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TWO HYPOTHETIC STERILE NEUTRINOSWHICH WANT TO MIX WITH �e AND ��Woj
ie
h KrólikowskiInstitute of Theoreti
al Physi
s, Warsaw UniversityHo»a 69, 00�681 Warszawa, Poland(Re
eived August 5, 1998)It is argued that the observed de�
it of solar and atmospheri
 neutrinos
an be explained by neutrino os
illations �e ! �s and �� ! �0s involvingtwo hypotheti
 sterile neutrinos �s and �0s (blind to all Standard�Modelintera
tions). They are keen to mix nearly maximally with �e and ��,respe
tively, to form neutrino mass states �1, �4 and �2, �5. Our argumentis presented in the framework of a model of fermion �texture� formulatedpreviously, whi
h implies the existen
e of two sterile neutrinos beside thethree 
onventional.PACS numbers: 12.15.Ff, 12.90.+b, 14.60.Gh1. Introdu
tionThe re
ent �ndings [1℄ of Super-Kamiokande atmospheri
-neutrino ex-periment brought to us the important message that the observed de�
it ofatmospheri
 ��'s seems to be really 
aused by neutrino os
illations, relatedto nearly maximal mixing of �� with another neutrino. This may be �� or,alternatively, a new sterile neutrino (blind to all Standard Model intera
-tions). The �e neutrino is here ex
luded from being a mixing partner of ��by the negative result of CHOOZ long-baseline rea
tor experiment [2℄ whi
hfound no eviden
e for the disappearan
e modes of ��e, in parti
ular ��e ! ���,in a parameter region overlapping the range of sin2 2�atm and �m2atm ob-served in the Super-Kamiokande experiment.The survival probability for ��, when analized experimentally in two-�avor formP (�� ! ��) = 1� sin2 2�atm sin2 �1:27�m2atm L=E� ; (1)leads to the parameters [1℄sin2 2�atm = O(1) � 0:82 to 1 (2)(227)



228 W. Królikowskiand �m2atm � (0:5 to 6)� 10�3 eV2 (3)at the 90% 
on�den
e level (note that the value �m2atm � 5�10�3 eV2 
or-responds to the lower limit of the previous Kamiokande estimate of �m2atm[3℄). If �� is responsible for this nearly maximal mixing of ��, then thedisappearan
e probability for �� in the mode �� ! �� isP (�� ! �� ) = sin2 2�atm sin2 �1:27�m2atm L=E� : (4)In the present paper, we 
onje
ture that it is rather a sterile neutrino(denoted here by � 0s) whi
h is responsible for su
h a nearly maximal mixingof ��(whether it is not or is �� 
onstitutes a 
ru
ial point of our 
onje
turewhi
h, unfortunately, is not at the moment easy to de
ide experimentally[1℄). We 
onje
ture moreover that another sterile neutrino (denoted by �s)mixes nearly maximally with �e, 
ausing the observed de�
it of solar �e's.In su
h a way, we introdu
e a uni�ed pi
ture of neutrino os
illations asbeing related to nearly maximal mixing of two sterile neutrinos �s and � 0swith �e and ��, respe
tively. Of 
ourse, this mixing of �s and � 0s is notforbidden by the weak isospin I3 and weak hyper
harge Y of �e and �� , asthe 
onservation of these weak 
harges is spontaneously broken, ex
ept fortheir 
ombination Q � I3 + Y=2 (equal to zero for �e and ��). We shouldlike also to remark that the sterile neutrinos �s and � 0s, intera
ting onlygravitionally, would be responsible for the existen
e of a Standard Model�ina
tive fra
tion of the dark matter.Note that the existen
e of just two sterile neutrinos (blind to all StandardModel intera
tions), beside three families of Standard Model�a
tive leptonsand quarks, turns out to be natural in the model of lepton and quark �tex-ture� we develop sin
e some time [4,5℄ (
f. Eqs. (A.15) in Appendix). Inthis model, all neutrinos are Dira
 parti
les having both lefthanded andrighthanded parts.For the Standard Model�a
tive neutrinos �e ; �� ; �� , 
harged leptonse� ; �� ; ��, up quarks u ; 
 ; t and down quarks d ; s ; b we 
ame to a pro-posal [5℄ (
f. Eq. (A.10) in Appendix) of uni�ed algebrai
 stru
ture oftheir mass matri
es �M (f)ij � (f = � ; e ; u ; d) in the three-dimensional fam-ily spa
e (i ; j = 1 ; 2 ; 3). In the 
ase of leptons (f = � ; e), this proposalreads�M (f)ij � = 129 0� �(f)"(f) 2 2�(f)ei'(f) 02�(f)e�i'(f) 4�(f)(80 + "(f) 2)=9 8p3�(f)ei'(f)0 8p3�(f)e�i'(f) 24�(f)(624 + "(f) 2)=251A :(5)



