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THREE FLAVOR NEUTRINO OSCILLATIONSAND APPLICATION TO LONG BASELINEEXPERIMENTS �Osamu YasudaDepartment of Physis, Tokyo Metropolitan UniversityMinami-Osawa, Hahioji, Tokyo 192-0397, Japane-mail: yasuda�phys.metro-u.a.jp(Reeived Otober 25, 1999)Using the result of the three �avor analysis of the old Kamiokandedata, the reent Superkamiokande data of atmospheri neutrinos and theCHOOZ reator data, it is shown that the third mixing angle �13 is small. Itis proposed to determine the small value of �13 and the CP violating phase Æin very long baseline experiments by measuring the appearane probabilityP (�� ! �e) and the T violating e�et P (�e ! ��)�P (�� ! �e) whih areenhaned by the matter e�et of the Earth.PACS numbers: 14.60.Pq, 14.60.St, 25.30.Pt, 13.15.+g1. IntrodutionThe solar neutrino data [1�5℄ and the atmospheri neutrino experiments[6�10℄ provide strong evidene for neutrino osillations. In the framework oftwo �avor neutrinos, these experimental data are explained by two sets ofthe osillation parameters (�m2�; sin2 2��) ' (O(10�5eV2);O(10�2)) (smallangle MSW solution), (O(10�5eV2);O(1)) (large angle MSW solution), or(O(10�10eV2);O(1)) (vauum osillation solution), and (�m2atm; sin2 2�atm)' (10�2:5eV2; 1:0).Without loss of generality we assume that j�m221j < j�m232j < j�m231jwhere �m2ij � m2i �m2j . If both the solar neutrino de�it and the atmo-spheri neutrino anomaly are to be solved by energy dependent solutions,we have to have �m221 ' �m2� and �m232 ' �m2atm, i.e., we have masshierarhy in this ase. Therefore I will assume mass hierarhy in the three� Presented at the XXIII International Shool of Theoretial Physis�Reent Developments in Theory of Fundamental Interations�, Ustro«, Poland,September 15�22, 1999. (3089)
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Fig. 1. Triangle of unit height for �3. The vertial position of the state in thetriangle graph is jUe3j2, whih indiates deviation from the two �avor mixings.�avor framework throughout this talk. I will adopt the triangle represen-tation whih has been introdued by Fogli, Lisi, and Siosia [11℄. Fig. 1,whih will play a role in the analysis of atmospheri neutrino data, repre-sents how the most massive state �3 mixes with three �avor eigenstates withthe oe�ients jU�3j2 (� = e; �; �), where jU�3j2 are the elements of theMNS mixing matrix U [12℄:0� �e���� 1A = U 0� �1�2�3 1A ; U � 0� Ue1 Ue2 Ue3U�1 U�2 U�3U�1 U�2 U�3 1A : (1)2. Constraints from atmospheri neutrino anomalyThe atmospheri neutrino data of Superkamiokande have been analyzedby [13,14℄ in the three �avor framework, where smaller mass squared di�er-ene �m221 is ignored. The two �avor analysis of the most up-to-date databy the Superkamiokande group shows that the allowed region of the masssquared di�erene is 1�10�3eV2 < �m2 < 7�10�3eV2 at 90% CL [8℄. Theanalyses in [13,14℄ are stritly speaking di�erent from the original one in [8℄,sine the full data whih are binned with respet to the energy as well as thezenith angle are not used in [13, 14℄. The analysis in [13℄ has been updatedwith the reent data for 850 days, where the upward going � data [9℄ havealso been inorporated. It was found that the region of the mass squareddi�erene whih is as small as 5�10�4eV2 is allowed at 90%CL (f. Fig. 2).On the other hand, the CHOOZ group has updated their result onP (��e ! ��e) in the reator disappearane experiment [15℄, and the masssquared di�erene is limited to �m2 < 7� 10�4eV2 for the maximum mix-ing. In our three �avor sheme with mass hierarhy, the disappearane



Three Flavor Neutrino Osillations and... 3091probability for the CHOOZ experiment is given byP (��e ! ��e) = 1� sin2 2�13 sin2��m232L4E � ; (2)so if �m232 > 7�10�4eV2 then sin2 2�13 has to be small. The allowed regionwhih is obtained by the onstraints of the Superkamiokande atmospherineutrino data and the CHOOZ data is given in Fig. 2. As is seen in Fig. 2,relatively large �13 is still allowed for �m232 < 1� 10�3eV2.
