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eived O
tober 11, 1999)The newly developped Monte-Carlo event generator APACIC++ suitableto des
ribe multijet-events in high-energeti
 ele
tron�positron annihilationsis presented. A new ansatz to mat
h the 
orresponding matrix elementsfor the produ
tion of jets via the strong and ele
troweak intera
tions to thesubsequent parton shower modelling the inner-jet evolution is dis
ussed insome detail. Results obtained with APACIC++ are 
ompared to other QCDevent generators and to some representative experimental data.PACS numbers: 13.65.+i, 13.87.�a1. Introdu
tionFor de
ades, ele
tron�positron 
ollisions have been an extensively usedtesting ground for quantum �eld theory and parti
le physi
s. Espe
iallye+e�-annihilations into hadrons at high energies proved to be of 
ontin-uos interest.In general, su
h events 
an be divided into three steps. First,� Presented at the XXXIX Cra
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3876 F. Krauss, R. Kuhn, G. Soffa number of partons is produ
ed at a s
ale of the order of the 
.m. en-ergy of the in
oming ele
tron�positron pair. Here, the standard method ofperturbative quantum �eld theory of summing and squaring amplitudes re-lated to 
orresponding Feynman-diagrams is appli
able. In a se
ond step,these primary partons loose virtual mass and energy by radiating additionalpartons giving rise to jets. Be
ause of the possibly high and varying num-ber of parti
les involved here one has to abandon the idea of summing thefull amplitudes. Instead one 
onsiders only the limits of soft and small an-gle emissions resulting in a probabilisti
 des
ription of jet-evolution as a
hain of nearly independent single emissions in the perturbative regime ofstrong intera
tions. These radiations stop in a third step at some infrareds
ale of the order of a few �QCD and hadronization sets in. Sin
e this isessentially a non-perturbative, soft pro
ess it is usually modelled by someparameter-dependent phenomenologi
al hadronization s
heme, whi
h doesnot alter the density- and energy-distribution of parti
les in phase-spa
edrasti
ally. However, the parameters entering the model are to a large ex-tent s
ale-dependent. Therefore the jet-evolution via the parton shower hasthe additional purpose to 
onne
t the high-energy s
ale of jet-produ
tionwith the low-energy s
ale of hadronization and thus guarantees the univer-sality of the hadronization s
heme on
e the parameter are �xed to �t thedata.Monte Carlo event generators are perfe
tly 
apable to model high--energeti
 e+e�-annihilations into hadrons by means of the three steps asdes
ribed above. In this respe
t, they are an indispensable tool to bridgethe gap between theoreti
al 
onsiderations 
on
ering the dynami
s of su
hevents and their experimental observation and to provide testable signaturesin a well-de�ned manner.With rising energies, however, an in
reasing number of parti
les and ofjets is produ
ed, and the produ
tion, observation and theoreti
al des
riptionof su
h multijet-events is one of the 
ornerstones of 
urrent parti
le physi
s.Various reasons feed this interest and we would like to highlight only brie�ysome of them.First of all, large parts of what is known as the Standard Model has beentested via multijet-events. QCD has been established as the 
orre
t gaugetheory underlying the strong intera
tions by means of measurements [2℄ ofthe Casimir-operators [1℄CF = N2
 � 12N
 = 43 ; CA = N
 = 3 (1.1)of the fundamental and adjoint representation and by measuring the overallnormalization
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Tr hT aT bi = Æab TF = 12 (1.2)of its generators. In addition, the ele
troweak se
tor of the Standard Modelhas been tested exhaustively by pre
ision measurements of observables likefor instan
e the widths of the gauge bosons and by establishing the non-Abelian stru
ture of the gauge group via proving the existen
e of the triplegauge boson verti
es.Se
ond, multijet-events open the door to new physi
s. For example,the Higgs-boson of the Standard Model has some 
lear signatures in e+e�-
ollisions in so-
alled Higgsstrahlungs-pro
esses [3℄ resulting in at least four�nal state fermions whi
h may form jets. Of 
ourse, there is a large variety ofother interesting signatures 
onne
ted with 
ross-se
tions whi
h depend sen-sitively on the number nf of a
tive �avours in the 
ase of strong intera
tingparti
les [4℄.Therefore it is of some interest, to have at hand some event genera-tor 
apable to deal with su
h multijet-events. One of the major obsta
leson that road is the question of how to mat
h the parton shower respon-sible for jet-evolution and going down to the hadronization-s
ale with thematrix elements des
ribing the high-energeti
 produ
tion of the jets, sin
eonly this guarantees the universality of the hadronization-s
heme used andhen
e the predi
itive power of the event generator. Within APACIC++ wehave implemented a new ansatz to that question enabling this 
ode to dealwith multijet-events due to the strong or ele
troweak intera
tions. So theoutline of this arti
le is as follows: In Se
tion 2 we would like to introdu
ebrie�y some 
on
epts and tools related to the perturbative treatment of jet-produ
tion via matrix elements and their implementation in APACIC++ . Theparton shower pi
ture of jet-evolution and the way APACIC++ handles it isdis
ussed in Se
tion 3. There, we brie�y 
ompare matrix elements and theparton shower and their regimes of validity. In Se
tion 4 we will 
ommenton two main approa
hes to the question of mat
hing. Additionally, we willdis
uss in some length the ansatz used by APACIC++ . We want to justifythis ansatz in Se
tion 5 by 
onsidering some results of APACIC++ and 
om-paring them to experimental data and the results obtained from other eventgenerators. Finally, we would like to 
on
lude in Se
tion 6.2. Jet-produ
tion in APACIC++2.1. General featuresUsually, the hadrons produ
ed in e+e�-annihilations are 
lustered in jets,obje
ts separated in phase-spa
e by some jet-measure. Popular jet-measuresare the JADE- [5℄ and the DURHAM-s
heme [6℄, de�ned by



