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DIFFRACTIVE ELECTROPRODUCTION�A. Hebe
kerInstitut für Theoretis
he Physik der Universität HeidelbergPhilosophenweg 16, D-69120 Heidelberg, Germany(Re
eived O
tober 11, 1999)In these le
tures, a simple introdu
tion to the phenomenon of di�ra
tionin deep inelasti
 s
attering and its theoreti
al des
ription is given. Whilethe main fo
us is on the di�ra
tive stru
ture fun
tion FD2 , some issues indi�ra
tive ve
tor meson produ
tion are also dis
ussed.PACS numbers: 13.60.Hb, 12.38.Bx1. Introdu
tionIn the following, the term `di�ra
tive ele
troprodu
tion' or `di�ra
tivedeep inelasti
 s
attering (DIS)' is used to 
hara
terize those pro
esses insmall-x DIS where, in spite of the high virtuality of the ex
hanged photon,the proton target remains inta
t or almost inta
t. Thus, the term is usedsynonymously with the expression `rapidity gap events in DIS'.Histori
ally, the term di�ra
tion is derived from opti
s, where it des
ribesthe de�e
tion of a beam of light and its de
omposition into 
omponents withdi�erent frequen
ies. In high energy physi
s, it was originally used for small-angle elasti
 s
attering of hadrons (Fig. 1(a)). If one of the hadrons, say theproje
tile, is transformed into a set of two or more �nal state parti
les,the pro
ess is 
alled di�ra
tive disso
iation or inelasti
 di�ra
tion. Goodand Walker have pointed out that a parti
ularly intuitive physi
al pi
tureof su
h pro
esses emerges if the proje
tile is des
ribed as a superpositionA + B of di�erent 
omponents whi
h s
atter elasti
ally o� the target [1℄(Fig. 1(b)). Sin
e the 
orresponding elasti
 amplitude is di�erent for ea
h
omponent, the outgoing beam will 
ontain a new superposition �A + �Bof these 
omponents and therefore, in general, new physi
al states. Theseare the disso
iation produ
ts of the proje
tile.� Presented at the XXXIX Cra
ow S
hool of Theoreti
al Physi
s, Zakopane, Poland,May 29�June 8, 1999. (3777)
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a) b) (b)(a)Fig. 1. Elasti
 s
attering (a) and di�ra
tive disso
iation (b) in the physi
al pi
tureof Good and Walker [1℄.Even at very high energy, the above pro
esses are generi
ally soft, i.e.,the momentum transfer is small and the disso
iation produ
ts have small p?.Therefore, no immediate relation to perturbative QCD is apparent.In 
ontrast to these soft pro
esses, di�ra
tive DIS is an example of harddi�ra
tion, the hard s
ale being the virtuality Q2 of the ex
hanged photon.However, this is not the �rst hard di�ra
tive pro
ess that was observed.Hard di�ra
tion was �rst investigated in di�ra
tive jet produ
tion at theCERN Sp�pS 
ollider in proton-antiproton 
ollisions [2℄. Although one of thehadrons es
apes essentially uns
athed, a high-p? jet pair, whi
h is ne
essarilyasso
iated with a high virtuality in the intermediate states, is produ
edin the 
entral rapidity range (Fig. 2). The 
ross se
tion of the pro
ess isparametri
ally unsuppressed relative to non-di�ra
tive jet produ
tion. Thisseems to 
ontradi
t a naïve partoni
 pi
ture sin
e the 
olour neutrality ofthe proje
tile is destroyed if one parton is removed to parti
ipate in thehard s
attering. The interplay of soft and hard physi
s ne
essary to explainthe e�e
t provides one of the main motivations for the study of these `harddi�ra
tive' pro
esses.
XFig. 2. Di�ra
tive disso
iation in hadron�hadron 
ollisions. If the di�ra
tive �nalstate X 
ontains two high-p? jets, the pro
ess is 
alled di�ra
tive jet produ
tion.Here, the fo
us is on di�ra
tive ele
troprodu
tion, whi
h is another ex-ample of a hard di�ra
tive pro
ess. This pro
ess be
ame experimentallyviable with the advent of the ele
tron�proton 
ollider HERA (
f. [3℄), whereDIS at very small values of the Bjorken variable x 
an be studied. In thesmall-x or high-energy region, a signi�
ant fra
tion of the observed DISevents have a large rapidity gap between the photon and the proton frag-mentation region [4, 5℄. In 
ontrast to the standard DIS pro
ess 
�p ! X



Di�ra
tive Ele
troprodu
tion 3779(Fig. 3(a)), the relevant rea
tion reads 
�p! XY (Fig. 3(b)), where X is ahigh-mass hadroni
 state and Y is the elasti
ally s
attered proton or a low-mass ex
itation of it. Again, these events are in
ompatible with the naïvepi
ture of a partoni
 target and 
orresponding simple ideas about the 
olour�ow. Naïvely, the parton stru
k by the virtual photon destroys the 
olourneutrality of the proton, a 
olour string forms between stru
k quark andproton remnant, and hadroni
 a
tivity is expe
ted throughout the dete
tor.Nevertheless, the observed di�ra
tive 
ross se
tion is not power suppressedat high virtualities Q2 with respe
t to standard DIS.
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a) b)(a) (b)Fig. 3. In
lusive (a) and di�ra
tive (b) ele
troprodu
tionThese notes are organized as follows. In Se
t. 2, the basi
 experimentalobservations and the di�ra
tive stru
ture fun
tion FD2 are dis
ussed. Se
-tion 3 des
ribes the theory of FD2 , emphasizing the semi
lassi
al approa
hand its relation to the 
on
ept of di�ra
tive parton distributions. In Se
t. 4,some topi
s in di�ra
tive meson produ
tion, in parti
ular the fa
torizationof the hard amplitude, are des
ribed. A brief summary is given in Se
t. 5.The reader may 
onsult [6℄ for a more detailed review.2. Basi
 observations and the di�ra
tive stru
ture fun
tion FD2In this se
tion, the kinemati
s of di�ra
tive ele
troprodu
tion at smallx is explained in some detail, and the notation 
onventionally used for thedes
ription of this phenomenon is introdu
ed. The main experimental obser-vations are dis
ussed, and the 
on
ept of the di�ra
tive stru
ture fun
tion,whi
h is widely used in analyses of in
lusive di�ra
tion, is explained.2.1. Kinemati
sTo begin, re
all the 
onventional variables for the des
ription of DIS.An ele
tron with momentum k 
ollides with a proton with momentum P .In neutral 
urrent pro
esses, a photon with momentum q and virtualityq2 = �Q2 is ex
hanged, and the outgoing ele
tron has momentum k0 = k�q.In in
lusive DIS, no questions are asked about the hadroni
 �nal state XW ,
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kerwhi
h is only known to have an invariant mass square W 2 = (P + q)2.The Bjorken variable x = Q2=(Q2 +W 2) 
hara
terizes, in the naïve partonmodel, the momentum fra
tion of the in
oming proton 
arried by the quarkthat is stru
k by the virtual photon. If x� 1, whi
h is the relevant region inthe present 
ontext, Q is mu
h smaller than the photon energy in the targetrest frame. In this sense, the photon is almost real even though Q2 � �2(where � is some soft hadroni
 s
ale). It is then 
onvenient to think in termsof a high-energy 
�p 
ollision with 
entre-of-mass energy W .Loosely speaking, di�ra
tion is the subset of DIS 
hara
terized by aquasi-elasti
 intera
tion between virtual photon and proton. A parti
ularlysimple de�nition of di�ra
tion is obtained by demanding that, in the 
�p
ollision, the proton is s
attered elasti
ally. Thus, in di�ra
tive events, the�nal state 
ontains the s
attered proton with momentum P 0 and a di�ra
tivehadroni
 state XM with mass M (see Fig. 4). Sin
e di�ra
tive events forma subset of DIS events, the total invariant mass of the outgoing proton andthe di�ra
tive state XM is given by the standard DIS variable W .
PP
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Fig. 4. Di�ra
tive ele
troprodu
tion. The full hadroni
 �nal state with invariantmass W 
ontains the elasti
ally s
attered proton and the di�ra
tive state withinvariant mass M .The following parallel des
ription of in
lusive and di�ra
tive DIS sug-gests itself.In the former, virtual photon and proton 
ollide to form a hadroni
 stateXW with mass W . The pro
ess 
an be 
hara
terized by the virtuality Q2and the s
aling variable x = Q2=(Q2 +W 2), the momentum fra
tion of thestru
k quark in the naïve parton model.In the latter, a 
olour neutral 
luster of partons is stripped o� the proton.The virtual photon forms, together with this 
luster, a hadroni
 state XMwith mass M . The pro
ess 
an be 
hara
terized by Q2, as above, and bya new s
aling variable � = Q2=(Q2 +M2), the momentum fra
tion of this
luster 
arried by the stru
k quark.Sin
e di�ra
tion is a subpro
ess of in
lusive DIS, the stru
k quark fromthe 
olour neutral 
luster also 
arries a fra
tion x of the proton momentum.