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Fig. 2. The allowed regions for various �m232 by the onstraints of atmospherineutrino data of the Superkamiokande ontained and upward going � events, andthe CHOOZ reator data.To obtain more stringent bound on sin2 2�13, I inlude the three �avoranalysis [16℄ of the ontained events of the Kamiokande atmospheri neutrinodata [6℄, for whih the value of the mass squared di�erene in the allowedregion tends to be higher than that of Superkamiokande. In fat �m232 <2�10�3eV2 is exluded at 90%CL by inluding the Kamiokande data. Com-bining the atmospheri neutrino data of Superkamiokande, Kamiokande and
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99% CLFig. 3. The allowed regions for various �m232 by the onstraints of atmospherineutrino data of the Kamiokande ontained events, the Superkamiokande ontainedand upward going � events, and the CHOOZ reator data. All the shadowed regionsare loated near the �� � �� line.the CHOOZ reator data, I have obtained the allowed region whih is de-pited in Fig. 3. Fig. 3 shows that sin2 2�13 < 0:1 has to be satis�ed, whihis basially the onsequene from the CHOOZ data.3. A possible way to measure �13As we have seen in Se. 2, the data of atmospheri neutrinos and theCHOOZ experiment gives sin2 2�13 . 0:1. The two sets of parameters(�m221; sin2 2�12) and (�m232; sin2 2�23) will be determined with more andmore auray in the future by various experiments of solar and atmospherineutrinos, respetively, so the next thing we would like to pursue is to deter-mine �13. There have been disussions on the future intense muon beam [17℄whih ould be hundreds times as high as the present one, and it wouldenable us to have very long baseline experiments, where the neutrino path



Three Flavor Neutrino Osillations and... 3093length is omparable to the radius of the Earth. In this talk I would liketo point out that the osillation probability P (�� ! �e) (in the ase of�m232 > 0) or P (��� ! ��e) (in the ase of �m232 < 0) is enhaned for aertain region of the neutrino energy due to the matter e�et of the Earthwhen sin2 2�13 & 0:01 and therefore it is possible to dedue the magnitude of�13 by measuring experimentally P (�� ! �e) or P (��� ! ��e) as a funtion ofthe neutrino energy in very long baseline experiments whih may be possiblewith the intense muon beam tehnology in the future.Let us now onsider the situation where �E21 is ompletely negligible.In that ase the positive energy part of the Dira equation for three �avorsof neutrinos in matter is given byi ddx 0� �e���� 1A =M 0� �e���� 1A (3)withM � Udiag (0; 0;�E32)U�1 + diag (A; 0; 0)= Dei�23�7 hei�13�5diag (0; 0;�E32) e�i�13�5 + diag (A; 0; 0)i e�i�23�7D�1= Dei�23�7ei�M(�)13 �5 "�E32 +A2 diag (1; 0; 1) � B(�)2 diag (1; 0;�1)#�e�i�M(�)13 �5e�i�23�7D�1; (4)where the unit matrix diag(E2; E2; E2) whih ontributes only to the overallphase has been subtrated from M , �Eij � �m2ij=2E, E is the neutrinoenergy, A � p2GFNe(x) stands for the matter e�et [18℄ of the Earth,D � diag �eiÆ; 1; 1� and the standard parametrization [19℄ has been used forthe MNS matrix (1)U = 0� 1213 s1213 s13e�iÆ�s1223 � 12s23s13eiÆ 1223 � s12s23s13eiÆ s2313s12s23 � 1223s13eiÆ �12s23 � s1223s13eiÆ 2313 1A= Dei�23�7ei�13�5D�1ei�12�2 ; (5)with the Gell-Mann matries�2 =0� 0 �i 0i 0 00 0 0 1A ; �5 = 0� 0 0 �i0 0 0i 0 0 1A ; �7 = 0� 0 0 00 0 �i0 i 0 1A : (6)