3878 F. Krauss, R. Kuhn, G. Soff(pi + pj)2 = 2EiEj (1� 
os �ij) > y
ut s(0)ee (JADE)2minfE2i ; E2j g (1 � 
os �ij) > y
ut s(0)ee (DURHAM) (2.1)for two massless parti
les to belong to di�erent jets. The parameter y
ut isa measure for the hardness of the jet. Within perturbation theory, the emer-gen
e of jets is des
ribed by the appropriate matrix elements fore+e� ! npartons thus identifying jets with hard produ
ed partons. Eval-uating the 
orresponding 
ross se
tions in the standard way by squaringamplitudes and integrating over the phase spa
e available one is, even at thetree-level, 
onfronted with divergen
ies. Beyond the tree-level more diver-gen
ies o

ur due to additional loops or legs and have to be treated. Here,we would merely like to state, that mutual 
an
ellations of the divergen
iesdue to loops and legs 
onne
t topologies of varying numbers of legs and posea major obsta
le to any 
al
ulation beyond the tree-level. Some of the re
entresults 
an be found for instan
e in [7, 8℄.However, at the moment APACIC++ deals with tree-level matrix-elementsonly. They 
an be kept �nite quite easily by merely subje
ting the initialpartons to the 
ondition that they form well-separated jets, i.e. by applyingthe restri
tions of Eq. (2.1) to the integration over the �nal-state phase-spa
e. It is not mu
h of a surprise that the 
orresponding jet 
ross se
tionsnow are �nite in Leading Order and be
ome divergent for y
ut ! 0.Consequently a 
hoi
e of this initial y
ut yields a parametrization of thereliability of LO matrix elements, and softer parton emissions are supposedto be better des
ribed by the appropriate Sudakov form fa
tor, see Se
-tion 3. To summarize, this treatment is nothing else but the statement, thatAPACIC++ 
onsiders jets to be entities whose produ
tion 
an be des
ribed ina reliable and 
ontrollable manner by traditional perturbation theory, i.e.by matrix elements.Some of the e�fe
ts of higher order QCD-
orre
tions are implemented inAPACIC++ by an overall fa
tor �s < 1 for the s
ale of the strong 
oupling
onstant. Some similar treatment 
an be found for instan
e in [9, 10℄. Thisfa
tor is a �t parameter for the s
ale of �s used within the matrix elementsin the form �M:E:s = �s(�ss) : (2.2)APACIC++ uses 
ommon the LO running of �s and the quark masses (seefor instan
e [1, 11℄), where the s
ale of the latter ones is not a�e
ted by �s.
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ade In C++ 38792.2. De�ning relative ratesWithin APACIC++ there are matrix elements for the produ
tion of two andthree QCD-jets via the ex
hange of a photon or a Z. Denoting the 
ross-se
tions by �q�q and �q�qg, respe
tively, the 
orresponding rates are given byR3 = �q�qg�q�q ; R2 = 1�R3 ; (2.3)based on the probabilisti
 pi
ture of 3-jets being an ex
lusive subset of thein
lusive produ
tion of hadrons [11℄. When dealing with higher numbers ofjets produ
ed by QCD only, one is left with the task to extend this s
hemein a sensible manner. Within APACIC++ we provide at least three s
hemes,namely a �dire
t� s
heme, and two �res
aled� ones, whi
h we denote by�res
aled1� and �res
aled2�Rdirn = �totn�q�q ;Rres1n = �totn�q�q � Ym>n (1�Rrem)or Rres2n = Rdirn �Rdirn+1 ; (2.4)where the last one uses the dire
t rates Rdirn and the 
orresponding res
alingapplies for n < nmax. The related rate Rnmax remains un
hanged.It has to be stressed here, that these s
hemes are obviously by no means
onsistent in �s, i.e. perturbation theory. Instead the evaluation of the ratesand 
onsequently the admixture of di�erent jet-numbers within APACIC++ isto some extent just a phenomenologi
al model with �s the parameter to be�tted to data.Of 
ourse the situation above with QCD only 
hanges drasti
ally takinginto a