Two Hypotheti
 Sterile Neutrinos Whi
h Want to... 229Here, �(f), "(f) 2, �(f) and '(f) denote real 
onstants to be determined fromthe present and future experimental data for lepton masses and mixing pa-rameters (�(f) and �(f) are mass-dimensional).For 
harged leptons, when assuming that the o�-diagonal elements of themass matrix �M (e)ij � given in Eq. (5) 
an be treated as a small perturbationof its diagonal terms, we 
al
ulate in the lowest (quadrati
) perturbativeorder in �(e)=�(e) [5℄:m� = 6125 (351m� � 136me)+216�(e)3625 � 11155031696 + 29"(e) 2 � 487320� 5"(e) 2�  �(e)�(e)!2 ;"(e) 2 = 320me9m� � 4me +O24 �(e)�(e)!235 ;�(e) = 29320 (9m� � 4me) +O24 �(e)�(e)!235�(e) : (6)When the experimental me and m� [6℄ are used as inputs, Eqs. (6) give [5℄m� = 241776:80 + 10:2112 �(e)�(e)!2 35 MeV ;"(e) 2 = 0:172329 +O24 �(e)�(e)!235 ;�(e) = 85:9924MeV +O24 �(e)�(e)!2 35 �(e) : (7)We 
an see that the predi
ted value of m� agrees very well with its experi-mental �gure mexp� = 1777:00+0:30�0:27 MeV [6℄, even in the zero-order perturba-tive 
al
ulation. To estimate ��(e)=�(e)�2, we take this experimental �gureas another input. Then,  �(e)�(e)!2 = 0:020+0:029�0:020 ; (8)so it is not in
onsistent with zero.



230 W. KrólikowskiThe unitary matrix �U (e)ij �, diagonalizing the mass matrix �M (e)ij � a
-
ording to the relation U (e) yM (e) U (e) = diag(me ; m� ; m� ), assumes in thelowest (quadrati
) perturbative order in �(e)=�(e) the form�U (e)ij �=0BBBB� 1� 2841 ��(e)m� �2 229 �(e)m� ei'(e) 0� 229 �(e)m� e�i'(e) 1� 2841 ��(e)m� �2 � 96841 ��(e)m� �2 8p329 �(e)m� ei'(e)0 �8p329 �(e)m� e�i'(e) 1� 96841 ��(e)m� �2
1CCCCA ;(9)where the small "(e) 2 is negle
ted. Of 
ourse, in the limit of �(e) ! 0, weobtain �U (e)ij �! (Æij).For neutrinos, we will assume in this paper that "(�) 2 is very small and�(�) = 0 ; (10)in 
ontrast to the possibility of �(e) 6= 0 for 
harged leptons [
f. Eq. (8)℄.Then, for 
onventional neutrinos �U (�)ij � = (Æij) and so, �e, ��, �� 
an mixonly by means of the trivial lepton CKM matrix (Vij) � �Pk U (�) �ki U (e)kj � =�U (e)ij �, what is a minor e�e
t, vanishing in the limit of �(e) ! 0. Instead,allowing in this paper for the existen
e of two sterile neutrinos �s and � 0s,we will extend the 3� 3 neutrino mass matrix �M (�)ij � (i; j = 1; 2; 3), giventhrough Eqs. (5) and (10), to a 5� 5 neutrino mass matrix �M (�)IJ � (I; J =1; 2; 3; 4; 5) with M (�)IJ =M (�) �JI . Expli
itly, we will assume that�M (�)IJ � = 0BBBBBB�M (�)11 0 0 M (�)14 00 M (�)22 0 0 M (�)250 0 M (�)33 0 0M (�)41 0 0 M (�)44 00 M (�)52 0 0 M (�)55

1CCCCCCA ; (11)where M (�)11 = �(�)"(�) 2=29, M (�)22 ' 320�(�)=261, M (�)33 ' 14976�(�)=725due to Eq. (5), and M (�)44 � �(�)"(�) 2=7, M (�)55 � 48�(�)=7 in 
onsequen
eof Eqs. (A.19) and (A.20) (
f. Appendix). It will turn out that the matrixelements M (�)14 = M (�) �41 and M (�)25 = M (�) �52 lead to the mixing of neutrino�avor states �e with �s and �� with � 0s within neutrino mass states �1, �4and �2, �5, respe
tively.



Two Hypotheti
 Sterile Neutrinos Whi
h Want to... 2312. Neutrino mass statesThe eigenvalues of the extended mass matrix �M (�)IJ � given in Eq. (11)are Dira
 masses of �ve neutrino mass states �1 ; �2 ; �3 ; �4 ; �5. They arem�1; �4 = M (�)11 +M (�)442 �vuut M (�)11 �M (�)442 !2 + jM (�)14 j2 ;m�3 = M (�)33 ;m�2; �5 = M (�)22 +M (�)552 �vuut M (�)22 �M (�)552 !2 + jM (�)25 j2 : (12)In Se
tion 4, the masses m�1 and m�2 will turn out to be negative, what isirrelevant in the 
ase of Dira
 parti
les for whi
h only masses squared aremeasurable (so, jm�1 j and jm�2 j will be the phenomenologi
al masses of �1and �2).The 
orresponding 5� 5 unitary matrix �U (�)IJ �, diagonalizing the massmatrix �M (�)IJ � a