3094 O. Yasuda�M(�)13 is the mixing angle in matter given bytan 2�M(�)13 � �E32 sin 2�13�E32 os 2�13 �A (7)as in the two �avor ase [18℄ , andB(�) �q(�E32 os 2�13 �A)2 + (�E32 sin 2�13)2; (8)where (+) sign is for antineutrinos, as the sign of A is reversed for an-tineutrinos. Assuming the onstant density of the matter, the appearaneprobability P (�� ! �e) and P (��� ! ��e) in the three �avor framework anbe written as P (�� ! �e) = s223 sin2 2�M(�)13 sin2 B(�)L2 !P (��� ! ��e) = s223 sin2 2�M(+)13 sin2 B(+)L2 ! ; (9)respetively. Note that the only di�erene between the formulae (9) andthat in vauum is sin2 2�M(�)13 whih is replaed by sin2 2�13 in vauum.Thus the e�etive mixing angle in matter is enhaned if �m232 > 0 and�E32 os 2�13�A beomes small for some E. On the other hand, if �m232 <0, then there is no enhanement in the probability P (�� ! �e), but theprobability P (��� ! ��e) is enhaned instead. The probability P (�e ! �x)with matter e�et of the Earth has been disussed by many people in theframework of two �avors [20℄ and three �avors [21℄. The equation (9) isalmost the same as that for two �avor ase [20℄, the only di�erene being thatthe ounterpart to �e is the linear ombination s23��+23�� ' (��+�� )=p2.I have omputed numerially the probability P (�� ! �e) for �23 = �=4,�13 = 1Æ; 3Æ; 5Æ; 7Æ; 9Æ (or sin2 2�13 = 1:2� 10�3; 1:1� 10�2; 3:0� 10�2; 5:9�10�2; 9:5�10�2) and for os� = �1;�0:75;�0:5;�0:25 (or L = 12,800 km,9,600 km, 6,400 km, 3,200 km) where the zenith angle �, the neutrino pathlength L and the radius R of the Earth are related by L = �2R os�. Theresults are shown in Fig. 4. The shape of the probability P (�� ! �e) isalmost the same as that for the two �avor osillation [20℄, but it is saledby the normalization s223 (f. (9)). As an be seen in Fig. 4, the ase ofos� = �1 (or L = 12,800 km) is most advantageous to get the enhanementin the probability for �13 & 2Æ, while in the ase of os� = �0:25 it isdi�ult to see the enhanement for smaller values of �13.To measure the probability in pratial experiments, one has to measurethe momentum of the reoiled nuleon as well as that of the outgoing harged
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3096 O. Yasudawhih is the best �t value in the Superkamiokande atmospheri neutrinodata [8℄, then the maximum probability is obtained for E� ' 4 GeV. Thesmaller j�m232j beomes, the better it works, sine the ross setion of quasielasti satterings dereases as the neutrino energy inreases [22℄.4. A possible way to measure ÆThere have been a lot of works whih disussed CP violation in neutrinoosillations [23, 24℄. From the osillation probability in vauumP (�� ! ��;L) = Æ�� � 4Xj<kRe �U�jU��jU��kU�k� sin2��EjkL2 �+2Xj<k Im �U�jU��jU��kU�k� sin (�EjkL) ; (10)the CP violation in vauum is given byP (�� ! ��)� P (��� ! ���)= 4Xj<k Im �U�jU��jU��kU�k� sin (�EjkL)= 4 J [sin (�E12L) + sin (�E23L) + sin (�E31L)℄ ; (11)where J � Im �U�1U��1U��2U�2� (12)is the Jarlskog fator, andIm �U�1U��1U��2U�2� = Im �U�2U��2U��3U�3� = Im �U�3U��3U��1U�1� (13)has been used. This Jarlskog fator, whih is written asJ = 13 sin 2�12 sin 2�13 sin 2�23 sin Æ (14)in the standard