ount the produ
tion of jets via more than one ele
troweak gaugeboson, for example when 
onsidering four-jet produ
tion via W -, Z- orHiggs-bosons beyond the 
orresponding thresholds. Currently this situa-tion is handled in the following way. If the ele
troweak produ
tion of fouror more jets is taken into a

ount, the 
ross se
tions and the 
orrespondingrates are divided into two sets. The �rst subset is de�ned by four or morefermions in the �nal state (ele
troweak subset), the se
ond set is the 
on-jugate subset (QCD subset). Interferen
es o

uring between both of them,for example if an internal Z- or 
-line is repla
ed by a gluon, are awardedto the ele
troweak set. Then the rate of the �rst set is obtained by the sumof the 
orresponding 
ross se
tions and the rate of the se
ond set still is de-�ned via the 
ross se
tion for the in
lusive produ
tion of a quark�antiquark
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troweak subset the single rates are determined by theappropriate 
ross se
tions, within the QCD subset the determination of therelative rates is a
hieved in the fashion of Eq. (2.4).2.3. Multijet-matrix elements availableTo allow for the formation of higher jet-
on�gurations we have addedthree matrix element generators.1. In its present state, AMEGIC++ [12℄ des
ribes the produ
tion of up to�ve massive jets via the strong or ele
troweak intera
tion in LeadingOrder.Re
ently, the produ
tion of up to �ve jets via the strong intera
tionhas been su

essfully tested. Results obtained by [10℄ in this 
hannelhave been reprodu
ed for both massless and massive quarks and overthe full ranges of the two jet-measures 
onsidered, namely the JADE-and the DURHAM-s
heme. Additionally, the produ
tion of four jetsby the ex
hange of two ele
troweak gauge bosons (W , Z or 
) hasbeen tested by reprodu
ing some of the results of [14℄.2. DEBRECEN [13℄ a

ounts for the QCD-produ
tion of up to 5 jets inLeading Order and up to 4 jets in Next-to Leading Order.3. EXCALIBUR [14℄ des
ribes pro
esses with 4 quark-jets, generated viastrong or ele
troweak intera
tions in Leading Order.One of them, AMEGIC++ , has not been published yet. In its �nal version itis meant to allow for the produ
tion of up to six massive jets in all StandardModel 
hannels in
luding the full ele
troweak and Higgs-se
tors. AMEGIC++uses the heli
ity method of [10℄ originally proposed in [15℄.For all of the matrix element generators APACIC++ provides interfa
es.In addition APACIC++ and AMEGIC++ , respe
tively, allow for the in
lusionof QED-Coulomb 
orre
tions to the produ
tion of heavy parti
les near thethreshold [16℄ and for some initial state radiation of photons o� the ele
-trons [17℄. 3. Final state parton shower3.1. Spa
e-time pi
ture and LLAWe would like to dwell on the jet-evolution of the initial partons pro-du
ed by the appropriate matrix elements. Here, the 
ommon approa
h ofevaluating and squaring amplitudes fails due to the high number of parti
lesinvolved. To deal with this, one restri
ts oneself to the kinemati
al enhan
ed
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les. This allowsfor the probabilisti
 
