
Vol. 30 (1999) ACTA PHYSICA POLONICA B No 12
POSITRONIUM PROPERTIES�Andrzej Czarne
kiPhysi
s Department, Brookhaven National LaboratoryUpton, New York 11973, USA(Re
eived November 4, 1999)This talk gives an elementary introdu
tion to the basi
 properties ofpositronium. Re
ent progress in theoreti
al studies of the hyper�ne split-ting and lifetime of the ground state is reviewed. Sensitivity of these pre-
isely measured quantities to some New Physi
s e�e
ts is dis
ussed.PACS numbers: 36.10.Dr, 12.20.Ds1. Introdu
tionPositronium, an ele
tron-positron bound state, is a parti
ularly simplesystem whi
h o�ers unique opportunities for testing our understanding ofbound-states in the framework of Quantum Ele
trodynami
s (QED). Be-
ause its 
onstituents are mu
h lighter (by a fa
tor of about 200) than anyother known 
harged parti
les (muons or pions), the spe
trum and lifetimesof positronium states 
an be understood with very high pre
ision within ane�e
tive theory of ele
trons and photons. Comparison of theoreti
al predi
-tions with experiments 
onstrains a variety of New Physi
s phenomena, su
has axions, milli
harged parti
les, paraphotons, et
. In addition, the oppor-tunity of testing the predi
tions with high a

ura
y stimulates developmentof theoreti
al tools whi
h 
an also be applied in other areas of physi
s, su
has QCD.This talk gives an elementary introdu
tion to basi
 properties of positro-nium, reviews some re
ent improvements in their theoreti
al des
ription,and brie�y tou
hes upon impli
ations for New Physi
s sear
hes.� Presented at the XXXIX Cra
ow S
hool of Theoreti
al Physi
s, Zakopane, Poland,May 29�June 8, 1999. (3837)



3838 A. Czarne
ki2. Positronium spe
trumPositronium (Ps) is an atom resembling hydrogen in many respe
ts. To�rst approximation its mass di�ers from the sum of its 
onstituents' masses(2me ' 1:02 MeV) by the small binding energy,EB = �me�24 ' �6:8 eV; (1)whi
h is about half that of hydrogen, be
ause the redu
ed mass in positron-ium is me=2. The ground state and its radial ex
itations form the so-
alledgross spe
trum, En = EB=n2 (n = 1 : : :).This pi
ture, based on the non-relativisti
 S
hrödinger equation, has tobe 
orre
ted for relativisti
 e�e
ts. In this talk we will be 
on
erned entirelywith the lowest radial state with zero angular momentum (S wave). It 
omesin two varieties, depending on the sum of spins of the ele
tron and positron:para-positronium (p-Ps) with total spin 0, and ortho-positronium (o-Ps),whi
h is a triplet with total spin 1. p-Ps is slightly lighter, due to the spin-spin intera
tion. This di�eren
e of masses, 
alled the hyper�ne splitting(HFS), o�ers one of the most a

urate tests of bound-state theory based onQED. (For a review of other pre
isely measured energy intervals in Ps seee.g. [1, 2℄.)
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γ(a) (b)Fig. 1. Lowest order 
ontributions to HFS in positronium.The origin of HFS 
an be best explained with the lowest-order diagrams
ontributing to this e�e
t, shown in Fig. 1. They represent two types of inter-a
tions: dire
t and annihilation. These two e�e
ts together give the follow-ing di�eren
e of energy levels of o-Ps and p-Ps. (That di�eren
e is 
onven-tionally expressed in terms of the 
orresponding frequen
y �� = �E=2�~.In this paper we will often use �� to denote the energy intervals):��(0) = (��)D + (��)A: (2)The dire
t intera
tion diagram 1(a) represents a magneti
 photon ex
hangewhi
h indu
es a spin-dependent potentialVM = � ��4m2e~q2 [�i; ~� � ~q℄[�0i; ~�0 � ~q℄; (3)