Di�ra
tive Ele
troprodu
tion 3781Therefore, the ratio � = x=� 
hara
terizes the momentum fra
tion that theproton loses to the 
olour neutral ex
hange typi
al of an elasti
 rea
tion.This ex
hanged 
olour neutral 
luster loses a momentum fra
tion � to thestru
k quark that absorbs the virtual photon. As expe
ted, the produ
tx = �� is the fra
tion of the original proton's momentum 
arried by thisstru
k quark. Sin
e the name pomeron is frequently applied to whi
heverex
hange with va
uum quantum numbers dominates the high-energy limit,many authors use the notation xIP = �, thus implying that the proton losesa momentum fra
tion � to the ex
hanged pomeron.Therefore, x, Q2 and � or, alternatively, x, Q2 and � are the main kine-mati
 variables 
hara
terizing di�ra
tive DIS. A further variable,t = (P �P 0)2, is ne
essary if the transverse momenta of the outgoing protonand the state XM relative to the 
�P axis are measured. Sin
e the protonis a soft hadroni
 state, the value of jtj is small in most events. The smallmomentum transferred by the proton also implies that M �W .To see this in more detail, introdu
e light-
one 
o-ordinates q� = q0� q3and q? = (q1; q2). It is 
onvenient to work in a frame where the transversemomenta of the in
oming parti
les vanish, q? = P? = 0. Let � be themomentum transferred by the proton, � = P �P 0, and m2p = P 2 = P 02 theproton mass squared. For forward s
attering, P 0? = 0, the relationt = �2 = �+�� = ��2m2p (2.1)holds. Sin
e � = (Q2 +M2)=(Q2 +W 2), this means that small M impliessmall jtj and vi
e versa. Note, however, that the value of jtj is larger fornon-forward pro
esses, where t = �+�� ��2?.So far, di�ra
tive events have been 
hara
terized as those DIS eventswhi
h 
ontain an elasti
ally s
attered proton in their hadroni
 �nal state.An even more striking feature is the large gap of hadroni
 a
tivity seen in thedete
tor between the s
attered proton and the di�ra
tive state XM . It willnow be demonstrated that this feature, responsible for the alternative name`rapidity gap events', is a dire
t 
onsequen
e of the relevant kinemati
s.Re
all the de�nition of the rapidity y of a parti
le with momentum k,y = 12 ln k+k� = 12 ln k0 + k3k0 � k3 : (2.2)This is a 
onvenient quantity for the des
ription of high-energy 
ollisionsalong the z-axis. Massless parti
les moving along this axis have rapidity �1or +1, while all other parti
les are 
hara
terized by some �nite intermediatevalue of y.In the 
entre-of-mass frame of the 
�p 
ollision, with the z-axis pointingin the proton beam dire
tion, the rapidity of the in
oming proton is given
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kerby yp = ln(P+=mp). At small �, the rapidity of the s
attered proton isapproximately the same. This is to be 
ompared with the highest rapidityymax of any of the parti
les in the di�ra
tive state XM . Sin
e the total plus
omponent of the 4-momentum of XM is given by (� � x)P+, and the pion,with mass m�, is the lightest hadron, none of the parti
les in XM 
an havea rapidity above ymax = ln((� � x)P+=m�). Thus, a rapidity gap of size�y = ln(m�=(� � x)mp) exists between the outgoing proton and the stateXM . For typi
al values of � � 10�3 the size of this gap 
an be 
onsiderable.Note, however, that the term `rapidity gap events' was 
oined to des
ribethe appearan
e of di�ra
tive events in the HERA frame, i.e., a frame de-�ned by the ele
tron�proton 
ollision axis. The rapidity in this frame is,in general, di�erent from the photon-proton frame rapidity dis
ussed above.Nevertheless, the existen
e of a gap surrounding the outgoing proton in the
�p frame 
learly implies the existen
e of a similar gap in the ep frame. Theexa
t size of the ep-frame rapidity gap follows from the spe
i�
 event kine-mati
s. The main 
on
lusion so far is the kinemati
 separation of outgoingproton and di�ra
tive state XM in di�ra
tive events with small �.Without losing any of the qualitative results, the requirement of a �nalstate proton P 0 
an be repla
ed by the requirement of a low-mass hadroni
state Y , well separated from the di�ra
tive state XM . In this 
ase, the ar-gument 
onne
ting elasti
ally s
attered proton and rapidity gap has to bereversed: the existen
e of a gap between XM and Y be
omes the distin
tivefeature of di�ra
tion and, under 
ertain kinemati
 
onditions, the interpre-tation of Y as an ex
itation of the in
oming proton, whi
h is now almostelasti
ally s
attered, follows.2.2. The main experimental observationsRapidity gaps are expe
ted even if in all DIS events a quark is kno
kedout of the proton leaving a 
oloured remnant. The reason for this is thestatisti
al distribution of the produ
ed hadrons, whi
h results in a small yet�nite probability for �nal states with little a
tivity in any spe
i�ed dete
torregion. However, the observations des
ribed below are 
learly in
onsistentwith this explanation of rapidity gap events.More than 5% of DIS events at HERA were found to possess a rapiditygap [4,5℄. The analyses are based on the pseudo-rapidity � = � ln tan(�=2),where � is the angle of an outgoing parti
le relative to the beam axis. Pseudo-rapidity and rapidity are identi
al for massless parti
les; the di�eren
e be-tween these two quantities is immaterial for the qualitative dis
ussion below.In the ZEUS analysis, a rapidity �max was de�ned as the maximumrapidity of a 
alorimeter 
luster in an event. A 
luster was de�ned as anisolated set of adja
ent 
ells with summed energy higher than 400 MeV.



Di�ra
tive Ele
troprodu
tion 3783The measured �max distribution is shown in Fig. 5. (Note that the smallestdete
tor angle 
orresponds to �max = 4:3; larger values are an artifa
t of the
lustering algorithm.)

Fig. 5. Distribution of �max, the maximum rapidity of a 
alorimeter 
luster in anevent, measured at HERA (�gure from [4℄).To appre
iate the striking qualitative signal of di�ra
tion at HERA, themeasured �max distribution has to be 
ompared with naïve expe
tationsbased on a purely partoni
 pi
ture of the proton. This is best done using aparton-model-based Monte Carlo event generator. The 
orresponding �maxdistribution, whi
h is also shown in Fig. 5, is strongly suppressed at small�max. This qualitative behaviour is expe
ted sin
e the Monte Carlo (for moredetails see [4℄ and Refs. therein) starts from a partoni
 proton, 
al
ulatesthe hard pro
ess and the perturbative evolution of the QCD 
as
ade, and�nally models the hadronization using the Lund string model (see, e.g., [7℄).A

ording to the Lund model, the 
olour string, whi
h 
onne
ts all �nal statepartons and the 
oloured proton remnant, breaks up via q�q pair 
reation,thus produ
ing the observed mesons. The rapidities of these parti
les followa Poisson distribution, resulting in an exponential suppression of large gaps.It should be 
lear from the above dis
ussion that this result is rather gen-eral and does not depend on the details of the Monte Carlo (note, however,the Monte Carlo based approa
h of [8℄, whi
h allows for 
olour re
onne
-tion). QCD radiation tends to �ll the rapidity range between the initiallystru
k quark and the 
oloured proton remnant with partons. A 
olour string
onne
ting these partons is formed, and it is highly unlikely that a large gapemerges in the �nal state after the break-up of this string.However, the data shows a very di�erent behaviour. The expe
ted ex-ponential de
rease of the event number with �max is observed only above
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ker�max ' 1:5; below this value a large plateau is seen. Thus, the naïve par-toni
 des
ription of DIS misses an essential qualitative feature of the data,namely, the existen
e of non-suppressed large rapidity gap events.To give a more spe
i�
 dis
ussion of the di�ra
tive event sample, it isne
essary to de�ne whi
h events are to be 
alled di�ra
tive or rapidity gapevents. It is 
lear from Fig. 5 that, on a qualitative level, this 
an be a
hievedby an �max 
ut separating the events of the plateau. The resulting qualitativefeatures, observed both by the ZEUS [4℄ and H1 
ollaborations [5℄, are thefollowing.There exists a large rapidity interval where the �max distribution is �at.For high 
�p energies W , the ratio of di�ra
tive events to all DIS events isapproximately independent of W . The Q2 dependen
e of this ratio is alsoweak, suggesting a leading-twist 
ontribution of di�ra
tion to DIS. Further-more, the di�ra
tive mass spe
trum is 
onsistent with a 1=M2 distribution.A number of additional remarks are in order. Note �rst that the ob-servation of a �at �max distribution and of a 1=M2 spe
trum are interde-pendent as long as masses and transverse momenta of �nal state parti
lesare mu
h smaller than M2. To see this, observe that the plus 
omponentof the most forward parti
le momentum and the minus 
omponent of themost ba
kward parti
le momentum are largely responsible for the total in-variant mass of the di�ra
tive �nal state. This gives rise to the relationdM2=M2 = d lnM2 � d�max, whi
h is equivalent to the desired result.A signi�
ant 
ontribution from ex
lusive ve
tor meson produ
tion, e.g.,the pro
ess 
�p! � p, is present in the rapidity gap event sample. A moredetailed dis
ussion of 
orresponding 
ross se
tions and of relevant theoreti
al
onsiderations is given in Se
t. 4.2.3. Di�ra
tive stru
ture fun
tionThe di�ra
tive stru
ture fun
tion, introdu
ed in [9℄ and �rst measuredby the H1 
ollaboration [10℄, is a powerful 
on
ept for the analysis of dataon di�ra
tive DIS.Re
all the relevant formulae for in
lusive DIS. The 
ross se
tion for thepro
ess ep! eX 
an be 
al
ulated if the hadroni
 tensor,W��(P; q) = 14�XX hP jjy�(0)jXihXjj�(0)jP i(2�)4Æ4(q + P � pX) ; (2.3)is known. Here j is the ele
tromagneti
 
urrent, and the sum is over allhadroni
 �nal states X. Be
ause of 
urrent 
onservation, q �W =W � q = 0,



