Vol. 30 (1999) ACTA PHYSICA POLONICA B No 11

ONE-LOOP QCD CORRECTED DISTRIBUTION
IN B — Xep,* **

M. JEZABEK®P AND P. URBAN?

& Department of Field Theory and Particle Physics, University of Silesia
Uniwersytecka 4, 40-007 Katowice, Poland
b Institute of Nuclear Physics
Kawiory 26a, 30-055 Cracow, Poland

(Received October 25, 1999)

We give an analytic formula for the double distribution of hadronic
invariant mass and charged lepton energy to one-loop order of the pertur-
bative QCD. Although infrared singular, this quantity is closely related to
physical observables that can be obtained thereof through proper convolu-
tion.
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1. Introduction

Today, the interest in bottom meson decays has never been stronger. Of
those, the semileptonic kind are particularly fit for precision measurements of
the Standard Model parameters such as the Cabibbo-Kobayashi-Maskawa
matrix elements |Vg| and |[Vy| [1,2] or the quark masses. The theoretical
predictions rely on perturbation theory as well as the effective theory of
heavy quarks [3—6] for inclusion of QCD effects. The present techniques are
able to provide successful description of the semileptonic decays and it has
been known that significant contributions to the B decays come from both
perturbative [7-11] and nonperturbative [12-14] corrections.

In this paper, we give the one-loop perturbative correction to the double
differential distribution in terms of the hadron system mass and the charged
lepton energy. The masses of the final particles are set to zero throughout
the present calculation.
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The double differential distribution contains an explicit dependence on
the fictitious gluon mass as it must due to the infrared singularities present
both in the virtual and the real radiation corrections. It is not until after
one integrates over the invariant mass of hadrons that the apparent diver-
gence cancels to leave a finite, measurable result. The distribution we give
can be integrated over any desired range of the hadronic mass to yield an
experimentally valid quantity. Hence, arbitrary cuts on the hadronic mass
may easily be imposed.

The result we obtain is consistent with the published formulae for the
single differential distribution in both variables considered. In particular, we
have checked they agree with the charged lepton energy distribution, first
published by Jezabek and Kiihn [7], and the hadronic mass distribution, as
found in [11,15].

2. Kinematics

2.1. Variables

In our treatment of the decay of a B meson, we need to consider both
three- and four-body final states. The latter includes a gluon radiated by the
initial or final quark. Denote the four-momenta of the involved particles as
Q,q,l,v,G for the b quark, final state quark, electron, neutrino and gluon,
respectively. Also define the hadronic four-momentum P = g+ G. We are
working in the rest frame of the B meson, which in the present approximation
reduces to that of the b quark.

The variables we use are x for the electron energy, t denoting the invariant
mass of the leptons, and z for the invariant mass of the hadron system, all
scaled according to the following formulae:

x:Q(QQZ)’ t:(l+;/)2, z:(q+2G)2’ (1)
my, my, my,

with myp the bottom quark mass. Also we will use the scaled masses of
the gluon and the final u quark, which both pop up in the intermediate
formulae in the course of calculating the contributions from three- and four-

body processes.
me My
Ag = — = =—. 2
G mp ) € \/ﬁ my ( )
The system of the quark in the final state and the real gluon is described by
the following quantities:

Py=1(1-t+2) (3)
Py = \/P?— 2= L1+ 422 =2t + 2 +12)]'/2, (4)
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Pi(z) = Py(z) £ Ps3(2), (5)
Py (2) Py (2)
= =22 =
o=y T e ©)
where Py(z) and P3(z) are the energy and the length of the momentum

vector of the system in the b quark rest frame, and ), (2) is the corresponding
rapidity. Similarly for the virtual boson W:

Wo(z) = %(1—1—15—2),

(7)
Wa(z) = \JW§ —t = §[1+ 8 +2° = 2(t + 2 + t2)] '/, (8)
Wi(z) = Wo(z) = Wi(z), 9)
W, (2) W, (2)
w =1
Yo(2) W_(2) n NG )
Kinematically, the three body decay is a special case of the four body one,

with the four-momentum of the gluon set to zero, thus resulting in simply
replacing z = p. The following variables are then useful:

— 1
= 5l

po = Polp) =311 —t+p), p3s=Ps(p)=1/PE—p, (11)

p+ = Pi(p) =po £ps, we =Wi(p) =1-pg, (12)
w

Y, = V(o) = %lng—*, Yo=Yulp) =jln=L.  (13)

2.2. Kinematical boundaries

The electron energy may vary within the range of
0<z<1, (14)
while for a fixed value of z, the allowed interval of z is
0<z<1-=z. (15)
On the other hand, without fixing z, the hadronic mass may vary as
0<z<1, (16)
and then the following boundaries on z are found for a specified z:
0<z<1—2. (17)

Given values of z and z, the intermediate boson invariant mass ¢ varies
within the following limits,

OgthO—lz )z%. (18)

— T
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3. Evaluation of the QCD corrections

The differential decay rate for the process b — ul v, can be written as
dI' = dI +d1—1173 +d1—1174, (19)

where

Ay = Gpmy |V |* M1 3dR3(Q; ¢, 1, v) [/ 7° (20)

stands for the Born approximation,
Al 3 = 2a,G3m3| Vi |* My 3dR3(Q; g, 1, v) /7° (21)

comes from the interference between the virtual gluon and Born amplitudes,
and
dF1,4 = %asG%‘mg|Vub|2Ml,4dR4(Q; q, G7 la l/)/ﬂ-7 (22)

is due to the real gluon emission. The Lorentz invariant n-body phase space
is defined as

ARn(Pip1,... pn) = 8D (P =D pj) (23)

ZQE

3.1. Three-body contributions

The Born approximation is evaluated according to (20) with the matrix
element
Moz =qlQu, (24)
and the Dalitz parametrization of the phase space,
2

dR3(Q;q,1,v) = %dm dt . (25)

Subsequently, the dot products appearing in Mg 3 are put in terms of the
variables = and t,

SN
SN

Qq = ’%(1+p—t) lg = %(x_t)
Qv = mTZ( p—x+t), lv = mTZt (26)
Ql = Zhim, vg = Zi(l-p-—2a).

which readily yields the double differential distribution. On integration over
t the latter yields the Born approximation to the electron energy spectrum
(see Eqs (39), (41)).
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The virtual correction is calculated along the same lines, now with the
matrix element

Miz= —|HoqlQv+ H, pQrQl+ H_quvql
+5p(Hy + H i+ 5p(Hy — H + Hr)[(Q — ¢ —v)(Qv)
~SHLLQ ~ a = )](av)]. (27)

substituted into (21). In (27), the form factors are as follows,

Y, 2 _w_
Hy = 4(1—p—m>1nAG+ﬂ[Li2 <1—p w )
b3 b3 b+w+

s (12 25) - %05+ 1) + 200 5+ )0+ )

w4
2p3Y, + (1 — p—2t)1
+p3p ( tP )n\/ﬁ+4’ (28)
1-p)Y, 1
Hy =1 11(7 24 29
= 4 S e g, 29)
1 1— 2 Y,
Hp = 2(1-Inyp) + tQpln\/5+t—2np3+§p—2. (30)

Integration over the invariant mass of the intermediate W boson gives the
desired contribution to the double differential distribution,

d[’l,g .
12l dzdz
5(2){%10g Ag[10z — 2522 + %x‘g + (10 — 24z + 1822 — 423) log T
—62%loge + 42” loge] + £(22% — 32%)Liy (z) + & log z[121
—2762 + 19522 — 402> — log £(30 — 72z + 542? — 1223)]
+2ly — A2 4 843 4 Lloge(—32? + 22% + 622 loge — 423 log 5)},(31)

where we have denoted
zZ=1-uz. (32)