ording to the equality U (�) yM (�) U (�) = diag(m�1 ; m�2 ;m�3 ; m�4 ; m�5), takes the form�U (�)IJ �=0BBBBBB� 1p1+Y 2 0 0 Yp1+Y 2 ei'(�) 00 1p1+X2 0 0 Xp1+X2 ei'(�) 00 0 1 0 0� Yp1+Y 2 e�i'(�) 0 0 1p1+Y 2 00 � Xp1+X2 e�i'(�) 0 0 0 1p1+X2
1CCCCCCA ;(13)where M (�)14 = jM (�)14 j exp i'(�), M (�)25 = jM (�)25 j exp i'(�) 0 andY = M (�)11 �M (�)442jM (�)14 j +vuut1 + M (�)11 �M (�)442jM (�)14 j !2= M (�)11 �m�1jM (�)14 j = �M (�)44 �m�4jM (�)14 j ;X = M (�)22 �M (�)552jM (�)25 j +vuut1 + M (�)22 �M (�)552jM (�)25 j !2= M (�)22 �m�2jM (�)25 j = �M (�)55 �m�5jM (�)25 j : (14)



232 W. KrólikowskiThe neutrino �avor states �� � �e ; �� ; �� ; �s ; � 0s (of whi
h �e ; �� ; �� ,or rather their lefthanded parts, stand for the observed weak-intera
tion neu-trino states and �s, � 0s denote their unobserved sterile partners) are related tothe neutrino mass states �I � �1 ; �2 ; �3 ; �4 ; �5 through a �ve-dimensionalunitary transformation �� =XJ V �J� �J (15)with �V �J�� = (V�J )y. Here,V�J �XK U (�) �K� U (e)KJ =Xk U (�) �k � U (e)k J + U (�) �4� Æ4J + U (�) �5� Æ5J ; (16)where �U (e)ij � is the 
harged-lepton diagonalizing matrix given in Eq. (9)and U (e)i4 = 0 = U (e)i5 ; U (e)4j = 0 = U (e)5j ; U (e)44 = 1 = U (e)55 : (17)The last equations follow from the fa
t that 
harged leptons get no sterilepartners. Thus, from Eq. (16)V� j =Xk U (�) �k � U (e)k j ; V�4 = U (�) �4� ; V�5 = U (�) �5� : (18)Of 
ourse, the 5�5 unitary matrix (V�J ) is a �ve-dimensional lepton 
ounter-part of the familiar CKMmatrix for quarks. The 
harged leptons e� ; �� ; ��are here 
ounterparts of the up quarks u ; 
 ; t (both with diagonalized massmatrix).From Eqs. (18), with the use of Eqs. (13) and (9), we 
an 
al
ulatethe matrix elements V�J in the lowest (quadrati
) perturbative order in�(e)=�(e). Writing for 
onvenien
e � = I = 1; 2; 3; 4; 5, we getV11 = 241� 2841  �(e)m� !235 1p1 + Y 2 ;V22 = 241� 2841  �(e)m� !2 � 96841  �(e)m� !235 1p1 +X2 ;V33 = 1� 96841  �(e)m� !2 ;V12 = 229 �(e)m� 1p1 + Y 2 ei'(e) ; V21 = � 229 �(e)m� 1p1 +X2 e�i'(e) ;



Two Hypotheti
 Sterile Neutrinos Whi
h Want to... 233V23 = 8p329 �(e)m� 1p1 +X2 ei'(e) ; V32 = �8p329 �(e)m� 1p1 +X2 e�i'(e) ;V13 = 0 ; V31 = 0 (19)andV14 = � Yp1 + Y 2 ei'(�) ; V41 = 241� 2841  �(e)m� !235 Yp1 + Y 2 e�i'(�) ;V24 = 0 ; V42 = 229 �(e)m� Yp1 + Y 2 e�i('(�)�'(e)) ;V34 = 0 ; V43 = 0 ; V44 = 1p1 + Y 2 ;V15 = 0 ; V51 = � 229 �(e)m� Xp1 +X2 e�i('(�) 0+'(e)) ;V25 = � Xp1 +X2 ei'(�) 0 ; V52 = 241� 2841  �(e)m� !2� 96841  �(e)m� !235 Xp1 +X2 e�i'(�) 0 ;V35 = 0 ; V53 = 8p329 �(e)m� Xp1 +X2 e�i('(�) 0�'(e)) ;V45 = 0 ; V54 = 0 ; V55 = 1p1 +X2 : (20)In the limit of �(e) ! 0, the only nonzero matrix elements V�J areV11 ! 1p1 + Y 2 ; V22 ! 1p1 +X2 ; V33 ! 1 (21)and V14 = � Yp1 + Y 2 ei'(�) ; V41 ! �V �14 ; V44 = 1p1 + Y 2 ;V25 = � Xp1 +X2 ei'(�) 0 ; V52 ! �V �25 ; V55 = 1p1 +X2 : (22)