onstru
tion of the jet-evolution in terms of subsequentindependent bran
hings of one parton into two. The kinemati
al enhan
e-ment is a 
ommon feature of all �eld theories with massless bosons, wherethe regions of soft and 
ollinear emissions give rise to the 
orresponding di-vergen
ies. To illustrate this point, we would like to 
onsider the amplitudesquared of a (N + 1)-parti
le matrix element obtained via one additionalradiation from a N -parti
le matrix element [11℄,jMN+1j2 / �sta C Pba(z) jMN j2 ; (3.1)where C is some appropriate 
olour fa
tor, ta the virtual mass of the parti
lea de
aying into b and 
, and Pba(z) is the 
orresponding splitting fun
tiondepending on the energy fra
tion z parti
le b 
arries away. People familiarwith the splitting fun
tions will appre
iate the fa
t, that within the frame-work of QCD event-generators, the notorious divergen
ies related to thelimits z ! 0 and z ! 1 are regularized kinemati
ally in quite a naturalway by imposing some minimal virtual mass for any outgoing parton. As
an be dedu
ed dire
tly from Eq. (3.1) ea
h de
ay pro
ess a ! b
 may bedes
ribed by means of two variables only, namely ta and z. Note, that thereare di�erent possibilities to interpret those two parameters and they referto di�erent s
hemes of organizing the parton shower to be reviewed lateron. To spe
ify the pro
ess kinemati
s of the de
ay a ! b
 
ompletely, anadditional azimuthal angle � of the de
ay plane around the dire
tion a isneeded. As a �rst guess � is distributed isotropi
ally, but rather weak spin
orrelations of two subsequent bran
hing pro
esses lead to some non-trivialplane 
orrelation, whi
h is in
luded in APACIC++ , too [18℄.However, the 
ross se
tion related to the pro
ess of Eq. (3.1) 
an now bewritten as d�N+1 / �s dz dtata P̂ba(z) d�N : (3.2)Iterating this equation it is easy to see that a strong ordering of the virtualmasses related to subsequent emissions yields the largest enhan
ement ofthe formd�N / d�0 �ns Q2ZQ20 dt1t1 t1ZQ20 dt2t2 : : : tn�1ZQ20 dtntn = d�0 �nsn! �log Q2Q20�n ; (3.3)with Q2 the hard s
ale of the �rst parton taking part in the jet evolutionand Q20 the infrared s
ale 
hara
terizing usually the onset of hadronization.
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an be plugged into a form suitable for the implementation withina 
ode by 
onsidering �rst the well-known DGLAP-Equation [19℄t ��t q(x; t) = Z dz �s2� P (z) �1z q �xz ; t�� q(x; t)� (3.4)des
ribing the evolution of a parton density q(z; t) inside a hadron. Intro-du
ing the Sudakov-form fa
tor [20℄�(t; t0) � exp8<:� tZt0 dt0t0 1�"Z" dz �s2� P (z)9=; ; (3.5)one is able to 
onstru
t an evolution equation similar to the DGLAP-equa-tion and to rewrite it as an integral equation,q(x; t) = �(t; t0) q(x; t0)+ tZt0 dt0t0 �(t; t0)�(t0; t0) 1�"Z" dzz �s(p2?)2� P (z) q �xz ; t0� ; (3.6)allowing for a probilisit
 interpretation of the Sudakov form fa
tor �(t; t0)as the probability, that no bran
hing o

urs between t and t0. This inter-pretation is further motivated by the observation, that�(t0; t0) = 1 and �(t; t0) = �(t; t0)�(t0; t0) : (3.7)In Eq. (3.6) we have in
luded expli
itly the s
ale of the strong 
oupling
onstant in terms of the transversal momentum, whi
h is in LLA given byp2? = z(1� z)t : (3.8)As mentioned above, there is some minimal virtual mass for ea
h parton,t0, regularizing the divergen
ies via limiting the z-integration"(t) � z � 1� "(t) ; "(t) = 12 � 12r1� 4 t0t : (3.9)We have seen, that for
ing a strong ordering of the virtual masses resultsin a resummation of the leading logarithms (leading logarithmi
 approxima-tion, LLA). The divergen
ies related to the singular behaviour of the split-ting fun
tion at the edges of the z-spa
e are 
ut in this approa
h. Theirresummation is a
hieved in the modi�ed leading logarithmi
 approximation(MLLA). Its basi
 ideas will be dis
ussed below.
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e e�e
ts and MLLATo illustrate the idea of 
oheren
e, we want to refer �rst to the Chudakov-e�e
t of QED [21℄. Here, an e+e�-pair is produ
ed o� an initial virtualphoton and emits an additional photon, see Fig. 1. Assuming the photon�
 