Di�ra
tive Ele
troprodu
tion 3785the tensor 
an be de
omposed a

ording toW��(P; q)=�g��� q�q�q2 �W1(x;Q2)+�P�+ 12xq���P�+ 12xq��W2(x;Q2) :(2.4)The data is 
onveniently analysed in terms of the two stru
ture fun
tionsF2(x;Q2) = (P � q)W2(x;Q2) ; (2.5)FL(x;Q2) = (P � q)W2(x;Q2)� 2xW1(x;Q2) : (2.6)Introdu
ing the ratio R = FL=(F2 � FL), the ele
tron�proton 
ross se
tion
an be written asd2�ep!eXdx dQ2 = 4��2emxQ4 �1� y + y22[1 +R(x;Q2)℄� F2(x;Q2) ; (2.7)where y=Q2=sx, and s is the ele
tron�proton 
entre-of-mass energy squared.In the naïve parton model or at leading order in �s in QCD, the longitudinalstru
ture fun
tion FL(x;Q2) vanishes, and R = 0. Sin
e R 
orresponds tothe ratio of longitudinal and transverse virtual photon 
ross se
tions, �L=�T,it is always positive, and the 
orre
tions asso
iated with a non-zero R aresmall at low values of y.In di�ra
tion, the two additional kinemati
 variables � and t are present.However, no additional independent 4-ve
tor is introdu
ed as long as themeasurement is in
lusive with respe
t to the azimuthal angle of the s
atteredproton. Therefore, the de
omposition in Eq. (2.4) remains valid, and thetwo di�ra
tive stru
ture fun
tions FD(4)2;L (x;Q2; �; t) 
an be de�ned. Thedi�ra
tive 
ross se
tion readsd2�ep!epXMdx dQ2 d� dt= 4��2emxQ4 �1�y + y22[1 +RD(4)(x;Q2; �; t)℄�FD(4)2 (x;Q2; �; t) ;(2.8)where RD = FDL =(FD2 � FDL ). In view of the limited pre
ision of the data,the dominan
e of the small-y region, and the theoreti
al expe
tation of thesmallness of FDL , the 
orre
tions asso
iated with a non-zero value of RD arenegle
ted in the following.A more in
lusive and experimentally more easily a

essible quantity 
anbe de�ned by performing the t integration,FD(3)2 (x;Q2; �) = Z dt FD(4)2 (x;Q2; �; t) : (2.9)The main qualitative features of di�ra
tive ele
troprodu
tion, already dis-
ussed in the previous se
tion, be
ome parti
ularly apparent if the fun
tional
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onsidered (
f. the data in Figs. 13 and 14 in Se
t. 3). The� and Q2 dependen
e of FD(3)2 is relatively �at. This 
orresponds to theobservations dis
ussed earlier that di�ra
tion is a leading twist e�e
t andthat the mass distribution is 
onsistent with a 1=M2X spe
trum. The en-ergy dependen
e of di�ra
tion is su
h that �FD(3)2 (�; �;Q2) slowly grows as� ! 0. This growth and its possible relation to the growth of in
lusivestru
ture fun
tions at small x and to the growth of elasti
 
ross se
tions athigh energy is one of the most interesting aspe
ts of di�ra
tion.3. Theoreti
al approa
hes to FD2To understand qualitatively how leading twist di�ra
tion in DIS 
omesabout, it is simplest to work in the target rest frame. Di�ra
tion means thata hadroni
 �u
tuation of the energeti
 virtual photon s
atters o� the targetproton without ex
hanging 
olour. One 
an then expe
t the photon and theproton to fragment independently, leading to a rapidity gap event.A parti
ularly simple physi
al pi
ture is provided by the aligned jetmodel of Bjorken and Kogut [11℄. In terms of the QCD degrees of freedom,a 
losely related formulation of di�ra
tion was given with the two-gluonex
hange 
al
ulations of Nikolaev and Zakharov [12℄. Sin
e the t 
hannel
olour singlet ex
hange is not hard in the bulk of the 
ross se
tion underly-ing FD2 , the ex
hange of more than two gluons is not suppressed. This 
anbe systemati
ally treated in the semi
lassi
al approa
h [13, 14℄.In the Breit frame, where the target proton is fast, di�ra
tion was his-tori
ally des
ribed as DIS o� a pomeron [15, 16℄. A more general, QCDbased 
on
ept treating di�ra
tion from a Breit frame point of view are thedi�ra
tive parton distributions [17, 18℄. As will be dis
ussed in more detailbelow, the semi
lassi
al approa
h provides a 
onvenient framework in whi
hone 
an intuitively understand how di�ra
tive parton distributions emergein a target rest 
al
ulation.3.1. Aligned jet modelA very simple argument why, even at very high photon virtualities,di�ra
tive DIS is largely a soft pro
ess was presented by Bjorken and Kogutin the framework of their aligned jet model [11℄.The underlying physi
al pi
ture is based on ve
tor meson dominan
eideas. The in
oming photon �u
tuates into a hadroni
 state with mass M ,whi
h then 
ollides with the target (see Fig. 6(a)). The 
orresponding 
rossse
tion for transverse photon polarization is estimated byd�TdM2 � dP (M2)dM2 � �(M2) ; (3.1)



Di�ra
tive Ele
troprodu
tion 3787where the probability for the photon to develop a �u
tuation with mass Mis given by dP (M2) � M2dM2(M2 +Q2)2 ; (3.2)and �(M2) is the 
ross se
tion for this �u
tuation to s
atter o� the target.The above expression for dP (M2) is most easily motivated in the frameworkof old-fashioned perturbation theory, where the energy denominator of theamplitude is proportional to the o�-shellness of the hadroni
 �u
tuation,Q2 + M2. If this is the only sour
e for a Q2 dependen
e, the numeratorfa
tor M2 is ne
essary to obtain a dimensionless expression.
γ∗ ∗
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γ
M M

b)a)

-Q
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2 2

P P
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Fig. 6. Ve
tor meson dominan
e inspired pi
ture of in
lusive (a) and di�ra
tive (b)ele
troprodu
tion.Bjorken and Kogut assume that, for largeM2, the intermediate hadroni
state typi
ally 
ontains two jets and that �(M2) is suppressed for 
on�g-urations with high p? (the latter e�e
t being now known under the nameof 
olour transparen
y). Consider hadroni
 �u
tuations with a 
ertain M2,whi
h, in their respe
tive rest frames, are realized by two ba
k-to-ba
k jets.Under the assumption that the probability distribution of the dire
tion ofthe jet axis is isotropi
, simple geometry implies that aligned 
on�gurations,de�ned by p2? < �2 (where �2 is a soft hadroni
 s
ale), are suppressed by�2=M2. If only su
h 
on�gurations are absorbed with a large, hadroni
 
rossse
tion, the relations �(M2) � 1=M2 andd�TdM2 � 1(M2 +Q2)2 (3.3)follow. Thus, the above 
ross se
tion 
an be interpreted as the total high-energy 
ross se
tion of target proton and aligned jet �u
tuation of the pho-ton, i.e., of two soft hadroni
 obje
ts. Therefore, a similar elasti
 
rossse
tion is expe
ted, �DT � �T (
f. Fig. 6(b)). The resulting di�ra
tivestru
ture fun
tion reads FD(3)2 (�; �;Q2) � �=� : (3.4)It is interesting that the very simple arguments outlined above 
ap-ture two important features of the HERA data: the leading-twist natureof di�ra
tion and the approximate 1=� behaviour of FD2 .



3788 A. Hebe
ker3.2. Two-gluon ex
hangeThe simplest way to formulate the above intuitive pi
ture, where a hadro-ni
 �u
tuation of the photon s
atters o� the proton, in perturbative QCD isvia two-gluon ex
hange. At leading order, the photon �u
tuates in a q�q pairand two gluons forming a 
olour singlet are ex
hanged in the t 
hannel (seeFig. 7). A 
orresponding 
al
ulation was �rst performed by Nikolaev andZakharov [12℄, where the probability for the photon to �u
tuate in a q�q pairwas des
ribed by the square of the light-
one wave fun
tion of the photon.The s
attering of the q�q pair o� the proton was parametrized using the dipole
ross se
tion �(�), where � is the transverse distan
e between quark andantiquark when they hit the target. Here, the 
orresponding 
al
ulationswill not be des
ribed (see, however, the re
ent review of di�ra
tion [19℄emphasizing two-gluon ex
hange). Note that two-gluon ex
hange results 
anbe re
overed from the semi
lassi
al 
al
ulation des
ribed below if a Taylorexpansion in the external 
olour �eld is performed.
P P