234 W. Królikowski3. Neutrino os
illationsHaving on
e found the elements (19) and (20) of the extended leptonCKM matrix, we are able to 
al
ulate the probabilities of neutrino os
illa-tions �� ! �� (in the va
uum), using the familiar formula:P (�� ! ��) = jh�� j��(t)ij2 =XKL VL�V �L�V �K �VK � exp im2�L �m2�K2j~pj t! ;(23)where ��(0) = ��, h��j = h0j�� and h�� j��i = Æ� �. Here, as usual, t=j~pj =L=E (
 = 1 = ~), what is equal to 4� 1:2663L=E if m2�L �m2�K ; L and Eare measured in eV2, m and MeV, respe
tively. Of 
ourse, L is the sour
e-dete
tor distan
e (the baseline). In the following, it will be 
onvenient todenote xLK = 1:2663(m2�L �m2�K )LE (24)and use the identity 
os 2xLK = 1� 2 sin2 xLK .From Eqs. (23), (19) and (20) we derive by expli
it 
al
ulations thefollowing neutrino-os
illation formulae valid in the lowest (quadrati
) per-turbative order in �(e)=�(e):P (�e ! ��) = 16841 ��(e)m� �2� � 1(1 +X2)(1 + Y 2) �sin2 x21 +X2 sin2 x51 + Y 2 sin2 x42 +X2Y 2 sin2 x54�� X2(1 +X2)2 sin2 x52 � Y 2(1 + Y 2)2 sin2 x41� ;P (�e ! �� ) = 0 ;P (�� ! �� ) = 768841��(e)m� �2� 11+X2 �sin2x32+X2 sin2 x53�� X2(1+X2)2 sin2x52� ;P (�e ! �s) = 4"1� 4841 ��(e)m� �2# Y 2(1 + Y 2)2 sin2 x41 ;P (�� ! �s) = 16841 ��(e)m� �2 Y 2(1 + Y 2)2 sin2 x41 ;P (�e ! �0s) = 16841 ��(e)m� �2 X2(1 +X2)2 sin2 x52 ;P (�� ! �0s) = 4"1� 4841 ��(e)m� �2�192841 ��(e)m� �2# X2(1+X2)2 sin2x52 : (25)



Two Hypotheti
 Sterile Neutrinos Whi
h Want to... 235In the limit of �(e) ! 0, the only nonzero neutrino-os
illation probabilitiesare P (�e ! �s) ! 4 Y 2(1 + Y 2)2 sin2 x41 ;P ��� ! � 0s� ! 4 X2(1 +X2)2 sin2 x52 : (26)The formulae (25) for the disappearan
e modes of �e and �� imply thefollowing survival probabilities for �e and ��:P (�e ! �e) = 1� P (�e ! ��)� P (�e ! �� )� P (�e ! �s)� P ��e ! � 0s�= 1� 4241� 8841  �(e)m� !235 Y 2(1 + Y 2)2 sin2 x41� 16841  �(e)m� !2 1(1 +X2)(1 + Y 2)� �sin2 x21 +X2 sin2 x51 + Y 2 sin2 x42 +X2Y 2 sin2 x54� (27)andP (�� ! ��) = 1� P (�� ! �e)� P (�� ! �� )� P (�� ! �s)� P (�� ! �0s)= 1� 4"1� 8841 ��(e)m� �2 � 384841 ��(e)m� �2# X2(1 +X2)2 sin2 x52� 16841 ��(e)m� �2 1(1 +X2)(1 + Y 2)� �sin2 x21 +X2 sin2 x51 + Y 2 sin2x42 +X2Y 2 sin2x54� : (28)In the limit of �(e) ! 0, we obtainP (�e ! �e)! 1� 4 Y 2(1 + Y 2)2 sin2 x41 (29)and P (�� ! ��)! 1� 4 X2(1 +X2)2 sin2 x52 : (30)The last two formulae are to be 
ompared with solar-neutrino and atmospheri
-neutrino experiments, respe
tively.



236 W. Królikowski4. Atmospheri
 and solar neutrinosIn the 
ase of atmospheri
 neutrinos, we 
ompare our formula (30) withEq. (1). Then, for instan
e, 4X2(1 +X2)2 � 0:9 (31)(more generally: � 0:82 to 1) andm2�5 �m2�2 � 5� 10�3 eV2 (32)(more generally: � (0:5 to 6)� 10�3 eV2).From the input (31) we get X � 0:721 (33)and, through the se
ond Eq. (14),M (�)55 �M (�)222jM (�)25 j = 1�X22X � 13 (34)or jM (�)25 j = X1�X2 �M (�)55 �M (�)22 � � 32 �M (�)55 �M (�)22 � : (35)On the other hand, the third mass formula (12) and the input (32) give�M (�)22 +M (�)55 �r�M (�)22 �M (�)55 �2 + 4jM (�)25 j2 = m2�5 �m2�2 � 5� 10�3 eV2(36)or, with the use of Eqs. (34) and (33),M (�) 255 �M (�) 222 = 1�X21 +X2 �m2�5 �m2�2� � 1:58 � 10�3 eV2 : (37)With the formulae M (�)22 ' 320�(�)=261 and M (�)55 � 48�(�)=7 we haveM (�) 255 �M (�) 222 � 45:5�(�) 2. Hen
e, Eq. (37) leads to�(�) � 5:90� 10�3 eV: (38)Then, M (�)22 � 7:25 � 10�3 eV ; M (�)55 � 4:04 � 10�2 eV (39)