 e+e�Fig. 1. Emission of a photon by an e+e�-pair in QEDto stem from the positron, the formation time tf of this photon 
an beestimated from the un
ertainty prin
iple astf � 1k�2
e � �?�
e ; (3.10)where k is the photon momentum, �? the 
omponent of its wavelength ve
tortransversal to the positron and �
e is the positron�photon angle. To allowthis photon to resolve the ele
tron�positron pair and hen
e to be produ
edat all, the distan
e the pair separates during the photon formation shouldbe larger than the transversal wavelength. Therefore we end up with�? � tf�ee � �ee�
e �? � �? �! �
e � �ee (3.11)yielding an angular ordering. Stated the other way around, the emission ofa photon is suppressed at angles larger than �ee sin
e it experien
es only thee�e
t of the overall 
harge of the pair. A similar reasoning applies for QCDand thus motivates the angular ordering of subsequent emissions within jetsto model 
oheren
e e�e
ts like the one of the example above [11, 22℄.Within APACIC++ , angular ordering of the jet-evolution is a

omplishedin two ways. The �rst approa
h is to subje
t subsequent emissions to a hardveto on rising angles of subsequent bran
hings [23℄. The se
ond methodutilizes the fa
t, that it is equally possible to 
onstru
t a Sudakov formfa
tor for angular ordering as�i(�E2) = exp264� ~tZ4t0 dt0t0 1�"(�)Z"(�) dz�s(z2(1� z)2t0)2� P̂ji(z)375 : (3.12)
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ount not only Leading Logarithmi
 
ontributions, but alsodouble leading logarithmi
 terms. Note, that negle
ting some rede�nitionsof integration variables and adjusting the regions of integration this form isexa
tly the one of the LLA Sudakov form fa
tor yielding the same interpre-tation as above.The new evolution variable is given with the parton's energy E byt0 = �E2 ; � = pb � p
EbE
 � 1� 
os �b
 ; "(�) =pt0=(E2�) (3.13)and the transversal momentum is nowp2? = z2(1� z)2 �E2 : (3.14)An additional remark is in order here. Sin
e the 
onstru
tion of theMLLA Sudakov form fa
tor relies on the assumption of small bran
hingangles as 
an be dedu
ed from Eq. (3.13), this ordering s
heme might notbe appli
able to the �rst bran
hings within a jet, whi
h 
an very well in
luderegions of 
os �b
 and � yielding a virtual mass p~t = p�E of parti
le a largerthan its energy. To 
ure this problem, within APACIC++ the �rst de
ay isalways performed using the LLA form fa
tor. Other 
odes employ the fa
t,that 
os �b
 and � are not boost invariant and perform the evolution of thejets in suitable referen
e frames.For further details on the 
onstru
tion of the Sudakov form fa
tors inthe two ordering s
hemes, virtualities (LLA) and angles (MLLA) we referto [24℄ and to the 
on
ise textbook [11℄.3.3. Matrix elements vs. parton showerTo 
ompare matrix elements and the parton shower and dis
uss theirregions of reliability, it is su�
ient, to stress on
e again, that the 
onstru
tionof the Sudakov form fa
tor and 
onsequently the organization of the showerrelies on the expansion around the soft and 
ollinear limit in
luding properresummation of the large logarithms atta
hed to ea
h region. Therefore theparton shower performs better than matrix elements in this region. However,vi
e versa in the region of hard and large-angle emissions we should assumethe matrix elements to a

ount for a mu
h better des
ription, sin
e theyin
lude interferen
e e�e
ts, whi
h be
ome important when leaving the softand 
ollinear region.
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hing of matrix elements and the parton shower4.1. Basi
 ideasWe now turn to the question of how to mat
h the matrix elements andthe parton shower. A
tually, this question 
an be stated in another way,namely of how to supply the parti
les produ
ed in the hard pro
ess withvirtual masses to allow them to radiate additional partons. Sin
e the matrixelements des
ribe the produ
tion of on-shell parti
les only, this questionalready suggests an interpretation of the virtual masses as order parametersinside the parton shower and as small perturbation not altering anythingelse. Before we dis
uss in some detail the answer to the question aboveas given within APACIC++ we would like to des
ribe brie�y the mat
hingalgorithms employed by other event-generators in the framework of e+e�-annihilations.In general, two approa
hes exist. The �rst possibility is to utilize thematrix elements merely to 
orre
t the kinemati
s of the shower evolutionof the two initial partons with the help of a veto-algorithm [25℄. This isthe approa
h 
hosen by PYTHIA [9℄, where at the present state the �rstradiation a