While we present the decay rate assuming massless final particles, it is not
possible to eliminate the final quark as well as gluon mass dependence out of
the matrix element alone. This is removed once the integrated real radiation
term is added.
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3.2. Four-body contributions

The four-body phase-space is decomposed as follows:
dR4(Q7 q, G7 la V) =dz dR3(Qa Pa la V) dR?(Pa q, G) (33)

Discarding terms vanishing along with the gluon mass Ag — 0, the matrix
element representing the real gluon radiation may be written as

B By Bs
M= 1562 " garc T PoR (34)
where
B = qllQu(QG —1)+Gv—-QuQd, (35)
By = qllGv —qrQG+Qr(gG — QG —2¢Q)]
+Qu(QlgG - GlqQ), (36)
By = Qu(GlgG — plP). (37)

We refer the reader to [9] for the details of the integration that leads to the
triple differential rate in terms of x,¢ and z. This rate is conveniently split
into terms according as they are infrared convergent or divergent. Hence we
can write,
dF1,4
121 dz dtdz

This expression is subsequently integrated over ¢. The infrared finite part
has been integrated with the help of FORM. The formulae obtained in this
way suffer from infrared and collinear divergences. Thence the gluon and
final quark masses subsist as regulators in spite of the limit we have taken.
Of course, both remnant dependences vanish after the integration over the
hadronic system mass is performed, which involves summing the virtual and
real contributions.

= fconv + fdiv- (38)

4. Results

The first order QCD corrected double differential decay rate can be writ-
ten in the form,

dr 2004
12l dedz fo(@)oz) + 37

[f78(2) + ff(z, 2)0(z = AE)] (39)

with s
= Grmy
19273’

(40)
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where the first term on the right hand side is the Born approximation, given
by
fo(z) = a*(3 — 2z), (41)
while
S(x) = —4fo(z)log® Mg + 15 (1202 — 29122 + 13023 )log A
+3(—10 + 24z — 1822 + 42°) log Zlog (%)
G
+£(83 — 196z + 14522 — 327%) log z
+5 (2497 — 42622 + 1552°) — 2 fo() [r? + 3Liz (z)], (42)
and
1
(x,2) = —[ — 2fo(7)log 2 + 5= (1202 — 29122 + 1302%)
+2(10 — 24z + 1822 — 42°%) log 7] + [w - Z+2Z + 3;3} log %
+3371(—692 — 252%) + 1372(112 + 2522)
+z ( %22) + (101 1722 — 81z + 45 z? —3lz — % )logx
+(32 — 622 — 30z + 42 + 292 + 2 )loga’clogi
z
+log = (21mz + 322 — 1622 — 92 — 2 2)
—20zz + Dly — g2 4 127, 4 s 22 (43)
The above formula is easily integrated over either of the variables to give
the single differential distributions in hadronic system mass or charged lep-
ton energy. Then expressions confirming previous calculations [7,11,15] are
found. The evident singularity of this distribution disappears after integra-

tion over the hadronic system mass. That this indeed is so, can be seen by
expressing it in terms of the following distributions,

1 1
— =1l — — 1 44
<z)+ lim <20(z A) + og)\é(z)) , (44)
log =z ) log = 1. 5
=1 0(z—A) + = log“A§ . 4
(z)+ ty (25200 - ) + 5 106202 (45)
The substitution of these to Eqs (42), (43) results in the formal identification,
1 1
O(z —M2)= = 0(z — \%) <—) — §(2) log A%, (46)
z z) .
1 1
0z — 22)"27% = g(» — 22) < ng) — Llog? AZd(z).  (47)
z
+
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Upon application of Eqs (46), (47) to the correction terms, the latter take
on the following form:

fi(z) = 3(=10+ 24z — 1822 + 42%) log” 2
+(83 — 1967 + 14532 — 3223) log 7

_l’_
+15 (2497 — 4262° + 155¢%) — § fo(z) [7* + 3Lia (z)], (48)

fito2) = =2poe) (22

+ <1) (35 (1202 — 29122 + 13023) + (1 — 8z + 62 — 32%) log 7]
+

z

z 72 3 373
+35271 (=692 — 252%) + 1272(112 4 252%) + 273 (—§2?)
+ (101 17xz — 81z + 33 45 z? — 31z — %22) log =