Two Hypotheti
 Sterile Neutrinos Whi
h Want to... 237and so, from Eq. (35) jM (�)25 j � 4:97� 10�2 eV: (40)Finally, with the values (39) and (40) the third mass formula (12) givesm�2;�5 � � �2:86� 10�2 eV7:62� 10�2 eV : (41)In this way, all parameters appearing in our model of neutrino �texture�,needed to explain the observed de�
it of atmospheri
 ��'s in terms of neu-trino os
illations �� ! � 0s, are determined.In the 
ase of solar neutrinos, we 
ompare our formula (29) with thesurvival probability for �e, usually analized experimentally in two-�avor formP (�e ! �e) = 1� sin2 2�sol sin2 �1:27�m2sol L=E� : (42)Taking into a

ount the so-
alled va
uum �t [7℄ (i.e., one that is not en-han
ed by the resonant MSW me
hanism [8℄ in the Sun matter), we havethe parameterssin2 2�sol � 0:65 to 1 ; �m2sol � (5 to 8)� 10�11 eV2 ; (43)what shows a large mixing and a very small di�eren
e of masses squared.Then, for instan
e, 4Y 2(1 + Y 2)2 � 0:8 (44)(more generally: � 0:65 to 1) andm2�4 �m2�1 � 7� 10�11 eV2 (45)(more generally: � (5 to 8) �10�11 eV2).From the input (44) we obtainY � 0:618 (46)and, due to the �rst Eq. (14),M (�)44 �M (�)112jM (�)14 j = 1� Y 22Y � 12 (47)or jM (�)14 j = Y1� Y 2 �M (�)44 �M (�)11 � �M (�)44 �M (�)11 : (48)



238 W. KrólikowskiOn the other hand, the �rst mass formula (12) and the input (45) lead to�M (�)11 +M (�)44 �r�M (�)11 �M (�)44 �2 + 4jM (�)14 j2 = m2�4�m2�1 � 7�10�11 eV2(49)or, through Eqs. (47) and (46), toM (�) 244 �M (�) 211 = 1� Y 21 + Y 2 �m2�4 �m2�1� � 3:13 � 10�11 eV2 : (50)With the formulae M (�)11 = �(�)"(�) 2=29 and M (�)44 � �(�)"(�) 2=7 we getM (�) 244 �M (�) 211 � 0:0192�(�) 2"(�) 4. Hen
e, Eqs. (50) and (38) give"(�) 2 � 6:85� 10�3 : (51)Then, M (�)11 � 1:39� 10�6 eV ; M (�)44 � 5:77 � 10�6 eV (52)and thus, from Eq. (48) jM (�)14 j � 4:38� 10�6 eV : (53)Eventually, with the values (52) and (53) the �rst mass formula (12) impliesm�1;�4 � � �1:32� 10�6 eV8:48� 10�6 eV : (54)In su
h a way, all parameters 
ontained in our model of neutrino �tex-ture�, needed to des
ribe the observed de�
it of solar �e's in terms of neutrinoos
illations �e ! �s in the va
uum, are determined.Our last item is 
on
erned with the LSND a

elerator experiment thatreported the dete
tion of ��� ! ��e and �� ! �e os
illations by observing��e's and �e's in a beam of ���'s and ��'s produ
ed in �� and �+ de
ays,respe
tively [9℄. The observed ex
ess of ��e's and �e's, analized in termsof two-�avor neutrino-os
illation formula, implies a 
onsiderable amplitudesin2 2�LSND, too large to be explained by our formula (25) for P (�� ! �e) =P (�e ! ��), where the leading amplitude at sin2 x21,16841  �(e)m� !2 1(1 +X2)(1 + Y 2) ; (55)is small: 0 � 16841  �(e)m� !2 � 6:2 � 10�4 ; (56)



Two Hypotheti
 Sterile Neutrinos Whi
h Want to... 239as it follows from Eq. (8). Here, the 
entral value is16841  �(e)m� !2 = 2:5� 10�4 : (57)If signs � in the mass formulae (12) are repla
ed by �, then in Eqs.(14) for Y and X we ought to inter
hange m�1 $ m�4 ; m�2 $ m�5 andM (�)11 $M (�)44 ; M (�)22 $M (�)55 to keep Eq. (13) for �U (�)IJ � un
hanged. In thenew situation, we may try the assumption �(s) = 0 [instead of �(s) = �(�),Eqs. (20)℄, and then with the use of sin2 2�atm � 0:9 and �m2atm � 5�10�3eV2 we obtain m�2 � 8:28 � 10�2 eV and m�5 � �4:30 � 10�2 eV (and�(�) � 3:24�10�2 eV). Similarly, with the use of sin2 2�sol � 0:8 and�m2sol �7 � 10�11 eV2 we get m�1 � 9:05 � 10�6 eV and m�4 � �3:46 � 10�6 eV(and "(�)2 � 5:00 � 10�3).I would like to thank Jan Królikowski for several helpful dis
ussions.AppendixUni�ed �texture dynami
s�In this Appendix the idea of a model of fermion �texture� that we developsin
e some time [4,5℄ is outlined. In parti
ular, the existen
e of two sterileneutrinos �s and � 0s turns out to follow naturally.Let us introdu
e the following 3�3 matri
es in the spa
e of three fermionfamilies: ba =0� 0 1 00 0 p20 0 0 1A ; bay = 0� 0 0 01 0 00 p2 0 1A : (A.1)With the matrix bn = bayba = 0� 0 0 00 1 00 0 2 1A ; (A.2)they satisfy the 
ommutation relations[ba ; bn℄ = ba ; [bay ; bn℄ = �bay (A.3)
hara
teristi
 for annihilation and 
reation matri
es, while bn plays the roleof an o