ording is 
orre
ted in a way to reprodu
e exa
tly the three-jetmatrix element. Of 
ourse, this a

ounts for some of the features of four-jetprodu
tion as well. Alternatively, one might try to divide the phase spa
e forthe emission of partons additional to the two initial ones in two regions, thehard one dominated by the matrix elements and des
ribing the produ
tionof further jets, and the soft one modelling the inner jet-evolution [26, 27℄.The two regions have to be separated, this is to be a
hieved by de�ningand �tting a

ordingly a �xed mat
hing s
ale Q2 determining in some sensethe virtualities of the out-going partons. Consequently, below this s
alethe parton shower governs the emissions, above the matrix elements areresponsible. This is the approa
h 
hosen within HERWIG [28℄ in the frameworkof a MLLA parton shower.APACIC++ rather follows the se
ond approa
h of splitting the phase spa
einto two regions. But instead of �xing a s
ale the mat
hing is a
hieved in adi�erent way. First of all, we de�ne a y
ut = y
rit 
hara
terizing jets at theparton level. Then, sin
e for any hard jet produ
tion 
hara
terized by y
ut >y
rit the matrix elements do a better job, they are responsible for all su
hemissions. Reversely, the parton shower performs better in the soft region
hara
terized by relative low y
ut. Therefore the parton shower governs allbran
hings with y
ut < y
rit. Thus within APACIC++ the mat
hing strategy isto use the matrix elements for jet-produ
tion and the parton shower for theirevolution. The virtual masses of the outgoing partons are always providedby the Sudakov form fa
tor and subje
ted to the 
ondition that the partonshower does not produ
e any additional jet as spe
i�ed by y
rit [29℄.
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hing pro
edureInvoking the example of four jet-produ
tion we will now explain in somedetail the single steps of the mat
hing pro
edure used by APACIC++ . Therelevant graphs are depi
ted in Fig. 2.
��
��
��
�Fig. 2. Feynman graphs 
ontributing to e+e� ! four jets at LO1. Step: Choi
e of number of jets and �avoursPresuming that we have 
hosen a sensible y
rit for the evaluation ofthe matrix elements we are able to 
hoose the number of jets a

ordingto the rates given above, Eq. (2.4). Assume that we are left with four jet-produ
tion, than two possible �nal states aree+e� ! q�qq0�q0 and e+e� ! q�qgg (4.1)
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h do not mix and 
an therefore be 
hosen a

ording to their relative 
rossse
tions. Therefore we will 
onsider in the following the latter 
ombinationq�qgg only.2. Step: Choi
e of a spe
i�
 parton historyWithin the framework of Monte Carlo methods aiming merely at the
orre
t average it is perfe
tly justi�ed to 
hoose now one of the �ve remain-ing topologies to provide the partons with virtual masses and to a

ountfor the 
orre
t 
olour statisti
s. Various possibilities exist for this 
hoi
e, �awinner takes it all�-strategy with regard to the relative probabilities of theindividual topologies en
ountered as well as an equal probability distribu-tion between the �ve diagrams. Within APACIC++ , however, we 
hoose thediagram a

ording to the relative probabilities.In prin
iple there are various possibilities to de�ne relative probabilitiesof Feynman-diagram like topologies. Within APACIC++ we have implementedtwo. First, if available, the probabilities Pi of ea
h of the �ve topologies 
anbe de�ned as the squares of the 
orresponding subamplitudes Mi, namelyPi = jMij2 : (4.2)The se
ond possibility applies for example for DEBRECEN where the indi-vidual subamplitudes are not supplied. Then, the relative probabilities arere
onstru
ted using the parton shower in the fashion of [25℄. Consider thetopologies depi
ted in Fig. 3. Its relative probability P 
an be de�ned asP = P1!34P4!56 = 1t1Pqg(z34) 1t4Pgg(z56) ; (4.3)with the P (z) the well-known splitting fun
tions, the ti the squares of the
orresponding four momenta and the zi the usual energy fra
tions.
�0 5631 2 4