Positronium Properties 3839where un-primed and primed �-matri
es a
t on the ele
tron and positronspinors, respe
tively. The di�eren
e of expe
tation values of this potentialin o-Ps and p-Ps states gives(��)D = me�43 : (4)The annihilation 
ontribution (Fig. 1(b)) shifts only the o-Ps energy and we
an evaluate it dire
tly from the produ
t of amplitudes of o-Ps be
oming aphoton and of the reverse pro
ess. Proje
tion on the triplet state 
an beobtained by taking the tra
e with the o-Ps spin wave fun
tion, 1+
02p2 �=, where� is the o-Ps polarization ve
tor (�2 = �1):(��)A = � 4��(2me)2 j (0)j2 �Tr 1 + 
02p2 �=p=�me2me 
� p=+me2me �2= me�44 : (5)j (0)j2 = m3e�38� is the square of the Ps wave fun
tion at the origin and pdenotes the ele
tron (or positron) four-momentum, in whi
h we negle
t thespatial 
omponents at this level of a

ura
y (p:� = 0).Adding the two 
ontributions, we �nd the lowest-order HFS:��(0) = (��)D + (��)A = 7me�412 ' 204 387 MHz: (6)This result was obtained in [3�5℄. Present experimental a

ura
y requires
omputing one- and two-loop 
orre
tions to this formula.The one-loop diagrams are shown in Fig. 2. They were 
al
ulated byKarplus and Klein [6℄, and found to give the following 
ontributions to theHFS: 2a+ 2d = �16me�5� ;2b = �me�5� ;2
 = �29me�5� ;2e = 1� ln 22 me�5� : (7)Together with the lowest order result (6), they lead to the following 
orre
tedformula for the HFS:��(0)+(1) = me�4 � 712 ��89 + ln 22 � �� � : (8)
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e+ (a) (b) (
)+ 
rossedphotons + 
rossedphotons(d) (e)Fig. 2. One-loop 
orre
tions to the positronium HFS.
(a) (b) (
)
(d) (e) (f)Fig. 3. Examples of two-loop 
ontributions to the positronium HFS: (a) radiative-re
oil, (b) pure re
oil, (
) non-re
oil, (d) 
orre
tion from the virtual p-Ps annihila-tion, (e,f) the same with the o-Ps.At the two-loop level the number of diagrams and their 
omplexity in-
rease dramati
ally. In fa
t, their analyti
al evaluation was 
ompleted onlythis year. Examples of various types of e�e
ts are shown in Fig. 3. Theirevaluation took (with breaks) more than 40 years of e�orts by many groups(see e.g. [7℄ for referen
es). Parti
ularly un
lear was the status of re
oil
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ts, pi
tured in Fig. 3(b). Until re
ently there were 3 disagreeing nu-meri
al evaluations [8�10℄. The di�eren
e between the extreme results wasabout 5.7 MHz, almost 8 times larger than the present a

ura
y of the HFSmeasurement [11℄.In view of that dis
repan
y, we re
omputed the two-loop re
oil 
orre
-tions [2, 7℄, using Non-Relativisti
 QED (NRQED) [8℄. In 
ontrast to theearlier studies, dimensional regularization was employed. In this way wewere able to 
ompletely separate the di�erent 
hara
teristi
 energy s
ales inthe problem and, for the �rst time, �nd an analyti
al result for the re
oile�e
ts. Together with the analyti
al results obtained earlier for the remain-ing radiative-re
oil, non-re
oil, and various annihilation 
ontributions, oneobtains the following formula for the positronium HFS, in
luding 
ompleteO �me�6� and leading-logarithmi
 [12℄ O �me�7 ln2 �� e�e
ts:�� = me�4� 712 � �� �89 + ln 22 �+�2�2 �� 524�2 ln�+ 1367648 � 51973456�2 +�221144�2 + 12� ln 2� 5332�(3)��7�38� ln2 �+O ��3 ln���= 203 392:01(46) MHz: (9)The theoreti
al error quoted has been estimated by taking half of the last
al
ulated term, the leading-logarithmi
 O �me�7 ln2 �� 
ontribution. Thetheoreti
al predi
tion in (9) di�ers by 2:91(74)(46) MHz from the most a

u-rate measurement [11℄, where the �rst error is experimental and the se
ondtheoreti
al. If these errors are 
ombined in quadrature, this 
orresponds toa 3:3� deviation. It would be very interesting to 
ompute further 
orre
-tions, espe
ially the next-to-leading O �me�7 ln�� e�e
ts and, even moreimportant, to re-measure the HFS splitting.3. Positronium de
aysIn addition to various energy intervals in the Ps spe
trum, other quan-tities whi
h 
an be measured with high pre
ision are the lifetimes of thesinglet and triplet ground-states, p-Ps and o-Ps (be
ause of the possibilityof e+e� annihilation, both states are unstable). p-Ps has total spin 0 and
an de
ay into two photons, with a short lifetime of about 0:125 � 10�3 �s.On the other hand, o-Ps must de
ay into at least three photons, be
ause aspin 1 state 
annot de
ay into two photons. Its lifetime, ' 0:14�s, is about1000 times longer than that of p-Ps, and is somewhat easier to a

uratelydetermine.
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ki3.1. Parapositronium de
aysBarring C-violating e�e
ts (e.g. 
aused by the weak intera
tions), p-Ps
an annihilate into only even number of photons (see Fig. 4).
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eFig. 4. Lowest order de
ay 
hannels of p-Ps and o-Ps.The de
ay rate of the p-Ps ground state, 11S0, 
an be 
al
ulated as aseries in �. The two-photon de
ay rate is� (p-Ps! 