upation-number matrix. However, in addition, they obey the �trun-
ation� identities ba3 = 0 ; bay 3 = 0 : (A.4)



240 W. KrólikowskiNote that due to Eqs. (A.4) the bosoni
 
anoni
al 
ommutation relation[ba;bay℄=b1 does not hold, being repla
ed by the relation [ba;bay℄=diag (1; 1;�2).In 
onsequen
e of Eqs. (A.1), (A.2) and (A.3), we get bnjni = njni aswell as bajni = pnjn� 1i and bayjni = pn+ 1jn+ 1i (n = 0; 1; 2), however,bayj2i = 0 (i.e., j3i = 0) in addition to bayj0i = 0 (i.e., j � 1i = 0). Evidently,n = 0; 1; 2 may play the role of a ve
tor index in our three-dimensionalmatrix 
al
ulus.It is natural to expe
t that the Gell-Mann matri
es (generating the hor-izontal SU(3) algebra) 
an be built up from ba and bay. In fa
t,b�1 = 0� 0 1 01 0 00 0 0 1A = 12 �ba2bay + babay 2� ;b�2 = 0� 0 �i 0i 0 00 0 0 1A = 12i �ba2bay � babay 2� ;b�3 = 0� 1 0 00 �1 00 0 0 1A = 12 �ba2bay 2 � babay 2ba� ;b�4 = 0� 0 0 10 0 01 0 0 1A = 1p2 �ba2 + bay 2� ;b�5 = 0� 0 0 �i0 0 0i 0 0 1A = 1ip2 �ba2 � bay 2� ;b�6 = 0� 0 0 00 0 10 1 0 1A = 1p2 �bayba2 + bay 2ba� ;b�7 = 0� 0 0 00 0 �i0 i 0 1A = 1ip2 �bayba2 � bay 2ba� ;b�8 = 1p3 0� 1 0 00 1 00 0 �2 1A = 1p3 �babay � bayba� ;b1 = 0� 1 0 00 1 00 0 1 1A = 12 �ba2bay 2 + babay 2ba+ bay 2ba2� : (A.5)Inversely, ba = (b�1+ib�2)=2+p2(b�6+ib�7)=2 and bay = (b�1�ib�2)=2+p2(b�6�
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h Want to... 241ib�7)=2. A message we get from these relationships is that a horizontal �eldformalism, always simple (linear) in terms of b�A (A = 1; 2; : : : ; 8) and b1,is generally not simple in terms of ba and bay. In parti
ular, a nontrivialSU(3)-symmetri
 horizontal formalism is not simple in ba and bay. Inversely,a nontrivial horizontal �eld formalism, if simple (linear and/or quadrati
and/or 
ubi
) in terms of ba and bay, 
annot be SU(3)-symmetri
.Now, let us 
onsider the following ansatz [5℄:
M (f) = b� 1=2bh(f)b� 1=2 (f = � ; e ; u ; d) ; (A.6)where b� 1=2 = 1p29 0� 1 0 00 p4 00 0 p24 1A ; Trb� = 1 (A.7)and bh(f) = �(f) h(1 + 2bn)2 + �"(f) 2 � 1� (1 + 2bn)�2 + bC(f)i+ ��(f)b1� �(f)bn�baei'(f) + bay ��(f)b1� �(f)bn� e�i'(f) (A.8)with bn = bayba andb1 + 2bn = bN = 0� 1 0 00 3 00 0 5 1A ; bC(f) = 0� 0 0 00 0 00 0 C(f) 1A : (A.9)It is the matter of an easy 
al
ulation to show that the matri
es (A.6) getexpli
itly the form [5℄:
M (f) = 129 0� �(f)"(f) 2 2�(f)ei'(f) 02�(f)e�i'(f) 4�(f)(80+"(f) 2)=9 8p3(�(f)��(f))ei'(f)0 8p3(�(f)��(f))e�i'(f) 24�(f)(624+25C(f)+"(f) 2)=251A :(A.10)In this paper we write also 
M (f) = �M (f)ij � (i; j = 1; 2; 3).In a more detailed 
onstru
tion following from our idea about the ori-gin of three fermion families [4℄, ea
h eigenvalue N = 1 ; 3 ; 5 of the ma-trix bN 
orresponds (for any f = � ; e ; u ; d) to a wave fun
tion 
arryingN = 1 ; 3 ; 5 Dira
 bispinor indi
es: �1; �2; : : : ; �N of whi
h one, say �1, is
oupled to the external Standard Model gauge �elds, while the remainingN � 1 = 0 ; 2 ; 4 : �2 ; : : : ; �N (that are not 
oupled to these �elds) arefully antisymmetri
 under permutations. So, the latter obey Fermi statisti
salong with the Pauli prin
iple implying that really N � 1 � 4, be
ause ea
h