Fig. 3. Typi
al graph for e+e� ! four jets at LO



3888 F. Krauss, R. Kuhn, G. Soff3. Step: Providing virtual masses Having 
hosen a spe
i�
 topology it iseasy to supply the outgoing partons with virtual mass invoking the partonshower pi
ture as determined by the Sudakov form fa
tor. The startingvirtuality for ea
h evolution downwards is given by the kinemati
s of thetopology. for example in Fig. 3, the virtual mass of parton 4 is given bysumming and squaring the known four-momenta of partons 5 and 6 and thisvirtuality t4 is employed to determine t5 and t6. Both of them are subje
t tothe 
ondition, that no further jets are produ
ed by any subsequent bran
hingof them. The same pro
edure yields virtual masses to any q�q pair in two jetprodu
tion, where the starting s
ale is given by the invariant mass of theintermediate ve
tor boson.4. Step: Corre
ting the kinemati
s Sin
e we want to guarantee four-momentum 
onservation, the only task left is to a

ount for the slight
hanges in the kinemati
s due to the fa
t, that the outgoing partons nowhave a
quired a virtual mass. Considering subkinemati
s a ! b
 the 
or-re
ted four momenta p
ori are given byp
orb;
 = p(0)b;
 � �r
p(0)
 � rbp(0)b � ; (4.4)where for the various ri one has to en
ounter the following two 
ases:1. Case 1: b is an internal line, 
 is outgoing.rb = ta + (t
 � tb)� �2ta ;r
 = tb(tb � t
 + �)� ta(ta � t
 � �)2ta(tb � ta) : (4.5)2. Case 2: b and 
 are outgoing.rb;
 = ta � (t
 � tb)� �2ta : (4.6)Obviously, not only the virtual masses are provided. Additional 
hangesalter slightly the z and tend to narrow the angels �b
. However, a 
arefulstudy, like for instan
e of the various four-jet 
orrelation angles [2℄ showedthat these are only minor 
hanges.
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ade In C++ 38895. ResultsWe have performed a 
omparison of a variety of observables at a 
.m.energy of 91 GeV at the level of matrix elements, parton showers and hadronsusing PYTHIA [9℄, HERWIG [28℄ and our event generator APACIC++. for thelatter we used matrix elements for the produ
tion of up to �ve jets via QCDprovided by AMEGIC++ . For APACIC++ we employed the string hadronization[30℄ in the form of [31℄ by linking the 
orresponding routines of JETSET toour 
ode. We did not take into a

ount any initial state radiation.We would like to divide the presentation and dis
ussion of results intotwo parts, one part �ashing over some representative event-shape observablesand the like, proving 
learly, that APACIC++ is perfe
tly 
apable to reprodu
ethe experiment. In the other part we will restri
t ourselves to the partonlevel only and show, that our mat
hing formalism has some 
lear bene�tsdes
ribing the topologi
al stru
ture of four jet-events.5.1. Comparison with event-shapesComparing results of PYTHIA and APACIC++ with ea
h other and experi-mental data provided by the DELPHI 
ollaboration we found an en
ouragingagreement for most of the observables. For PYTHIA we employed as an ad-ditional 
hannel we denote by JETSET the matrix elements provided therewith subsequent hadronization without intermediate parton shower. For arepresentative extra
t of various event shape observables see Fig. 4. There,we depi
t the spheri
ity distribution, the 1�thrust distribution as well as theinner and outer transversal momentum distribution. Additionally we depi
tthe aplanarity and the rapidity with respe
t to the thrust axis. Obviouslythe results of APACIC++ are in pretty good agreement with data indi
atingthat our approa
h to mat
h matrix elements and parton showers des
ribesreasonably the interplay of various numbers of jets as well as the overallfeatures of e+e� events.We would like to introdu
e brie�y the observables we display to thereader unfamiliar with them. For this purpose we 
onsider �rst the tensor
onstru
ted out of the three-momenta p of �nal-state parti
les,S�� = Pi(p�i p�i )Pi p2i ; �; � = 1; 2; 3 ; (5.1)with eigenvalues �1;2;3. The 
ombinationS = 32(�1 + �2) (5.2)
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Fig. 4. Comparison of experimental data and event generators for a variety of eventshape observables at the hadron level at the Z-pole. We employed the Lund�Stringhadronization of PYTHIA for APACIC++.The plots stem from [32℄ utilizing data from [33℄.of the two smalles eigenvalues de�nes the spheri
ity. In 
ontrast, aplanarityis given by A = 32 �1 : (5.3)Thrust is de�ned by the maximal value ofT = max~n0�Pi j~pi~njPi j~pij 1A ; (5.4)
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ade In C++ 3891where ~n is a free ve
tor to be 
hosen a