qFig. 7. Di�ra
tive ele
troprodu
tion in the two-gluon ex
hange modelGluon radiation, i.e., the �u
tuation of the in
oming photon in a q�qgstate was 
onsidered in [20℄.For further interesting work related to the two-gluon ex
hange approxi-mation for FD2 see, e.g., [21�23℄ (
f. [24℄ for new developments in the BFKLresummation method). Note also the dis
ussion of di�ra
tive pro
esses inthe 
olour-dipole approa
h [25℄ and the 
ombined analysis of di�ra
tive andin
lusive DIS in this framework [26℄.The main short
oming of the two-gluon approa
h is the la
king justi-�
ation of perturbation theory. As should be 
lear from the aligned jetmodel and as will be dis
ussed in a more te
hni
al way below, the di�ra
-tive kinemati
s is su
h that the t 
hannel 
olour singlet ex
hange does notfeel the hard s
ale of the initial photon. Thus, more than two gluons 
an beex
hanged without suppression by powers of �s.Note that this is di�erent in 
ertain more ex
lusive pro
esses, su
h asve
tor meson produ
tion, where it has been shown that the dynami
s of thet 
hannel ex
hange is governed by a hard, perturbative s
ale (
f. Se
t. 4).
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tion 37893.3. Semi
lassi
al approa
hIn this approa
h, the intera
tion with the target is modelled as the s
at-tering o� a superposition of soft target 
olour �elds, whi
h, in the high-energy limit, 
an be 
al
ulated in the eikonal approximation [27℄. Di�ra
tiono

urs if both the target and the partoni
 �u
tuation of the photon remainin a 
olour singlet state.The amplitude for an energeti
 parton to s
atter o� a given 
olour �eld
on�guration is a fundamental building blo
k in the semi
lassi
al approa
h.The essential assumptions are the softness and lo
alization of the 
olour �eldand the very large energy of the s
attered parton.The relevant physi
al situation is depi
ted in Fig. 8, where the blobsymbolizes the target 
olour �eld 
on�guration. Consider �rst the 
ase of as
alar quark that is minimally 
oupled to the gauge �eld via the LagrangianLs
alar = (D��)� (D��) with D� = �� + igA� : (3.5)In the high-energy limit, where the plus 
omponent of the quark momentumbe
omes large, the amplitude of Fig. 8 then readsi2�Æ(k00�k0)T = 2�Æ(k00�k0)2k0 h ~U(k0? � k?)� (2�)2Æ2(k0? � k?)i : (3.6)It is normalized as is 
onventional for s
attering pro
esses o� a �xed target.The expression in square bra
kets is the Fourier transform of the impa
tparameter spa
e amplitude, U(x?)� 1, whereU(x?) = P exp0�� ig2 1Z�1 A�(x+; x?)dx+1A (3.7)is the non-Abelian eikonal fa
tor. The unit matrix 1 2 SU(N
), with N
the number of 
olours, subtra
ts the �eld independent part, and the pathordering operator P sets the �eld at smallest x+ to the rightmost position.
kkFig. 8. S
attering of a quark o� the target 
olour �eldThis formula was derived by many authors [27�29℄. A derivation basedon the summation of diagrams of the type shown in Fig. 9, is given in theAppendix of [6℄.The amplitude of Eq. (3.6) is easily generalized to the 
ase of a spinorquark or an energeti
 gluon. In the the high-energy limit, heli
ity-�ip orpolarization-�ip 
ontributions are suppressed.
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k kFig. 9. Typi
al diagrammati
 
ontribution to the eikonal amplitude, Eq. (3.6).Atta
hments of gluon lines with 
rosses 
orrespond to verti
es at whi
h the 
lassi
alexternal �eld appears.The eikonal approximation 
an be used for the 
al
ulation of the am-plitude for q�q pair produ
tion o� a given target 
olour �eld [13℄. Bothdi�ra
tive and in
lusive 
ross se
tions are obtained from the same 
al
ula-tion, di�ra
tion being de�ned by the requirement of 
olour neutrality of theprodu
ed pair.The pro
ess is illustrated in Fig. 10. The 
orresponding T matrix elementhas three 
ontributions, T = Tq�q+Tq+T�q, where Tq�q 
orresponds to both thequark and antiquark intera
ting with the �eld, while Tq and T�q 
orrespondto only one of the partons intera
ting with the �eld.

q

q
p

k

p

kFig. 10. Ele
troprodu
tion of a q�q pair o� the target 
olour �eldLet Vq(p0; p) and V�q(k0; k) be the e�e
tive verti
es for an energeti
 quarkand antiquark intera
ting with a soft gluoni
 �eld. For quarks with 
harge e,one hasi2�Æ(k00 + k0 � q0)Tq�q= ieZ d4k(2�)4 �us0(p0)Vq(p0; p) ip=�m"=(q) i�k= �mV�q(k; k0)vr0(k0) ; (3.8)where q = p+ k by momentum 
onservation, "(q) is the polarization ve
torof the in
oming photon, and r0; s0 label the spins of the outgoing quarks.The propagators in Eq. (3.8) 
an be treated in a high-energy approxi-mation. In a 
o-ordinate system where the photon momentum is dire
tedalong the z-axis, the large 
omponents are p+ and k+. It is 
onvenient tointrodu
e, for ea
h ve
tor k, a ve
tor �k whose minus 
omponent satis�esthe mass shell 
ondition, �k� = (k2? +m2)=k+, while the other 
omponentsare identi
al to those of k. The propagators in Eq. (3.8) 
an be rewrittena

ording to 1p=�m = Ps us(�p)�us(�p)p2 �m2 + 
+2p+ (3.9)
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troprodu
tion 3791and an analogous identity for the propagator with momentum k. In thehigh-energy limit, the term proportional to 
+ in Eqs. (3.9) 
an be dropped.After inserting Eq. (3.9) into Eq. (3.8), the relation�us0(p0)Vq(p0; p)us(p) = 2�Æ(p00�p0)2p0 h ~U(p0?�p?)� (2�)2Æ2(p0?�p?)i Æss0 ;(3.10)whi
h 
orresponds to Eq. (3.6), is applied. The vertex V�q(k; k0) is treatedanalogously. Writing the loop integration as d4k = (1=2)dk+dk�d2k? andusing the approximation Æ(l0) ' 2Æ(l+) for the energy Æ-fun
tions, the k+integration be
omes trivial. The k� integral is done by 
losing the integra-tion 
ontour in the upper or lower half of the 
omplex k� plane. The resultreadsTq�q = � ie4�2 q+ Z d2k? �(1� �)N2 + k2? �us0(�p) "= (q)vr0(�k)� h ~U(p0? � p?)� (2�)2Æ2(p0?�p?)i h ~U y(k? � k0?)�(2�)2Æ2(k0?�k?)i ;(3.11)where p0+ = (1 � �)q+, k0+ = �q+, N2 = �(1 � �)Q2 +m2. Thus, � and1�� 
hara
terize the fra
tions of the photon momentum 
arried by the twoquarks, while (N2+k2?) measures the o�-shellness of the partoni
 �u
tuationbefore it hits the target. In the following we set m = 0.Adding Tq and T�q and introdu
ing the fundamental fun
tionWx?(y?) = U(x?)U y(x? + y?)� 1 ; (3.12)whi
h en
odes all the information about the external �eld, the 
ompleteamplitude 
an eventually be given in the formT = � ie4�2 q+ Z d2k? �(1� �)N2 + k2? �us0(�p) "= (q)vr0(�k) Zx? e�i�?x? ~Wx?(k0?� k?) ;(3.13)where ~Wx? is the Fourier transform of Wx?(y?) with respe
t to y?, and�? = k0? + p0? is the total transverse momentum of the �nal q�q state.From the above amplitude, the transverse and longitudinal virtual pho-ton 
ross se
tions are 
al
ulated in a straightforward manner using the ex-pli
it formulae for �us0(�p)"=(q)vr0(�k). Summing over all q�q 
olour 
ombina-tions, as appropriate for the in
lusive DIS 
ross se
tion, the following resultis obtained
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d�Ld� dk02? = 2e2Q2(2�)6 (�(1 � �))2 Zx? �����Z d2k? ~Wx?(k0? � k?)N2 + k2? �����2 ; (3.14)d�Td� dk02? = e22(2�)6 (�2 + (1� �)2)Zx? �����Z d2k?k? ~Wx?(k0? � k?)N2 + k2? �����2:(3.15)The 
ontra
tion of the 
olour indi
es of the two W matri
es is impli
it.An expli
it 
al
ulation shows (see, e.g., [6℄) that the leading 
ontributionsat high Q2 are �L = e26�2Q2 Zx? j�?Wx?(0)j2 (3.16)and �T = e26�2Q2 �ln Q2�2 � 1� Zx? j�?Wx?(0)j2+ e2(2�)6 �2=Q2Z0 d� Z dk02? Zx? �����Z d2k?k? ~Wx?(k0? � k?)N2 + k2? �����2; (3.17)where �2 � �2 � Q2.The resulting physi
al pi
ture 
an be summarized as follows. For longi-tudinal photon polarization, the produ
ed q�q pair has small transverse sizeand shares the photon momentum approximately equally. Only the smalldistan
e stru
ture of the target 
olour �eld, 
hara
terized by the quantityj�?Wx?(0)j2, is tested. For transverse photon polarization, an additionalleading twist 
ontribution 
omes from the region where � or 1�� is smalland k02? � �2. In this region, the q�q pair penetrating the target has largetransverse size, and the large distan
e stru
ture of the target 
olour �eld,
hara
terized by the fun
tion Wx?(y?) at large y?, is tested. This physi
alpi
ture, known as the aligned jet model, was introdu
ed in [11℄ on a qualita-tive level and was used more re
ently for a quantitative dis
ussion of small-xDIS in [12℄.Di�ra
tive 
ross se
tions are now derived by introdu
ing a 
olour singletproje
tor into the underlying amplitude, i.e., by the substitutiontr�Wx?(y?)W yx?(y0?)�! 1N
 trWx?(y?)trW yx?(y0?) (3.18)
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troprodu
tion 3793in Eqs. (3.14) and (3.15). This 
hange of the 
olour stru
ture has 
ru
ial
onsequen
es.Firstly, the longitudinal 
ross se
tion vanishes at leading twist(
f. Eq. (3.16)) sin
e the derivative �?Wx?(0) is in the Lie-algebra ofSU(N
), and therefore tr �?Wx?(0) = 0.Se
ondly, for the same reason the lnQ2 term in the transverse 
ross se
-tion, given by Eq. (3.17), disappears. The whole 
ross se
tion is dominatedby the endpoints of the � integration, i.e., the aligned jet region. At leadingorder in 1=Q2, the di�ra
tive 
ross se
tions read�DL = 0 (3.19)�DT = e2(2�)6N
 1Z0 d� Z dk02? Zx? �����Z d2k?k?tr ~Wx?(k0? � k?)N2 + k2? �����2: (3.20)The 
uto� of the � integration, �2=Q2, has been dropped sin
e, due to the
olour singlet proje
tion, the integration is automati
ally dominated by thesoft endpoint.In summary, the leading-twist 
ross se
tion for small-x DIS re
eives 
on-tributions from both small- and large-size q�q pairs, the latter 
orrespondingto aligned jet 
on�gurations. The requirement of 
olour neutrality in the �-nal state suppresses the small-size 
ontributions. Thus, leading twist di�ra
-tion is dominated by the produ
tion of pairs with large transverse size testingthe non-perturbative large-distan
e stru
ture of the target 
olour �eld.3.4. Di�ra
tive parton distributionsThe basi
 theoreti
al ideas are due to Trentadue and Veneziano, whoproposed to parametrize semi-in
lusive hard pro
esses in terms of `fra
turefun
tions' [17℄, and to Berera and Soper, who de�ned similar quantities forthe 
ase of hard di�ra
tion [18℄ and 
oined the term `di�ra
tive parton dis-tributions'. The following dis
ussion is limited to the latter, more spe
ializedframework.Re
all �rst that a 
onventional parton distribution fi(y) des
ribes theprobability of �nding, in a fast moving proton, a parton i with momentumfra
tion y.In short, di�ra
tive parton distributions are 
onditional probabilities.A di�ra
tive parton distribution dfDi (y; �; t)=d� dt des
ribes the probabilityof �nding, in a fast moving proton, a parton i with momentum fra
tion y,under the additional requirement that the proton remains inta
t while beings
attered with invariant momentum transfer t and losing a small fra
tion �of its longitudinal momentum. Thus, the 
orresponding 
�p 
ross se
tion
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an be written as [30℄d�(x;Q2; �; t)
�p!p0Xd� dt =Xi �Zx dy �̂(x;Q2; y)
�i�dfDi (y; �; t)d� dt � ; (3.21)where �̂(x;Q2; y)
�i is the total 
ross se
tion for the s
attering of a virtualphoton 
hara
terized by x and Q2 and a parton of type i 
arrying a fra
tiony of the proton momentum. The above fa
torization formula holds in thelimit Q2 !1 with x, � and t �xed.At leading order and in the 
ase of transverse photon polarization, onlythe quark distribution 
ontributes. For one quark �avour with one unit ofele
tri
 