242 W. Królikowski�i = 1; 2; 3; 4. Then, the three wave fun
tions 
orresponding to N = 1 ; 3 ; 5
an be redu
ed to three other wave fun
tions 
arrying only one Dira
 bispinorindex �1 (and so, spin 1/2), (f)1�1 �  (f)�1 ; (f)3�1 � 14 �C�1
5��2�3  (f)�1�2�3 =  (f)�1 12 =  (f)�1 34 ; (f)5�1 � 124"�2�3�4�5 (f)�1�2�3�4�5 =  (f)�1 1234 ; (A.11)and appearing (up to the sign) with the multipli
ities 1, 4 and 24, respe
-tively. In this argument, for N = 3 the requirement of relativisti
 
ovarian
eof the wave fun
tion (and the related probability 
urrent) is applied expli
itly[4℄. The weighting matrix b� 1=2 as given in Eq. (A.7) gets as its elements thesquare roots of these multipli
ities, normalized in su
h a way that Tr b� = 1.In Eqs. (A.11), the indi
es �i (i = 1; 2; : : : ; N) are of Ja
obi type:�1 is a �
entre-of-mass� Dira
 bispinor index, while �2 ; : : : ; �N are �rel-ative� Dira
 bispinor indi
es. In fa
t, �i (i = 1; 2; : : : ; N) are de�ned by
hiral representations of ��i matri
es (i = 1; 2; : : : ; N) being the (prop-erly normalized) Ja
obi 
ombinations of some individual 
�i matri
es (i =1; 2; : : : ; N), where, in parti
ular, ��1 � (1=pN)PNi=1 
�i [4℄. For themn��i ;��jo = 2Æijg�� (i; j = 1; 2; : : : ; N), in 
onsequen
e of the anti
om-mutation relations n
�i ; 
�j o = 2Æijg�� valid for any 
�i and 
�j . Then, theDira
-type equations f�1 � [p� gA(x)℄ �Mg (x) = 0 (N = 1; 2; 3; : : :) [4℄,independent of ��2 ; : : : ; ��N , hold for the fundamental-parti
le wave fun
-tions  (x) = ( �1�2:::�N (x)), where N = 1; 3; 5 in the 
ase of fermion wavefun
tions (A.11). Here, g�1 �A(x) symbolizes the Standard Model 
oupling.Note that all four matri
es 
M (f) (f = � ; e ; u ; d) de�ned by Eqs.(A.6)�(A.9) and (A.1) have a 
ommon stru
ture, di�ering from ea
h otheronly by the values of their parameters �(f), "(f) 2, �(f), �(f), C(f) and '(f).We proposed the fermion mass matri
es to be of this uni�ed form [5℄. Then,Eqs. (A.6) and (A.8) de�ne a quantum-me
hani
al model for the �texture�of fermion mass matri
es 
M (f) (f = � ; e ; u ; d). Su
h an approa
h may be
alled �texture dynami
s�.The fermion mass matrix 
M (f), 
ontaining the kernel bh(f) given in Eq.(A.8), 
onsists of a diagonal part proportional to �(f), and of an o�-diagonalpart involving linearly �(f) and �(f). The o�-diagonal part of bh(f) des
ribesthe mixing of three eigenvalues�(f) hN2 + �"(f) 2 � 1�N�2 + ÆN 5C(f)i (N = 1; 3; 5) (A.12)
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h Want to... 243of its diagonal part. Beside the term �(f)C(f) that appears only for N = 5,ea
h of these eigenvalues is the sum of two terms 
ontaining N2. They are:(i) a term �(f)N2 that may be interpreted as an �intera
tion� of N elements(�intrinsi
 partons�) treated on the same footing, and (ii) another term�(f) �"(f) 2 � 1�P 2N with PN = [N !=(N � 1)!℄�1 = N�1 (A.13)that may des
ribe an additional �intera
tion� with itself of one elementarbitrarily 
hosen among N elements of whi
h the remaining N � 1 areundistinguishable. Therefore, the total �intera
tion� with itself of this (ar-bitrarily) distinguished �parton� is �(f)[1+ ("(f) 2 � 1)N�2℄, so it be
omes�(f)"(f) 2 in the �rst fermion family.The form (A.11) of three fermion wave fun
tions shows that ea
h �intrin-si
 parton� 
arries a Dira
 bispinor index (of the Ja
obi type). For the (arbi-trarily) distinguished �parton�, this index, 
onsidered in the framework of afermion wave equation, is 
oupled to the external gauge �elds of the StandardModel. Thus, this �parton� 
arries the total spin 1/2 of the fermion as wellas a set of its Standard Model 
harges 
orresponding to f = � ; e ; u ; d. Forthe N � 1 undistinguishable �partons�, obeying Fermi statisti
s along withthe Pauli prin
iple, their Dira
 bispinor indi
es are mutually 
oupled, re-sulting into Lorentz s
alars, while their number N�1 = 0; 2; 4 di�erentiatesbetween three fermion families (for ea