) = me�52 �1��5� �24 � �� + 2�2 ln 1� + 1:75(30)����2�3�32� ln2 1� +O��3 ln 1��� = 7989:50(2) �s�1; (10)where the non-logarithmi
 terms O ��2� [13, 14℄ and leading-logarithmi
terms O ��3 ln2 �� [12℄ have been obtained only re
ently.The four�photon bran
hing ratio is of relative order �2 [15�17℄:BR(p-Ps! 4
) = � (p-Ps! 

)� (p-Ps! 4
) = 0:277(1)����2 ' 1:49 � 10�6 : (11)The theoreti
al predi
tion, (10), agrees well with the experiment [18℄,�exp(p-Ps) = 7990:9(1:7) �s�1: (12)3.2. Orthopositronium de
aysThe ground state of orthopositronium, 13S1, 
an de
ay into an odd num-ber of the photons only (if C is 
onserved). The three�photon (see Fig. 4)de
ay rate is given by� (o-Ps! 


) = 2(�2 � 9)me�69� �1� 10:28661�� � �23 ln 1� +Bo ����2�3�32� ln2 1� +O ��3 ln��� ' �7:0382 + 0:39 � 10�4 Bo� �s�1: (13)
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ause of its three-body phase spa
e and a large number of diagrams, a
omplete theoreti
al analysis of o-Ps de
ays is more di�
ult than in the 
aseof p-Ps. The non-logarithmi
 two-loop e�e
ts, parameterized by Bo, havenot been evaluated as yet, ex
ept for a subset of the so-
alled soft 
orre
-tions. Those partial results depend on the s
heme adopted for regularizingultraviolet divergen
es and do not give a reliable estimate of the 
ompleteBo. Further theoreti
al work is needed to �nd that potentially important
orre
tion.Five-photon de
ay bran
hing ratio is of order �2 [17, 19℄,BR(o-Ps! 5
) = � (o-Ps! 5
)� (o-Ps! 


) = 0:19(1)����2 ' 1:0� 10�6; (14)and does not signi�
antly in�uen
e the total width.Table I lists the three latest experimental results for the o-Ps lifetime.TABLE IRe
ent experimental results for the o-Ps lifetime. �Method� in the se
ond 
olumnrefers to the medium in whi
h o-Ps de
ays. The last 
olumn shows the value ofthe two-loop 
oe�
ient Bo, ne
essary to bring the theoreti
al predi
tion (13) intoagreement with the given experimental value. The last line gives the theoreti
alpredi
tion with Bo = 0.Referen
e Method � (o-Ps) [�s�1℄ BoAnn Arbor [20℄ Gas 7.0514(14) 338(36)Ann Arbor [21℄ Va
uum 7.0482(16) 256(41)Tokyo [22℄ Powder 7.0398(29) 41(74)Theory without �2 7.0382 0The last 
olumn indi
ates the value of the two-loop 
oe�
ient Bo ne
-essary to re
on
ile a given 
entral experimental value with the theoreti
alpredi
tion (13). We see that the most pre
ise Ann Arbor experiments re-quire an anomalously large value of Bo. This has been known as the �o-Pslifetime puzzle.� More re
ent Tokyo results, whi
h are at present somewhatless a

urate, are in good agreement with the QED predi
tion with a mu
hsmaller Bo. A new experiment is underway at Tokyo, and the data 
olle
tedso far are in agreement [23℄ with the previous result [22℄. This ongoing e�ortis expe
ted to provide a measurement of � (o-Ps) with an a

ura
y of about150 ppm, somewhat better than the presently available Ann Arbor results.
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kiCon
erning a possible large value of Bo, it should be mentioned thatthe perturbative 
oe�
ients are moderate in QED predi
tions for other ob-servables studied with high a

ura
y, su
h as leptoni
 anomalous magneti
moments (g � 2), or various spe
tros
opi
 properties of positronium andmuonium. If there are ex
eptions, they are 
aused by widely separated en-ergy s
ales, su
h as the ele
tron and muon masses in the muon g � 2. Inthe Ps lifetime su
h e�e
ts arise as logarithms of � and have already beena