harge, the well-known partoni
 
ross se
tion reads�̂T(x;Q2; y)
�q = �e2Q2 Æ(1� y=x) ; (3.22)giving rise to the di�ra
tive 
ross se
tiond�(x;Q2; �; t)
�p!p0Xd� dt = 2�e2Q2 x dfDq (x; �; t)d� dt ; (3.23)where the fa
tor 2 is introdu
ed to a

ount for the antiquark 
ontribution.As in in
lusive DIS, there are infrared divergen
es in the partoni
 
rossse
tions and ultraviolet divergen
es in the parton distributions. They are
onveniently renormalized with the MS pres
ription, whi
h introdu
es thes
ale � as a further argument. The distribution fun
tions then read fi(x; �2)and dfDi (x; �; t; �2)=d�dt in the in
lusive and di�ra
tive 
ase, respe
tively.A

ordingly, Eq. (3.21) has to be read in the MS s
heme, with a �dependen
e appearing both in the parton distributions and in the partoni

ross se
tions. The 
laim that Eq. (3.21) holds to all orders implies thatthese � dependen
es 
an
el, as is well known in the 
ase of 
onventionalparton distributions. Sin
e the partoni
 
ross se
tions are the same in both
ases, the di�ra
tive distributions obey the usual Altarelli�Parisi evolutionequations,dd(ln�2) dfDi (x; �; t; �2)d� dt =Xj �Zx dyy Pij(x=y)dfDj (y; �; t; �2)d� dt : (3.24)with the ordinary splitting fun
tions Pij(x=y).Thus, for the analysis of di�ra
tive DIS, it is essential to gain 
on�den
ein the validity of the fa
torization formula Eq. (3.21). Berera and Soper �rst
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troprodu
tion 3795pointed out [30℄ that su
h a fa
torization proof 
ould be designed along thelines of related results for other QCD pro
esses (see [31℄ for a review). Proofswere given by Grazzini, Trentadue and Veneziano [32℄ and Collins [33℄.The 
on
ept of di�ra
tive parton distributions is more rigorous but lesspredi
tive than the older, widely used method of parton distributions ofthe pomeron [15, 16, 34℄. This method originates in the observation thatdi�ra
tive DIS 
an be understood as the soft high-energy s
attering of thehadroni
 �u
tuation of the photon and the target proton. Sin
e a largesample of hadroni
 
ross se
tions 
an be 
onsistently parametrized using the
on
ept of the Donna
hie�Landsho� or soft pomeron [35℄, it is only naturalto assume that this 
on
ept 
an also be used in the present 
ase. A moredire
t way of applying the 
on
ept of the soft pomeron to the phenomenonof hard di�ra
tion was suggested by Ingelman and S
hlein in the 
ontext ofdi�ra
tive jet produ
tion in hadroni
 
ollisions [15℄. Their idea of a partoni
stru
ture of the pomeron, whi
h 
an be tested in hard pro
esses, applies tothe 
ase of di�ra
tive DIS as well [16℄. Essentially, one assumes that thepomeron 
an, like a real hadron, be 
hara
terized by a parton distribution.This distribution fa
torizes from the pomeron traje
tory and the pomeron-proton vertex, whi
h are both obtained from the analysis of purely softhadroni
 rea
tions. The above non-trivial assumptions, whi
h have not beenderived from QCD, are often referred to as `Regge hypothesis' or `Reggefa
torization'.3.5. Di�ra
tive parton distributions in the semi
lassi
al approa
hIt will be shown how the semi
lassi
al 
al
ulation 
an be fa
torized intohard and soft part and how a model for di�ra
tive parton densities naturallyarises from the soft part of the semi
lassi
al 
al
ulation [36℄.For simpli
ity, 
onsider the �u
tuation of the photon into a set of s
alarpartons whi
h intera
t independently with the proton 
olour �eld (see Fig. 11).
 k

p(1)

p(1)

p(n)

p(n)

kproton

HqFig. 11. Hard di�ra
tive pro
ess in the proton rest frame. The soft parton withmomentum k is responsible for the leading twist behaviour of the 
ross se
tion.
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kerAssume furthermore that the transverse momenta p0(j)?(j = 1:::n) arehard, i.e. O(Q). A leading twist 
ontribution to di�ra
tion 
an arise only ifthe transverse momentum of the remaining parton is small, k0? � �QCD.The standard 
ross se
tion formula for the s
attering o� a stati
 external�eld readsd� = 12q0 jT j2 2�Æ(q0 � q00) dX(n+1) ; where q0 = k0 +Pp0(j) : (3.25)All momenta are given in the proton rest frame, T is the amplitude 
orre-sponding to Fig. 11, and dX(n+1) is the usual phase spa
e element for n+1parti
les.The 
olour rotation experien
ed by a ea
h parton penetrating the exter-nal �eld is des
ribed by an eikonal fa
tor. The resulting amplitude is givenby i 2�Æ �q0 � q00�T =Z TH � ik2 2�Æ �k00 � k0� 2k0 ~U �k0? � k?���Yj  ip2(j) 2�Æ �p0(j)0 � p(j)0� 2p(j)0 ~U �p0(j)? � p(j)?� d4p(j)(2�)4 ! ; (3.26)where TH stands for the hard part of the diagram in Fig. 11.The integrations over the light-
one 
omponents p(j)+ 
an be performedusing the energy Æ-fun
tions. The p(j)�-integrations are performed by pi
k-ing up the poles of the propagators 1=p2(j). Sin
e the external �eld is smoothand TH is dominated by the hard s
ale, n�1 of the n transverse momentumintegrations 
an be performed trivially. This is not the 
ase for the lastintegration whi
h will ne
essarily be sensitive to the small o�-shellness k2.However, the n � 1 performed integrations ensure that the eikonal fa
torsasso
iated with the high-p? partons are evaluated at the same transverseposition. The resulting 
olour stru
ture of the amplitude, after proje
tionon a 
olour singlet �nal state, involves the tra
e of Wx?(y?) (
f. Eq. 3.12).It is intuitively 
lear that only two eikonal fa
tors are present sin
e the high-p? partons are 
lose together in transverse spa
e. They are 
olour rotatedlike a single parton.Under the further assumption that �nal state momenta of the high-p?partons are not resolved on the soft s
ale, the following result is derived,d�dX(n+1) = k20 jTH j2� q0N
 Zx? ������� Zk? tr[ ~Wx?(k0?�k?)℄k2 �������2 Æ2�Pp(j)?� Æ(q0�q00) :(3.27)