parametrization, ontains a small fator sin 2�13 whih isonstrained by the CHOOZ data (. p0:1), and a fator sin 2�12 whihis small in the ase of the small mixing angle MSW solution (sin2 2�12 '6 � 10�3). So in general the Jarlskog fator is expeted to be small. Invauum the CP violation happens to be the same as the T violation.On the other hand, in the presene of matter, the expression (10) forthe probability is modi�ed. The eigen matrix in matter an be formallydiagonalized by a unitary matrix V :U diag (��E21; 0;�E32)U�1 + diag (A; 0; 0) = V diag (�1; �2; �3)V �1:(15)



Three Flavor Neutrino Osillations and... 3097Assuming onstant density, the osillation probability an be written asP (�� ! ��;L) = Æ�� � 4Xj<kRe �V�jV ��jV ��kV�k� sin2���jkL2 �+2Xj<k Im �V�jV ��jV ��kV�k� sin (��jkL) ; (16)as in the ase of the probability in vauum. The sign for the matter term A isreversed for antineutrinos ��� and the unitary matrix �V and the eigenvalues��j for ��� are di�erent from V and �j for neutrinos ��. Therefore it is notilluminating to see the CP violation in matter [24℄, sine it ontains termswhih vanish in the limit Æ ! 0 and those whih do not:P (�� ! ��)� P (��� ! ���)= �4Xj<kRe �V�jV ��jV ��kV�k sin2���jkL2 �� �V�j �V ��j �V ��k �V�k sin2����jkL2 ��+2Xj<k Im �V�jV ��jV ��kV�k sin (��jkL)� �V�j �V ��j �V ��k �V�k sin ����jkL�� ; (17)where ���jk � ��j � ��k. It has been pointed out [25℄ that T violation is usefulto probe the CP violating phase in the presene of matter. In fat from (16)we have T violation in matter:�P � P (�� ! ��)� P (�� ! ��)= 4Xj<k Im �V�jV ��jV ��kV�k� sin (��jkL)= 4 J [sin (��12L) + sin (��23L) + sin (��31L)℄ ; (18)where J � Im �V�1V ��1V ��2V�2� (19)is the modi�ed Jarlskog fator in matter and ��jk � �j � �k. Here I willonsider T violation under two situations where one of the mixing angles in(19) is enhaned due to the matter e�et of the Earth in our sheme withmass hierarhy.



3098 O. Yasuda4.1. (a) j�E21j � jAj ' j�E32jFirst let us onsider the ase where j�E21j � jAj ' j�E32j. This asehas been disussed by Arafune and Sato [24℄. The unitary matrix whihdiagonalizes the eigen matrix (15) to �rst order in j�E21=�E32j is given byV � ei�23�7ei�M(�)13 �5 exp�i�E21 � 1u� ~13s1212(�1 sin Æ � �2 os Æ)� 1u+ � u� ~s13~13s212�5 � 1u+ ~s13s1212(�6 sin Æ + �7 os Æ)�� ; (20)where I have assumed �E32 > 0, �M(�)13 and B(�) are given in (7) and (8),respetively, and�1 = 0� 0 1 01 0 00 0 0 1A ; �4 = 0� 0 0 10 0 01 0 0 1A ; �6 = 0� 0 0 00 0 10 1 0 1A ;u� � 12(�E32 +A�B(�));~�13 � �13 � �M(�)13 ; ~s13 � sin ~�13; ~13 � os ~�13: (21)The modi�ed Jarlskog fator J1 in this ase is given byJ1 = 2�E21A os 2�13 138 sin 2�12 sin 2�M(�)13 sin 2�23 sin Æ: (22)If �E32 < 0 then we have to look at � �P � P (��� ! ���) � P (��� ! ���)instead, and �M(�)13 and B(�) have to be replaed by �M(+)13 and B(+), respe-tively. J1 is similar to the Jarlskog fator J in vauum, but one importantdi�erene between J and J1 is that J1 has sin 2�M(�)13 whih ould be en-haned by the matter e�et of the Earth. Another di�erene is that J1 hasa fator �E21=A whose absolute value is small by assumption and thereforethe T violating e�et under this ondition (a) is supposed to be small.4.2. (b) j�E21j ' jAj � j�E32jNext let us onsider the ase where j�E21j ' jAj � j�E32j. In this aseit is more onvenient to adopt the original parametrization for U proposedby Kobayashi and Maskawa [26℄:U = 0� 1 �s13 �s1s3s12 123 � s2s3eiÆ 12s3 + s23eiÆs1s2 1s23 + 2s3eiÆ 1s2s3 � 23eiÆ 1A= e�i�2�7e�i�1�2Dei�3�7 ; (23)