ounted for in the leading order.It has also been argued that the smallness of the 
omplete two-loopnon-logarithmi
 e�e
ts in p-Ps, whi
h have re
ently been 
al
ulated [13,14℄,indi
ates that analogous two-loop e�e
ts in o-Ps are unlikely to explain thelarge dis
repan
y with experiment. However, this issue remains 
ontroversialand 
an only be 
lari�ed by an expli
it 
al
ulation of Bo, and renewedexperimental studies of � (o-Ps).4. Some impli
ations for New Physi
s sear
hesIt is interesting to 
ompare the sensitivity of Ps de
ays and HFS mea-surements to various kinds of New Physi
s. Here we fo
us on the exampleof milli
harged parti
les (for a review see [24℄).The milli
harged parti
les we are interested in here are fermions, simi-lar in properties to the ele
tron, but with an unknown small mass mx andele
tri
 
harge �e (where �e is ele
tron's 
harge and � � 1). Su
h parti
leswere sear
hed for in de
ays of o-Ps [25℄, where a 90% 
on�den
e level upperbound � < 8:6 � 10�6 was found for mx � me (this bound is not verysensitive to mx, ex
ept for mx 
lose to me, where it be
omes weaker). Thatbound was found by 
omparing a theoreti
al predi
tion for the de
ay rateof o-Ps into a pair X �X of milli
harged parti
les,� (o-Ps! X �X) = �2me�66 s1� m2xm2e �1 + m2x2m2e� ; (15)with the measured bound on the maximum de
ay rate of o-Ps into invisibleparti
les, � (o-Ps! invisible) < 2:8� 10�6� (o-Ps! 


).How does this 
ompare with the sensitivity of HFS to possible extraloops in the photoni
 va
uum polarization (
f. Fig. 2(
))? We �nd that apair of milli
harged parti
les would have a negative 
ontribution to Ps HFS,given by the formula
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��(milli
harged) = �2me�512��(13 + 2�1 + m2x2m2e�"s�m2xm2e � 1�ar

ots�m2xm2e � 1�� 1#)' ��2m3e�515�m2x (for mx � me): (16)We note that the o-Ps de
ay sear
h for X �X has the advantage that theStandard Model ba
kground (o-Ps! 


) is suppressed by an additionalfa
tor of �2. Therefore, with presently a
hievable experimental a

ura
y,HFS 
annot 
ompete with o-Ps if mx is smaller than me. For this reasonwe have displayed the simple limiting behavior of the HFS 
ontribution forlarge mx.Another potentially interesting observable whi
h might be sensitive toX �X e�e
ts is the ele
tron anomalous magneti
 moment (ae = (ge � 2)=2).If mx � me, the 
ontribution of an X �X loop is�ae(milli
harged) = �2�2m2e45�2m2x : (17)We 
an now express the milli
harged pair 
ontribution to the HFS by itse�e
t on ae:��(milli
harged) = �3�me�3�ae(milli
harged)= �36�7� ��(0)�ae(milli
harged); (18)where ��(0) denotes the lowest order Ps HFS, given in (6). In the lowestorder in � we have a(0)e = �=2�, so that��(milli
harged)��(0) = �187 �ae(milli
harged)a(0)e : (19)Sin
e the present agreement of theory and experiment for ae is at the level of3 parts in 108 [26℄, we see that the largest 
ompatible e�e
t of milli
hargedparti
les in HFS 
ould be of the order of 10�7. This is insu�
ient to re
on
ilethe theory with experiment sin
e, as we saw in Se
tion 2, the observedHFS value is smaller than the theoreti
al predi
tion by about 3 MHz, or1:4� 10�5��(0). It might, however, be worth noting that the di�eren
es of
entral theoreti
al and experimental values of ae and Ps HFS have oppositesigns, and an X �X pair would de
rease both dis
repan
ies.
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kiPositronium de
ays were also used to sear
h for light pseudos
alar bosons(see e.g. [27℄). It turns out that su
h sear
hes give mu
h more stringent
onstraints on the 
oupling of pseudos
alars to ele
trons than do presentHFS measurements (by a few orders of magnitude). If pseudos
alars areheavier than o-Ps, the relative sensitivity of ae and Ps HFS to su
h parti
leswas dis
ussed in [28℄. 5. SummaryWe have reviewed the basi
 properties of the positronium spe
trum andde
ay modes. We have seen that there are dis
repan
ies between the theoret-i
al predi
tions and experimental determinations of the hyper�ne splitting(by 3.3�) and o-Ps lifetime (by about 6 � 9� for Ann Arbor experiments).It is unlikely that New Physi
s e�e
ts are responsible for su
h large di�er-en
es. It is also very unlikely that the un
al
ulated higher-order e�e
ts inQED 
ould alone a

