed version, the amount of sterile neutrinos present at BBNan be alulated using the di�erential equation [45℄dn�sdt = 12 X�=e;�;�hP��!�sioll���(1� n�s) ; (31)where n�s is the number density of the sterile neutrino relative to the numberdensity of an ative neutrino in thermal equilibrium (n�s � 1) and the ���are the total ollision rates of the ative neutrinos [46℄. The osillationprobabilities in Eq. (31) are averaged over the ollision time toll = 1=��e .



Phenomenology of Neutrino Masses and Mixing 3081Eq. (31) is valid if the osillation time is smaller than the ollision timeand if in the time evolution no resonane is enountered or a resonane isundergone adiabatially. For a further disussion of (31) see Ref. [44℄.It turns out that in the time evolution in the early universe from atemperature of around 100 MeV to a few MeV, when the ative neutrinosdeouple, in Sheme (A) there is no resonane, whereas in Sheme (B) thetime evolution goes through a non-adiabati resonane. In the latter asethe Landau�Zener e�et has to be used to estimate the amount of sterileneutrinos produed at the resonane, instead of using Eq. (31). In this waythe following onstraint on U an be derived [44℄:N� < 3:9 ) � s < 5� 10�3 (A) ;1� s < 5� 10�5 (B) ; (32)where s =Pj=1;2 jUsj j2.Thus, onentrating on Sheme (A), from Eqs (30) and (32) and fromFig. 4 we know whih elements in the mixing matrix must be small in therows pertaining to the neutrino �avours (types) e, � and s. Consequently,also the small elements in the � row of U are �xed. Symbolizing by Æsmall mixing elements and by � large ones, we arrive at the following mixingmatrix: 1 2 3 4Sheme (A): U = 0BB� Æ Æ � �� � Æ Æ� � Æ ÆÆ Æ � � 1CCA e��s (33)For Sheme (B) the analogous mixing matrix is obtained by the exhange1$ 3, 2$ 4 of the olumns in (33). As a onsequene, if N� < 4, the solarneutrino problem is solved by �e ! �s transitions in Shemes (A) and (B),whereas the atmospheri neutrino anomaly by �� ! �� transitions [30, 44℄.Sine a large mixing angle �e ! �s transition as a solution of the solarneutrino puzzle is not ompatible with the solar neutrino data [47℄, thistransition must take plae due to the small mixing angle MSW e�et.There is a debate in the literature if the onstraint (32) an be avoidedby taking into aount the e�et of a lepton number asymmetry in the earlyuniverse. It rather seems that this is not possible with the range (21) of�m2SBL determined by the LSND experiment. For reent papers on thisproblem see Refs [43, 48℄.10. Preditions of the favoured Shemes (A) and (B)Shemes (A) and (B), either with or without the onstraints from BBN,allow to make preditions for LBL and SBL experiments, CP violation in
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Fig. 6. The upper bound (36) on 1�P (LBL)��e!��e . The shaded area indiates the LSNDrange (21) and the vertial dashed line the experimental upper bound whih hasbeen obtained in the CHOOZ experiment.LBL experiments, 3H deay and (��)0� deay. We will not touh the subjetof CP violation (see the papers in Ref. [49℄).LBL experiments:LBL neutrino osillation experiments are sensitive to the so-alled �atmo-spheri �m2 range� of 10�2�10�3 eV2. For reator experiments with E � 1MeV this requires L � 1 km [50℄, whereas in aelerator experiments withE � 1�10 GeV the length L of the baseline is of order of a few 100 to 1000km [51�53℄ (see Eq. (3)).Let us onsider sheme (A) and neutrinos for de�niteness. Then in va-uum the probabilities of �� ! �� transitions in LBL experiments are givenbyP (LBL;A)��!�� = ����U�1 U��1 + U�2 U��2 exp��i�m2atmL2E �����2 + ���� Xk=3;4U�k U��k����2 :(34)This formula has been obtained from Eq. (2) by dropping terms with largephases being approximately �m2SBLL=2E, whih do not ontribute to theosillation probabilities averaged over the neutrino energy spetrum.



Phenomenology of Neutrino Masses and Mixing 3083From Eq. (34), with � = � and Eq. (29), it follows immediately thatP (LBL;A)��!�� � (1� �)2 : (35)Applying this inequality to LBL reator experiments we obtain [54℄1� P (LBL)��e!��e � a0e (2� a0e) : (36)One an easily hek that Eq. (36) holds for both Shemes (A) and (B). InFig. 6 we have plotted this bound together with the present experimentalbound ahieved in the CHOOZ experiment [50℄. The negative result of theCHOOZ experiment is in agreement with the preditions of Shemes (A)and (B).Considering now LBL transition probabilities and using the Cauhy�Shwarz inequality for the �rst term on the right-hand side of Eq. (34), weobtain P (LBL;A)��!�� � � � + 14 A�;� (� 6= �) : (37)Whereas for the inequality (36) matter orretions play no role due to thesmall energy of reator neutrinos and the distane L � 1 km of the detetorfrom the soure, suh orretions have to be taken into aount to derive arealisti bound from Eq. (37) in order to apply it to LBL aelerator exper-iments [51�53℄. For a derivation of a matter-orreted, sheme-independentupper bound from Eq. (37) see Ref. [54℄. For the MINOS and ICARUS ex-periments this upper bound on the �� ! �e transition probability dereasesfrom around 0.1 to 0.03 when�m2SBL varies from 0.2 to 2 eV2 (21) [54℄. How-ever, the sensitivity of these experiments is muh better than this bound.For the KEK to Super-Kamiokande LBL experiment the upper bound onthe same transition is rather 0.04 at most [54℄. A similar stringent boundan be derived on the probability of �e ! �� transitions.SBL �� ! �� transitions:If N� < 4 holds (see previous setion), then the quantity s is very small(see Eq. (32)). In this ase it an be shown that(A) s ! 0(B) 1� s ! 0 � ) A�;� � (a0e)2 (38)is valid [44℄. Due to the smallness of a0e (see Fig. 2) the transition amplitudeA�;� is below 10�3 [44℄, whih also serves as a hek for the validity of theBBN onstraint on U .3H deay:Let us assume that m1;2 � m3;4. Then one easily derives the relations [29℄(A) m�(3H) ' m3 ' m4 ;(B) m�(3H) . a0em4 (39)