ordingly. The ve
tor ~n yielding themaximal value of T is the thrust-axis.pin? and pout? are the 
omponents of the transversal momenta being insidethe event-plane or perpendi
ular. The rapidity here is taken with respe
t tothe thrust-axis. 5.2. Topologi
al stru
ture of four jet-events
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Fig. 5. Distributions for the modi�ed Na
htmann�Reiter-, the Bengtson�Zerwas-,the Körner�S
hierholz�Willrodt-angle and for �34 as given in Eq. (5.5) obtainedby the various event generators. For the de�nition of jets the Durham-s
heme withy
ut = 0:002 was employed for all �nal states as well as for the mat
hing of thematrix elements and the parton shower. The upper lines show the 
orrespondingdi�erential rates with respe
t to the numbers on the left axis whereas the errorsrelative to the matrix element expression, namely (M.E.-P.S.)/M.E are given bythe appropriate lower lines with respe
t to the numbers on the right axis.However, the validity of our mat
hing pro
edure 
an be veri�ed in moredepth 
onsidering the topologi
al stru
ture of multijet-events as exempli�edby four-jet events. Ordering the jets by their energies, E1 � E2 � E3 � E4,typi
al observables des
ribing these pro
esses are the modi�ed Na
htmann�Reiter-, the Bengtson�Zerwas- and the Körner�S
hierholz�Willrodt-angle as



3892 F. Krauss, R. Kuhn, G. Soffwell as the angle �34 between the two least energeti
 jets [2, 11℄,��NR = \(~p1 � ~p2; ~p3 � ~p4) ;�BZ = \(~p1 � ~p2; ~p3 � ~p4) ;�KSW = \(~p1 � ~p3; ~p2 � ~p4) : (5.5)In Fig. 5 we display the angular distributions of the partons after theshower generated by the various event generators in 
omparison to the dis-tributions resulting from the 
orresponding matrix elements.6. Con
lusionsObviously APACIC++ is perfe
tly 
apable to des
ribe in a pre
ise andreliable manner the four jet topologies. Therefore one is tempted to 
onlude,that the parton shower and the matrix elements are mat
hed appropriately.The few sizeable deviations of the topologies at the parton shower levelfrom the matrix elements are 
ollimated in the region of nearly 
ollinearjets. This is not too surprising, however, sin
e the jet evolution softens theinitial partons to jets and widens them to jet-
ones whi
h in turn may easilyoverlap. Of 
ourse this alters the results slightly. However, in prin
iple, thisexa
tly re�e
ts the pi
ture employed of hard produ
ed partons widening tojets. We therefore 
on
lude, that the mat
hing su

eeded.In 
ontrast, the two other event generators 
onsidered at the present statedo not in
lude an a

urate mat
hing pro
edure for four-jet events. Thereforetheir failure in des
ribing su
h topologies 
onsistently at the parton levelmerely re�e
ts the fa
t, that the angular stru
tures of four-jet events aredue to 
orrelations not embedded in the parton shower like for instan
einterferen
es of single diagrams.On the other hand, it should be noted, that all of the event genera-tors displayed here reprodu
e the overall features of e+e�-annihialtions intohadrons in a fairly satisfying manner, even though the intrinsi
 parametersof our 
ode APACIC++ have not been fully tuned.Summarizing we would like to state, that we have proposed a obviouslyworking general approa
h to mat
h parton showers and arbitrary matrixelements in the framework of QCD event generators. We have implementedthis ansatz into the newly developped event generator APACIC++ , whi
hlinked with AMEGIC++ will o�er new possibilities to des
ribe pre
ision data
on
erning multijet-events at LEP II and beyond.We are deeply indebted to J. Drees, K. Hama
her and U. Flagmeyerfor helpful dis
ussions 
on
erning various aspe
ts of e+e�-
ollisions at LEPand for some of the result plots displayed. Additionally, we would like to
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