ount for su
h dis
repan
ies. Most likely, both problems
ould be 
lari�ed by new experiments. While e�orts are underway to obtaina more a

urate value of the o-Ps lifetime, it would also be very useful tore-measure the hyper�ne splitting.I am grateful to S. Asai for helpful dis
ussions on o-Ps lifetime mea-surements, to S. Davidson and W. Mar
iano for 
areful reading of themanus
ript and helpful remarks, and to K. Melnikov and A. Yelkhovskyfor 
ollaboration on positronium physi
s. I thank Professor Andrzej Biaªasand Professor Mi
haª Praszaªowi
z for inviting me to the Cra
ow S
hoolof Theoreti
al Physi
s. This resear
h was supported by DOE under grantDE-AC02-98CH10886. REFERENCES[1℄ K. Pa
hu
ki, S. G. Karshenboim, Phys. Rev. Lett. 80, 2101 (1998), hep-ph/9709387.[2℄ A. Czarne
ki, K. Melnikov, A. Yelkhovsky, Phys. Rev. A59, 4316 (1999), hep-ph/9901394.[3℄ J. Pirenne, Ar
h. S
i. Phys. Nat. 29, 265 (1947).[4℄ V. B. Berestetski, L. D. Landau, JETP 19, 673,1130 (1949).[5℄ R. A. Ferrel, Phys. Rev. 84, 858 (1951).[6℄ R. Karplus, A. Klein, Phys. Rev. 87, 848 (1952).[7℄ A. Czarne
ki, K. Melnikov, A. Yelkhovsky, Phys. Rev. Lett. 82, 311 (1999),hep-ph/9809341.



Positronium Properties 3847[8℄ W. E. Caswell, G. P. Lepage, Phys. Lett. B167, 437 (1986).[9℄ K. Pa
hu
ki, Phys. Rev. A56, 297 (1997).[10℄ G. S. Adkins, J. Sapirstein, Phys. Rev. A58, 3552 (1998).[11℄ M. W. Ritter, P. O. Egan, V. W. Hughes, K. A. Woodle, Phys. Rev. A30,1331 (1984).[12℄ S. G. Karshenboim, Sov. Phys. JETP 76, 541 (1993), Zh. Eksp. Teor. Fiz.103, 1105 (1993).[13℄ A. Czarne
ki, K. Melnikov, A. Yelkhovsky, Phys. Rev. Lett. 83, 1135 (1999),hep-ph/9904478.[14℄ A. Czarne
ki, K. Melnikov, A. Yelkhovsky, �2 
orre
tions to parapositroniumde
ay: a detailed des
ription (1999), hep-ph/9910488.[15℄ A. Billoire, R. La
aze, A. Morel, H. Navelet, Phys. Lett. 78B, 140 (1978).[16℄ T. Muta, T. Niuya, Prog. Theor. Phys. 68, 1735 (1982).[17℄ G. S. Adkins, F. R. Brown, Phys. Rev. A28, 1164 (1983).[18℄ A. H. Al-Ramadhan, D. W. Gidley, Phys. Rev. Lett. 72, 1632 (1994).[19℄ G. P. Lepage, P. B. Ma
kenzie, K. H. Streng, P. M. Zerwas, Phys. Rev. A28,3090 (1983).[20℄ C. I. Westbrook, D. W. Gidley, R. S. Conti, A. Ri
h, Phys. Rev. A40, 5489(1989).[21℄ J. S. Ni
o, D. W. Gidley, A. Ri
h, P. W. Zitzewitz, Phys. Rev. Lett. 65, 1344(1990).[22℄ S. Asai, S. Orito, N. Shinohara, Phys. Lett. B357, 475 (1995).[23℄ S. Asai, private 
ommuni
ation.[24℄ S. Davidson, B. Campbell, D. Bailey, Phys. Rev. D43, 2314 (1991).[25℄ T. Mitsui, R. Fujimoto, Y. Ishisaki, Y. Ueda, Y. Yamazaki, S. Asai, S. Orito,Phys. Rev. Lett. 70, 2265 (1993).[26℄ A. Czarne
ki, W. J. Mar
iano, Nu
l. Phys. B (Pro
. Suppl.) 76, 245 (1999),hep-ph/9810512.[27℄ S. Asai, S. Orito, K. Yoshimura, T. Haga, Phys. Rev. Lett. 66, 2440 (1991).[28℄ L. M. Krauss, M. Zeller, Phys. Rev. D34, 3385 (1986).