Di�ra
tive Ele
troprodu
tion 3797In this expression the non-perturbative input en
oded in the Fourier trans-form ~W is totally de
oupled from the hard momenta that dominate TH .The squared amplitude jTH j2 in Eq. (3.27) 
an be expressed throughthe partoni
 
ross se
tion �̂(x;Q2; y). In Fig. 11 this 
orresponds to theinterpretation of the line labelled by k as an in
oming line for the hardpro
ess. The 
ross se
tion di�erential in � takes the formd�d� = �Zx dy �̂(x;Q2; y)�dfs(y; �)d� � : (3.28)Introdu
ing the variable b = y=� the di�ra
tive parton density for s
alars(integrated over t) readsdfs(y; �)d� = 1�2 � b1� b�Z d2k0?(k02?)2(2�)4N
 Zx? �����Z d2k?(2�)2 tr[ ~Wx?(k0?�k?)℄k02?b+ k2?(1� b) �����2 :(3.29)Analogous 
onsiderations with spinor and ve
tor partons result in the samefa
torizing result, but with di�erent distribution fun
tions.The physi
al pi
ture emerging from the above semi
lassi
al 
al
ulationof di�ra
tive parton distributions is illustrated in Fig. 12. In the Breit frame,leading order di�ra
tive DIS is most naturally des
ribed by photon-quarks
attering, with the quark 
oming from the di�ra
tive parton distributionof the target hadron. This is illustrated on the r.h. side of Fig. 12(a).Identifying the leading twist part of the q�q pair produ
tion 
ross se
tion (l.h.side of Fig. 12(a)) with the result of the 
onventional partoni
 
al
ulation(r.h. side of Fig. 12(a)), the di�ra
tive quark distribution of the target isexpressed in terms of the 
olor �eld dependent fun
tion given in Eq. (3.12).Similarly, the 
ross se
tion for the 
olor singlet produ
tion of a q�qgstate (l.h. side of Fig. 12(b)) is identi�ed with the boson-gluon fusion pro-
ess based on the di�ra
tive gluon distribution of the target (r.h. side ofFig. 12(b)). This allows for the 
al
ulation of the di�ra
tive gluon distribu-tion in terms of a fun
tion similar to Eq. (3.12) but with the U matri
es inthe adjoint representation.In the semi
lassi
al approa
h, the 
ross se
tions for in
lusive DIS areobtained from the same 
al
ulations as in the di�ra
tive 
ase where, however,the 
olor singlet 
ondition for the �nal state parton 
on�guration is dropped.As a result, the q�q produ
tion 
ross se
tion (
f. the l.h. side of Fig. 12(a))re
eives 
ontributions from both the aligned jet and the high-p? region. Inthe latter, the logarithmi
 dp2?=p2? integration gives rise to a lnQ2 term inthe full 
ross se
tion.
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PFig. 12. Di�ra
tive DIS in the proton rest frame (left) and the Breit frame (right);asymmetri
 quark �u
tuations 
orrespond to di�ra
tive quark s
attering, asym-metri
 gluon �u
tuations to di�ra
tive boson�gluon fusion.In the leading order partoni
 analysis, the full 
ross se
tion is des
ribedby photon-quark s
attering. The gluon distribution is responsible for thes
aling violations at small x, �F2(x;Q2)=� lnQ2 � xg(x;Q2). Thus, thesemi
lassi
al result for q�q produ
tion, with its lnQ2 
ontribution, is su�
ientto 
al
ulate both the in
lusive quark and the in
lusive gluon distribution.The results are again expressed in terms of the fun
tion in Eq. (3.12) wherenow the 
olor tra
e is taken after the two W matri
es (
orresponding to theamplitude and its 
omplex 
onjugate) have been multiplied.To obtain expli
it formulae for the above parton distributions, a modelfor the averaging over the 
olor �elds has to be introdu
ed. Su
h modelsare provided, e.g., by the non-perturbative sto
hasti
 va
uum [37℄ or by theperturbative small dipoles of [38℄. The large hadron model [39℄, on whi
hthe following analysis is based, has the the advantage of justifying the Fo
kspa
e expansion of the photon wave fun
tion while being intrinsi
ally non-perturbative as far as the t 
hannel 
olour ex
hange is 
on
erned.In the 
ase of a very large hadroni
 target [39℄ (see also [40℄), evenin the aligned jet region, the transverse separation of the q�q pair remainssmall [41℄. This is a result of the saturation of the dipole 
ross se
tion atsmaller dipole size. Under the additional assumption that 
olor �elds indistant regions of the large target are un
orrelated, a simple Glauber-typeexponentiation of the averaged lo
al �eld strength results in expli
it formulaefor all the relevant parton distribution fun
tions [14℄ (see [42℄ for a 
loselyrelated analysis).
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Fig. 13. The stru
ture fun
tion FD(3)2 (�; �;Q2) 
omputed in the semi
lassi
al ap-proa
h with H1 data from [45℄. The open data points 
orrespond to M2 � 4 GeV2and are not in
luded in the �t.Thus, di�ra
tive and in
lusive quark and gluon distributions at somesmall s
ale Q20 are expressed in terms of only two parameters, the average
olor �eld strength and the total size of the large target hadron. The energydependen
e arising from the large-momentum 
uto� applied in the pro
ess
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kerof 
olor �eld averaging 
an not be 
al
ulated from �rst prin
iples. It isdes
ribed by a ln2 x ansatz, 
onsistent with unitarity, whi
h is universal forboth the in
lusive and di�ra
tive stru
ture fun
tion [43℄. This introdu
esa further parameter, the unknown 
onstant that 
omes with the logarithm(see [44℄ for a related but di�erent way of introdu
ing a phenomenologi
alenergy dependen
e in di�ra
tive and in
lusive DIS).A 
onventional leading order DGLAP analysis of data at small x andQ2 > Q20 results in a good four parameter �t (Q0 being the fourth parameter)to both the in
lusive and di�ra
tive stru
ture fun
tion (Figs. 13 and 14).Di�ra
tive data with M2 < 4GeV2 is ex
luded from the �t sin
e highertwist e�e
ts are expe
ted to a�e
t this region (
f. [23℄ for a phenomenologi
aldis
ussion of higher twist e�e
ts). As an illustration, the � dependen
e ofFD(3)2 at di�erent values of Q2 is shown in Figs. 13 and 14 (see [14℄ for furtherplots, in parti
ular of the in
lusive stru
ture fun
tion, and more details ofthe analysis).
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Q2 = 60 GeV2

βFig. 14. The di�ra
tive stru
ture fun
tion FD(3)2 (�; �;Q2) with data fromZEUS [46℄. Open 
ir
les 
orrespond to M2 � 4 GeV2. The 
harm 
ontent isindi
ated as a dashed line.Two important qualitative features of the approa
h should be empha-sized. First, the di�ra
tive gluon distribution is mu
h larger than the di�ra
-tive quark distribution, a result re�e
ted in the pattern of s
aling violationsof FD(3)2 . This feature is also present in the analysis of [38℄, where, in 
on-trast to the present approa
h, the target is modelled as a small 
olor dipole.Se
ond, the in
lusive gluon distribution, 
al
ulated from q�q pair produ
tion



Di�ra
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troprodu
tion 3801at high p? and determined by the small-distan
e stru
ture of the 
olor �eld,is large and leads to the dominan
e of in
lusive over di�ra
tive DIS.4. Ve
tor meson produ
tionSo far, in
lusive di�ra
tion, as parametrized, e.g., by the di�ra
tive stru
-ture fun
tion FD2 , was at the 
entre of interest of this review. It was arguedthat, for in
lusive pro
esses, the underlying 
olour singlet ex
hange is soft.In perturbative QCD, the simplest possibility of realizing 
olour singlet ex-
hange is via two t 
hannel gluons. In fa
t, the 
olour singlet ex
hange in
ertain more ex
lusive di�ra
tive pro
esses is, with varying degree of rigour,argued to be governed by a hard s
ale. In su
h 
ases, two-gluon ex
hangedominates. 4.1. Elasti
 meson produ
tionElasti
 meson ele
troprodu
tion is the �rst di�ra
tive pro
ess that was
laimed to be 
al
ulable in perturbative QCD [47, 48℄. It has sin
e been
onsidered by many authors, and a fair degree of understanding has beena
hieved as far as the perturbative 
al
ulability and the fa
torization of therelevant non-perturbative parton distributions and meson wave fun
tions are
on
erned.To begin with, 
onsider the ele
troprodu
tion of a heavy q�q bound stateo� a given 
lassi
al 
olour �eld. The relevant amplitude is shown in Fig. 15.In the non-relativisti
 limit, the two outgoing quarks are on-shell, and ea
h
arries half of the J= momentum. Thus, the two quark propagators withmomenta p0 = k0 = q0=2 and the J= vertex are repla
ed with the proje
tionoperator gJ"=J(k=0 +m). Here g2J = 3� JeemJ64��2em ; (4.1)� Jee is the ele
troni
 de
ay width of the J= parti
le, mJ = 2m is its mass,and "J its polarization ve
tor [49℄.
q q