10z 4+ 322 2+ 222 222 z
+ log — —

+(32 — 6zz — 30z + 4% + 292 + 2 )logxlogi
z
+log z (21z2 + 327 — 162° — 92 — 322)
—20z2z + 101 947302 + mz + 23863 . (49)

Clearly, the gluon mass does not enter the integrated distribution, de-
fined as

z

1 dr 2c

F = dz = °F

@2) = o [ 2o = @) + S F @), (50)
0

for which we obtain,
Fi(z,z) = (c1+co z+c3 224y 23) log z+c5 log? z4cez+cr22+cg 2% +cq. (51)
The coefficients ¢; to cg are as follows,

c1 = %=[(120 — 288z + 21622 — 482°) log z + 120z — 291z% + 1302°],
¢y = (—30z +4x% + 32)log T + 322 — 1627,

c3 = 537" — 1772 + 1(—67 +29)log 7 + 2L

cg =37 =332+ 55+ glogT — g,
s = —%3624—
ce = 3(—102z + 3722 + 37)log Z
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T4z — 332
— 1
cr = 2(—28z —91)logz + $(6z —29) log? 7 — 10z~ ' logz — 2z~!
2 (logi—k 18—3) - %304— %,

cs = 3c{—22logz — 12log®z — 722 'logz — 1627

+48272log = + 83272 — 162 3 log z — 222 + 101},
cg = 3{6(83 — 1967 + 14522 — 322°) log 7 + 12(—10 + 24z

—1822 + 42%) log? T — 127%2% + 8n%2® 4 498z

—8522% 4 310> — 362%Liy () + 2443Liy ()} (52)

+(30z — 422 — 32)log? z +

One way of making comparison between the parton model predictions and
the resonance ridden experimental data is to consider moments of distribu-
tion. We define those as

ar’
drdz’

(53)

While the zeroth moment corresponds to the electron energy distribution
itself, the singular part of the double distribution leaves no trace on the
higher moments. In fact, they are then vanishing in the Born approximation.
The first five moments are expressed in terms of the following functions,

20

3

M, (x) = mp(z), n > 1, (54)

which are given by the formulae beneath (see also Fig. 1):

my = ( 3 4+ 222 - 2 +16)logzﬁ B+ Ba? %, (55)
my = (- 3464090 + 21 %352 5353 + 21430954 180095 °)log z
3464090 + 1583030 ? — 452° + 1180090 ' %, (56)
m3 = ( 1800 + 8007 ~ 20,7 + T80%° + &5 — e+ 600) log 7
118003035 + 3669070352 - 2675030 ® + 34690$4 - 280‘” + 10800 108002 (57)
my = logZ ( 11100 157 — 3500 + 31590 — 58 — ﬁ + 3152° — ﬁaﬂ)
_414311030 + 45471209035 - IS + 4845170 at - 878% o+ 12%(1)0 2% — 735095 (58)
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_ ~ (485 211 151,395 .4 , 2.5 6
ms = 1087 (55507 + F5T — To05%° T 5307 — 5137 + 5% T 50457
7
e
318 485 1321 ,2 _ 15879 .3 | 33599 .4
_294 + 141120 % ) ~ 2g902%F z+ 14400%" — 784007 + 1411207
_ 4523 5 979 6 _ 9809 .7 163 .8
98922 T T5680L — 705600% T Tooso0? - (59)
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Fig. 1. Moments of hadron mass distribution m,, as a function of the scaled electron
energy z. The first five moments are shown as indicated by the legend.

5. Summary

One-loop QCD correction has been found to the electron energy and
hadronic system mass double distribution in semileptonic B decays. The
result has not been published before. It agrees with the known single dis-
tributions in both variables. Although infrared singular, it is of use for
experimental analysis with appropriate cuts imposed.
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