h f = � ; e ; u ; d). These �partons�are free of Standard Model 
harges.Evidently, the intriguing question arises, how to interpret two possibleboson families 
orresponding to the number N�1 = 1; 3 of undistinguishable�partons� [10℄. In the present paper this problem is not dis
ussed. Here, wewould like only to point out that three fermion familiesN = 1; 3; 5 di�er fromthese two hypotheti
 boson families N = 2; 4 by the full pairing of their N�1 = 0; 2; 4 undistinguishable �partons�. So, the boson families, 
ontaining anodd number N � 1 = 1; 3 of su
h �partons�, might be 
onsiderably heavier.Note that the wave fun
tions 
orresponding to N = 2; 4 
an be redu
ed(under some relativisti
 requirements) to two other wave fun
tions 
arryingonly spin 0,�(f)2 � 12p2 �C�1
5��1�2  (f)�1�2 = 1p2 � (f)12 �  (f)21 � = 1p2 � (f)34 �  (f)43 � ;�(f)4 � 16p4"�1�2�3�4 (f)�1�2�3�4 = 1p4 � (f)1234 �  (f)2134 +  (f)3412 �  (f)4312� ;(A.14)and appearing (up to the sign) with the multipli
ities 2 and 6, respe
tively.Another important question also appears, namely, what is the interpre-tation of two fermions 
orresponding to the number N = 1 ; 3 of undistin-guishable �partons� only. Su
h fermions 
an 
arry ex
lusively spin 1/2 (for
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 requirements). Of 
ourse, they are free ofStandard Model 
harges and so, 
an be 
onsidered as two sterile neutrinoswith the wave fun
tions�s�1 �  1�1 �  �1 ;� 0s�1 �  3�1 � 16 �C�1
5��1 �2 "�2�3�4�5 �3�4�5 = 8>><>>:  134 for �1 = 1� 234 for �1 = 2 312 for �1 = 3� 412 for �1 = 4(A.15)appearing (up to the sign) with the multipli
ities 1 and 6, respe
tively.For these sterile neutrinos one may introdu
e the 2 � 2 mass matrix
M (s) = b�(s) 1=2bh(s)b�(s) 1=2, whereb�(s) 1=2 = 1p7 � 1 00 p6 � ; Trb�(s) = 1 ; (A.16)while the diagonal part of bh(s) is 
onje
tured to have the eigenvalues�(s) hN2 + �"(s) 2 � 1�P 2Ni with PN = N !=N ! = 1 (N = 1 ; 3) : (A.17)Now, one �intrinsi
 parton� is arbitrarily 
hosen (to 
arry the total spin 1/2of the fermion) among N �intrinsi
 partons� that all are undistinguishable[in 
ontrast to Eqs. (A.12) and (A.13)℄. This gives the diagonal part of 
M (s)equal to 17 � �(s)"(s) 2 00 6�(s)(8 + "(s) 2) � : (A.18)Thus, the diagonal matrix elements M (�)44 and M (�)55 of the 5 � 5 neutrinomass matrix �M (�)IJ � (I; J = 1; 2; 3; 4; 5) introdu
ed in Eq. (11) get theformsM (�)44 = �(s)7 "(s) 2 ' 0 ; M (�)55 = 6�(s)7 �8 + "(s) 2� ' 48�(s)7 (A.19)with "(s) 2 expe
ted to be very small. In the present paper we will assumethat �(s) � �(�) ; "(s) 2 � "(�) 2 : (A.20)in Eqs. (A.19).The possibility of existen
e of two bosons 
orresponding to the numberN = 2; 4 of undistinguishable �partons� only ought to be also 
onsidered.
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h bosons 
an 
arry ex
lusively spin 0 (for N = 2: under some relativisti
requirements). Obviously, they are free of Standard Model 
harges and so,may be 
onsidered as two �sterile s
alars� with the wave fun
tions�2� 14 �C�1
5��1�2  �1�2 =  12 =  34 ; �4� 124"�1�2�3�4 �1�2�3�4 = 1234(A.21)appearing (up to the sign) with the multipli
ities 4 and 24, respe
tively.A priori, the �intrinsi
 partons� may be either stri
tly algebrai
 obje
tsproviding fundamental fermions (leptons and quarks) with new family de-grees of freedom, or may give us a signal of a new spatial substru
ture offundamental fermions (built up of spatial �intrinsi
 partons� = preons, re-lated to the individual 
�i as well as x�i and p�i (i = 1; 2; : : : ; N); note thathere 
�i 's anti
ommute for di�erent i !). Our idea about the origin of threefermion families [4℄ 
hooses the �rst option. The di�
ult problem of newnon-Standard Model for
es, responsible for the binding of N preons withinfundamental fermions, does not arise in this option.However, if the se
ond option is true, then this irksome (though 
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