Three Flavor Neutrino Osillations and... 3099where D � diag �1; 1;�eiÆ�. The eigen matrix (15) is deomposed as thezero-th order term M0 and the �rst order ontribution M1 with respet toj�E21=�E32j:Udiag (��E21; 0;�E32)U�1 + diag (A; 0; 0) = U(M0 +M1)U�1 (24)with M0 � (0; 0;�E32);M1 � diag (��E21; 0; 0) + U�1diag (A; 0; 0)U= U�1e�i�2�7e�i�M1 �2diag (t�; t+; 0) ei�M1 �2ei�2�7U= e�i�3�7D�1ei~�1�2diag (t�; t+; 0) e�i~�1�2Dei�3�7� diag (�1; �2; �3) + �1�1 + �4�4 + �6�6; (25)wheret� � 12 �A��E21 �p(�E21 os 2�1 �A)2 + (�E21 sin 2�1)2� ;tan 2�M1 � �E21 sin 2�1�E21 os 2�1 �A;�1 � (t+ � t�)~1~s13; �4 � (t+ � t�)~1~s1s3; �6 � (t�~s21 + t+~21)3s3;�1 � t�~21 + t+~s21; �2 � (t�~s21 + t+~21)23; �3 � (t�~s21 + t+~21)s23;~�1 � �1 � �M1 ; ~s1 � sin ~�1; ~1 � os ~�1: (26)Using perturbation theory in j�E21=�E32j, it an be shown that the unitarymatrix V � U ei(�4�5+�6�7)=�E32e�i M1 �2 (27)diagonalizes U(M0 +M1)U�1 to �rst order in j�E21=�E32j:U (M0 +M1)U�1 = V diag��1 + �22 + b; �1 + �22 � b; �3 +�E32�V �1;(28)where b � s��1 � �22 �2 + �21tan 2 M1 � 2�1�1 � �2 = 2(t+ � t�)~1~s13t�~21 + t+~s21 � (t�~s21 + t+~21)23 : (29)



3100 O. YasudaIn the limit j�E21=�E32j ! 0, (27) beomesV ' U e�i M1 �2= 0�  Ue1 + s Ue2 �s Ue1 +  Ue2 Ue3 U�1 + s U�2 �s U�1 +  U�2 U�3 U�1 + s U�2 �s U�1 +  U�2 U�3 1A ; (30)where s � sin M1 ;  � os M1 . Notie that  M1 survives even in thelimit j�E21=�E32j ! 0. Therefore the modi�ed Jarlskog fator J2 is givenby J2 ' Im [( Ue1 + s Ue2)(�s Ue1 +  Ue2)� ( U�1 + s U�2)�(�s U�1 +  U�2)℄= 12 �12 sin 2 M1 (1� U2e3)� Ue1Ue2 os 2 M1 �Ue3 sin 2�2 sin Æ: (31)In the ase of the small mixing angle MSW solution for whih we may negletsmall fators U2e3 and Ue2, we haveJ2 = 14 sin 2 M1 sin 2�2Ue3 sin Æ ' 14 sin 2�M1 sin 2�2Ue3 sin Æ; (32)where we have used the fat tan 2 M1 ' tan 2�M1 whih follows from (29)when j�3j � 1. (32) ould be large sine J2 does not ontain the suppressionfator j�E21=�E32j like in J1, sin 2�M1 ould be enhaned by the mattere�et of the Earth (f. (26)), and the only fator whih is always small isUe3 (jUe3j . p0:1=2). Note that we know �E21 > 0 from the solar neutrinode�it. 4.3. Numerial analysisThe results by numerial alulations are given in Fig. 5 where rapidosillations oming from the larger eigenvalues are averaged over, maximalT violation is assumed (Æ = �=2) and the best �t values [27℄ of the largeand small angle MSW solutions have been hosen for the set of parameters(�m221; sin2 2�12), respetively. In the ase of the large mixing angle MSWsolution there is some resonane for E� � several GeV and E� � O(0.1)GeV whih satisfy the onditions (a) and (b), respetively. In the ase ofthe small mixing angle MSW solution, the enhanement is hardly visiblefor the energy E� � several GeV whih satis�es the ondition (a) but it issigni�ant for E� � O(10) MeV whih satis�es the ondition (b). We seefrom Fig. 5 that T violating e�ets are signi�ant for relatively low neutrinoenergy, i.e., E� � O(0.1) GeV and E� � O(10) MeV in the ase of the
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