3084 W. Grimusfor the mass m�(3H) measured in tritium deay. Sine in Sheme (A) onehas m3;4 ' (�m2SBL)1=2, it might be possible in the future to see a neutrinomass in tritium deay, whereas this mass e�et is suppressed in Sheme (B).(��)0� deay:If neutrinos are of Majorana nature, neutrinoless double-beta deay proeedsvia the e�etive Majorana neutrino mass (see Ref. [55℄ for other mehanisms)jhmij = ������ 4Xj=1 U2ejmj������ ; (40)whih an thus be related to present experimental information. Making thesame assumptions about the neutrino masses as in the previous paragraph,it is easy to show that in Sheme (A) the relationq1� sin2 2�solarq�m2SBL . jhmij .q�m2SBL (41)holds [56℄, where �solar is the mixing angle relevant for solar neutrino osil-lations. Note that from the range (21) it follows that0:5 eV .q�m2SBL . 1:4 eV: (42)Thus, at least the upper bound in Eq. (41) is in the reah of present ex-periments [57, 58℄. At present a very stringent bound exists from the 76Geexperiment [58℄ with jhmij . 0:2 � 0:6 eV (see also the referenes ited inRef. [58℄). Note that for the small mixing angle MSW solution of the solarneutrino puzzle, whih is favoured by BBN, one hasjhmij 'q�m2SBL : (43)11. ConlusionsIn this report we have disussed the possible form of the neutrino massspetrum that an be inferred from the results of all neutrino osillationexperiments, inluding solar and atmospheri neutrino experiments. Theruial input are the three indiations in favour of neutrino osillationsgiven by the solar neutrino data, the atmospheri neutrino anomaly andthe result of the LSND experiment, and also the negative results of the SBLdisappearane experiments. These indiations, whih all pertain to di�erentsales of neutrino mass-squared di�erenes, require that apart from the threewell-know neutrino �avours at least one additional sterile neutrino (without



Phenomenology of Neutrino Masses and Mixing 3085ouplings to the W and Z bosons) must exist. In our investigation we haveassumed that there is one sterile neutrino and that the 4-neutrino mixingmatrix (1) is unitary. We have onsidered all possible shemes with fourmassive neutrinos whih provide three sales of �m2 (see Fig. 1).The main points of our disussion an be summarized as follows:� The data prefer the non-hierarhial mass spetra (A) and (B) (seeFig. 1 and Eq. (28)) with two pairs of lose masses separated by amass di�erene of the order of 1 eV neessary for a desription of theLSND result. In Sheme (A), the quantity jUe1j2+ jUe2j2 is small andjU�1j2 + jU�2j2 is lose to 1, and vie versa in Sheme (B).� The solar neutrino problem is preferably solved by �e ! �� ; �s andthe atmospheri neutrino anomaly by �� ! �� ; �s transitions. If thee�etive number N� of neutrinos relevant in BBN is smaller than 4,then standard BBN leads to small mixing angle MSW �e ! �s tran-sitions as the solution of the solar neutrino problem and to �� ! ��transitions in atmospheri neutrinos.� Again with N� < 4, �� ! �� transitions are strongly suppressed inSBL neutrino osillations. Note that in the ase of N� < 4 all SBLneutrino osillations are small or suppressed.� In LBL neutrino osillations, it follows from Shemes (A) and (B) thatthe transitions �e ! �� (� 6= e) and �� ! �e are suppressed.� Shemes (A) and (B) ould in priniple be distinguished in 3H and(��)0� deays, beause in Sheme (A) neutrino mass e�ets are ex-peted, whereas in Sheme (B) suh e�ets are suppressed. Note thatin Sheme (A) with the small mixing angle MSW solution of the solarneutrino problem, whih is preferred by standard BBN (see Setion 9),one gets jhmij ' q�m2SBL & 0:5 eV for the e�etive Majorana massrelevant in (��)0� deay (see Eqs (41) and (42)). Suh a large valuefor jhmij should be lose to disovery.Finally, we want to remark that the most ruial input in our disus-sion is the result of the LSND experiment. This result will be hekedby the approved MiniBooNE experiment, whih will begin data taking in2001 [59,60℄. The SNO experiment, whih is expeted to announe the �rstresults in 2000, will test the hypothesis of osillations of solar neutrinos intosterile neutrinos [61℄. It ould thus deliver a very important further piee ofevidene in favour of the sterile neutrino and thus indiretly also hek theBBN onstraint on the 4-neutrino mixing matrix.
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