J/ψ
p

k k

pFig. 15. Leading order amplitude for the elasti
 produ
tion of a J=	 parti
le o� anexternal 
olour �eld.
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kerUsing the 
al
ulational te
hnique of Se
t. 3.3, the amplitude of Fig. 15
an be expressed in terms of non-Abelian eikonal fa
tors U and U y asso
iatedwith the two quarks.Considering both Q and m as hard s
ales, while U and U y are governedby the soft hadroni
 s
ale �, the integrand in the loop integration of Fig. 15
an be expanded in powers of the soft momentum k?. The leading powerof the amplitude is given by the �rst non-vanishing term. In the 
ase offorward produ
tion, p0? = k0? = 0, the dependen
e on the external 
olour�eld takes the form [6℄Z d2k?k2?tr h ~U(p0?�p?) ~U y(k?�k0?)� (2�)4Æ2(p0?�p?)Æ2(k0?�k?)i= �(2�)2�2y? Zx? trWx?(y?)���y?=0 : (4.2)Now, the 
ru
ial observation is that pre
isely the same dependen
e onthe external �eld is present in the amplitude for forward Compton s
atter-ing shown in Fig. 16. In the 
ase of longitudinal photon polarization, thetransverse size of the q�q pair is always small, and the target �eld enters onlyvia the se
ond derivative of W that appears in Eq. (4.2).
qqFig. 16. The Compton s
attering amplitude within the semi
lassi
al approa
hThus, 
omparing with the parton model result for longitudinal photons
attering, this derivative 
an be identi�ed in terms of the gluon distributionof the target proton [50℄,��2y? Zx? trWx?(y?)���y?=0 = 2�2�sxg(x) : (4.3)Using this relation, the amplitudes for the forward produ
tion of transverselyand longitudinally polarized J= mesons by transversely and longitudinallypolarized virtual photons are obtained. Under the additional assumptionQ2 � m2J , the amplitudes for longitudinal and transverse polarization readTL = �i64�2�sgJe (xg(x)) s3Q3 ; TT = mJQ TL ; (4.4)where ps is the 
entre-of-mass energy of the 
�p 
ollision. This is Ryskin's
elebrated result for elasti
 J= produ
tion [47℄.



Di�ra
tive Ele
troprodu
tion 3803It is not surprising that the gluon distribution of Eq. (4.3), 
al
ulateda

ording to Fig. 16, shows no s
aling violations and only the trivial Brems-strahlungs energy dependen
e � 1=x. The reason for this is the softnessassumptions of the semi
lassi
al 
al
ulation. Firstly, the eikonal approxima-tion implies that all longitudinal modes of the external �eld are mu
h softerthan the photon energy. Se
ondly, the redu
tion of the �eld dependen
eto a transverse derivative is only justi�ed if the s
ales governing the quarkloop, i.e., Q2 in the 
ase of Fig. 16 and Q2 and m2 in the 
ase of Fig. 15,are harder than the transverse stru
ture of W . These two approximations,evidently valid for a given soft �eld, are also justi�ed for a dynami
al targetgoverned by QCD as long as only leading logarithmi
 a

ura
y in both 1=xand Q2 is required. Thus, a non-trivial dependen
e on 1=x and Q2 
an bereintrodu
ed into Eq. (4.4) via the measured gluon distribution, keeping inmind that the result is only valid at double-leading-log a

ura
y.An essential extension of the above fundamental result is related to thetreatment of the bound state produ
ed. Brodsky et al. [48℄ showed that,at least for longitudinal photon polarization, a perturbative 
al
ulation isstill possible in the 
ase of light, non-perturbative bound states like the� meson. The 
al
ulation is based on the 
on
ept of the light-
one wavefun
tion of this meson (see, however, [52℄ for an alternative approa
h tolight meson produ
tion). Referring the reader to [51℄ for a detailed review,a brief des
ription of the main ideas involved is given below (
f. [53℄). Forthis purpose, 
onsider the generi
 diagram for the produ
tion of a lightmeson in a hard QCD pro
ess given in Fig. 17.
q-k

H
k

qVFig. 17. Generi
 diagram for meson produ
tion in a hard pro
essAssume that, as shown in this �gure, all diagrams 
an be 
ut a
rosstwo quark-lines, the 
onstituent quarks of the meson, in su
h a way as toseparate the hard pro
ess H from the soft meson formation vertex V , whi
his de�ned to in
lude the propagators. The amplitude 
an be written asT =Z d4k TH(k)V (k)= 1Z0 dz TH(z) q0+2 Z dk�d2k?V (k)= 1Z0 dz TH(z)�(z) ;(4.5)where z = k+=q0+, and the last equality is simply the de�nition of the light-
one wave fun
tion � of the meson. The two 
ru
ial observations leading tothe �rst of these equalities are the approximate k� and k? independen
e of
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kerTH and the restri
tion of the z integration to the interval from 0 to 1. The�rst is the result of the hard s
ale that dominates TH , the se
ond followsfrom the analyti
 stru
ture of V . In QCD, the k? integration impli
it in 'usually has an UV divergen
e due to gluon ex
hange between the quarks.Therefore, one should really read � = �(z; �2), where the 
uto� �2 is of theorder of the hard s
ale that governs TH . At higher orders in �s, the hardamplitude TH develops a mat
hing IR 
uto� dependen
e.The dis
ussion of ve
tor meson produ
tion given so far was limited tothe double-leading-log approximation as far as the 
olour singlet ex
hangein the t 
hannel is 
on
erned. To go beyond this approximation, the 
on
eptof `non-forward' or `o�-diagonal' parton distributions, introdu
ed some timeago (see [54℄ and Refs. therein) and dis
ussed by Ji [55℄ and Radyushkin [56℄in the present 
ontext, has to be used (see also [57℄).Re
all �rst that the semi
lassi
al viewpoint of Figs. 15 and 16 is equiva-lent to two-gluon ex
hange as long as the transverse size of the energeti
 q�qstate is small. So far, the re
oil of the target in longitudinal dire
tion hasbeen negle
ted. However, su
h a re
oil is evidently required by the kinemat-i
s. For what follows, it is 
onvenient to use a frame where q� is the large
omponent of the photon momentum. In Fig. 18, the ex
hanged gluons andthe in
oming and outgoing proton with momenta P and P 0 are labelled bytheir respe
tive fra
tions of the plus 
omponent of �P � (P + P 0)=2. If � isthe momentum transferred by the proton, � �P+ = �+=2. The variable y isan integration variable in the gluon loop.
q q

J/ψ

P P
1+ 1-ξ

y+ξ y-ξ

ξFig. 18. Elasti
 J= produ
tion (three further diagrams with the gluons 
onne
tedin di�erent ways have to be added). The two gluon lines and the in
oming andoutgoing proton are labelled by their respe
tive fra
tions of the plus 
omponent of�P � (P + P 0)=2.The lower part of the diagram in Fig. 18 is a generalization of the 
on-ventional gluon distribution. It 
an be des
ribed by the non-forward gluondistributionHg(y; �; t) = 14�y �P+ Z dx�e�iy �P+x�=2hP 0jF y(0; x�; 0?)+�F (0; 0; 0?)�+jP i :(4.6)The des
ription of elasti
 meson produ
tion in terms of non-forward par-ton distributions is superior to the double-leading-log approa
h of [47, 48℄



Di�ra
tive Ele
troprodu
tion 3805sin
e �s 
orre
tions to the hard amplitude, meson wave fun
tion and partondistribution fun
tion 
an, at least in prin
iple, be systemati
ally 
al
ulated.However, the dire
t relation to the measured 
onventional gluon distributionis lost. A new non-perturbative quantity, the non-forward gluon distribu-tion, is introdu
ed, whi
h has to be measured and the evolution of whi
h hasto be tested � a very 
ompli
ated problem given the un
ertainties of the ex-periment and of the meson wave fun
tions involved (see [58℄ for possibilitiesof predi
ting the non-forward from the forward distribution fun
tions).4.2. Fa
torizationHaving dis
ussed the leading order results for ve
tor meson produ
tion,the next logi
al step is to ask whether the systemati
 
al
ulation of higherorder 
orre
tions is feasible. For this, it is ne
essary to understand thefa
torization properties of the hard amplitude and the two non-perturbativeobje
ts involved, i.e., the meson wave fun
tion and the non-forward gluondistribution.Fa
torization means that, to leading order in 1=Q, the amplitude 
an bewritten as T = 1Z0 dz Z dyH(y; x=2)TH (Q2; y=x; z; �2)�(z; �2) ; (4.7)where TH is the hard s
attering amplitude, � is the light-
one wave fun
tionof the ve
tor meson produ
ed, and H is the non-forward parton distributionof the proton. It 
ould, for example, be the non-forward gluon distributionHg of the last se
tion. The variable x = xBj is the usual DIS Bjorkenvariable.In these notes, I will not des
ribe the fa
torization proof for longitudi-nal ve
tor meson produ
tion given in [59℄. Instead, a parti
ularly simplesituation will be used to show how fa
torization works spe
i�
ally at smallx, from the point of view of the target rest frame [60℄. For this purpose,
onsider a very energeti
 s
alar photon that s
atters o� a hadroni
 targetprodu
ing a s
alar meson built from two s
alar quarks (see Fig. 19). Thequarks are 
oupled to the photon and the meson by point-like s
alar ver-ti
es ie and i�, where e and � have dimension of mass. The 
oupling of thegluons to the s
alar quarks is given by �ig (r� + r0�), where r and r0 are themomenta of the dire
ted quark lines, and g is the strong gauge 
oupling.Under quite general 
onditions [60℄, the gluon momenta satisfy the re-lations `+; `0+ � q+; `�; `0� � P� and `2 � `02 � �`2?. Then the lowerbubble in Fig. 19 e�e
tively has the stru
tureF ��(`; `0; P ) ' Æ(P�`+)F (`2?)P �P � ; (4.8)
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 (a) (b) (c)Fig. 19. The leading amplitude for a point-like meson vertexwhi
h is de�ned to in
lude both gluon propagators and all 
olour fa
tors.Assume that F restri
ts the gluon momentum to be soft, `2? � Q2. Inthe high-energy limit, it su�
es to 
al
ulateM = Z d4`(2�)4 T ��F�� ' Z d4`4(2�)4 T++F�� ; (4.9)where T �� = T ��(`; `0; q) = T ��a + T ��b + T ��
 (4.10)is the sum of the upper parts of the diagrams in Fig. 19.Note that, be
ause of the symmetry of F�� with respe
t to the twogluon lines, the amplitude T �� of Eq. (4.10) is used instead of the properly-symmetrized upper amplitudeT ��sym(`; `0; q) = 12[T ��(`; `0; q) + T ��(�`0;�`; q)℄ : (4.11)The two ex
hanged gluons together form a 
olour singlet and so the sym-metrized amplitude T ��sym satis�es the same Ward identity as for two photons,T ��sym(`; `0; q)`�`0� = 0 : (4.12)Writing this equation in light-
one 
omponents and setting `? = `0?, asappropriate for forward produ
tion, it follows that, for the relevant smallvalues of `�, `0�, `+ and `0+, Tsym,++ � `2? (4.13)in the limit `2? ! 0. Here the fa
t that the tensor T ��sym, whi
h is builtfrom `0, ` and q, has no large minus 
omponents has been used. The `�integration makes this equation hold also for the original, unsymmetrizedamplitude, Z d`�T++ � `2? : (4.14)



Di�ra
tive Ele
troprodu
tion 3807This is the 
ru
ial feature of the two-gluon amplitude that will simplify the
al
ulation and lead to the fa
torizing result below.Consider �rst the 
ontribution from diagram a) of Fig. 19 to the `�integral of T++, whi
h is required in Eq. (4.9),Z d`�Ta;++ = �4eg2q+ Z d4k(2�)3 z(1� z)N2 + (k? + `?)2 i�k2(q0 � k)2 : (4.15)Here N2 = z(1 � z)Q2, z = k+=q+ and the 
ondition `+ = 0, enfor
ed bythe Æ-fun
tion in Eq. (4.8), has been anti
ipated.Now R d`�Tb;++ and R d`�T
;++ ea
h 
arry no `? dependen
e. So, toensure the validity of Eq. (4.14), the sum of the three diagrams must beZ d`�T++ = 4eg2q+ Z d4k(2�)3 z(1� z)N i�k2(q0 � k)2 ; (4.16)where N = h 1N2 + k2? � 1N2 + (k? + `?)2 i � `2?(N2 + k2?)2 : (4.17)Note the 1=Q4 behaviour obtained after a 
an
ellation of 1=Q2 
ontributionsfrom the individual diagrams. This 
an
ellation is 
losely related to the well-known e�e
t of 
olour transparen
y.Introdu
e the k? dependent light-
one wave fun
tion of the meson�(z; k2?) = � iq0+2 Z dk�dk+ i�(2�)4k2(q0 � k)2 Æ(k+ � zq0+): (4.18)The �nal result following from Eqs. (4.9) and (4.16) is a 
onvolution ofthe produ
tion amplitude of two on-shell quarks and the light-
one wavefun
tion:M = ieg2s�Z d2`?2(2�)3 `2?F (`2?)�Z dz Z d2k? z(1� z)(N2 + k2?)2�(z; k2?) : (4.19)This 
orresponds to the O(`2?) term in the Taylor expansion of the 
ontri-bution from Fig. 19(a), given in Eq. (4.15).At leading order, fa
torization of the meson wave fun
tion was trivialsin
e the point-like quark-quark-meson vertex V (k2; (q0 � k)2) = i� wasne
essarily lo
ated to the right of the all other intera
tions. To see howfa
torization 
omes about in the simplest non-trivial situation, 
onsider theve
tor meson vertexV (k2; (q0 � k)2) = Z d4k0(2�)4 i��02k02(q0 � k0)2(k � k0)2 ; (4.20)
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kerwhi
h 
orresponds to the triangle on the r.h. side of Fig. 20. Here, thedashed line denotes a 
olourless s
alar 
oupled to the s
alar quarks with
oupling strength �0.
q

PP

q
k kk+

Fig. 20. Diagram for meson produ
tion with the vertex modelled by s
alar parti
leex
hange.The diagram of Fig. 20 by itself gives no 
onsistent des
ription of mesonprodu
tion sin
e it la
ks gauge invarian
e. This problem is not 
ured by justadding the two diagrams 19b) and 
) with the blob repla
ed by the vertex V .It is ne
essary to in
lude all the diagrams shown in Fig. 21.

g)

b)a) c)

d) f)e)

h) i)Fig. 21. The remaining diagrams 
ontributing to meson produ
tion within theabove simple model for the meson wave fun
tion.The same gauge invarian
e arguments that lead to Eq. (4.14) apply to thesum of all the diagrams in Figs. 20 and 21. Therefore, the 
omplete resultfor T++, whi
h is now de�ned by the sum of the upper parts of all thesediagrams, 
an be obtained by extra
ting the `2? term at leading order in theenergy and Q2. Su
h a term, with a power behaviour � `2?=Q4, is obtained



Di�ra
tive Ele
troprodu
tion 3809from the diagram in Fig. 20 (repla
e i� in Eq. (4.15) with the vertex Vof Eq. (4.20)) by expanding around `? = 0. It 
an be demonstrated thatnone of the other diagrams gives rise to su
h a leading-order `2? 
ontribution(see [60℄ for more details).The 
omplete answer is given by the `2? term from the Taylor expansionof Eq. (4.15). The amplitude M is pre
isely the one of Eqs. (4.19) and(4.18), with i� substituted by V of Eq. (4.20). The 
orre
tness of thissimple fa
torizing result has also been 
he
ked by expli
itly 
al
ulating alldiagrams of Fig. 21.The above simple model 
al
ulation 
an be summarized as follows. The
omplete result 
ontains leading 
ontributions from diagrams that 
annot befa
torized into quark-pair produ
tion and meson formation. However, theanswer to the 
al
ulation 
an be anti
ipated by looking only at one parti
ularfa
torizing diagram. The reason for this simpli�
ation is gauge invarian
e.In the dominant region, where the transverse momentum `? of the two t-
hannel gluons is small, gauge invarian
e requires the 
omplete quark part ofthe amplitude to be proportional to `2?. The leading `2? dependen
e 
omesex
lusively from one diagram. Thus, the 
omplete answer 
an be obtainedfrom this parti
ular diagram, whi
h has the property of fa
torizing expli
itlyif the two quark lines are 
ut. The resulting amplitude 
an be written in afa
torized form.Note �nally that, although QCD predi
ts fa
torization for longitudinalve
tor meson produ
tion and a 1=Q2 suppression of the transverse 
rossse
tion, this behaviour is not visible in the data [61℄. A re
ent 
al
ulation [62℄explaining the data is, in my opinion, in 
on�i
t with QCD expe
tations and,in parti
ular, with the impli
ations of [60℄, sin
e it employs a non-lo
al ve
tormeson vertex in a loop 
al
ulation. It is important to 
larify this situation.5. SummaryThe phenomenon of di�ra
tion in DIS 
an be understood in very simpleterms if the pro
ess is viewed in the rest frame of the target proton. Theenergeti
 virtual photon develops a partoni
 �u
tuation whi
h then s
atterso� the target. A 
ertain fra
tion of the total DIS 
ross se
tion is due tophoton �u
tuations with large transverse size. This fra
tion is not powersuppressed in the high-Q2 limit. Sin
e, as one expe
ts from the experien
ewith hadron-hadron 
ollisions, part of these large size �u
tuations s
atterquasi-elasti
ally o� the proton, a leading twist di�ra
tive 
ross se
tion isobtained.One possibility to des
ribe the intera
tion of the photon �u
tuation withthe target is two-gluon ex
hange. In 
ertain more ex
lusive pro
esses, su
has longitudinally polarized ve
tor meson produ
tion, the transverse size of
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kerthe relevant photon �u
tuations is always small and two-gluon 
al
ulations
an be rigorously justi�ed. However, for most of the di�ra
tive 
ross se
tionno suppression of multiple gluon ex
hange 
an be derived.This problem is addressed in the semi
lassi
al approa
h, where the tar-get is des
ribed by a superposition of soft 
olour �elds and gluon ex
hangeis resummed to all orders in an eikonal approximation. Di�ra
tion ariseswhenever the partoni
 �u
tuation of the photon remains in a 
olour sin-glet. The appli
ation of the semi
lassi
al approa
h to experimental resultsis parti
ularly simple if the approa
h is used to derive both di�ra
tive andin
lusive parton distributions at some small input s
ale. In this 
ase, theanalysis of all higher-Q2 data pro
eeds with standard perturbative meth-ods. Di�erent models for the underlying 
olour �elds 
an be 
ompared todi�ra
tive and in
lusive stru
ture fun
tion data in a very dire
t way.I have greatly bene�ted from my work with W. Bu
hmüller, M.F. M
Der-mott and T. Gehrmann, the results of whi
h are re�e
ted in part of thesenotes. I would also like to thank the organizers of the XXXIXth Cra
owSummer S
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