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COLLECTIVE EXCHANGE EFFECT IN NUCLEARCOLLECTIVE MODELS� ��A. Gó¹d¹ and D. RosªyInstitute of Physi
s, University of Maria Curie-Skªodowska20�031 Lublin, pl. M.Curie-Skªodowskiej 1, Poland(Re
eived January 13, 1999)Possible new quantum e�e
t related to quantum ex
hange for
e phe-nomenon is postulated to explain small staggerings observed in superde-formed and ground state rotational bands of nu
lei.PACS numbers: 21.60.Ev, 21.60.Fw, 03.65.Fd1. Introdu
tionSin
e very pre
ise measurements by Eurogamm [1�3℄ the�I = 2 stagger-ing seems to be well founded. This phenomenon observed in superdeformedbands, also 
alled �I = 4 bifur
ation, has very small amplitude (about0.3 keV), and it was argued, in prin
iple, as it is a possible eviden
e for four-fold symmetry C4 [4℄. On the other hand, Dönau, Frauendorf, and Meng [5℄gave arguments against the idea that �I = 2 staggering 
an be due tofourth order terms in the rotational nu
lear Hamiltonian used in [4℄ relatedto hexade
apole deformation of the nu
leus [6℄. In addition, some authorssuggest the existen
e of staggering e�e
t also in other than superdeformedbands [7℄ e.g., in ground bands of some even�even nu
lei. They even 
laimthat the staggering phenomenon might be widely spread in rotational bandsof many nu
lei. The remarks above show that the problem of staggering inrotational spe
tra remains open.In this paper we shortly des
ribe some foundations of another quantumme
hanism related to dis
rete symmetries that 
an appear in atomi
 nu
lei.It 
an possibly explain existen
e of di�erent kinds of staggerings in nu
learspe
tra.� Presented by D. Rosªy at the XXXIII Zakopane S
hool of Physi
s, Zakopane, Poland,September 1�9, 1998.�� Supported by A

ord de Cooperation Entre l'IN2P3 et les Laboratoires Polonais,Collaboration no. 96�83, CRN Strasbourg�Université MCS de Lublin.(605)



606 A. Gó¹d¹, D. Rosªy2. Ex
hange for
esThe quantum me
hani
s formalism predi
ts an interesting me
hanism ofex
hange of parti
les. It is able to produ
e an additional either atra
tive orrepulsive for
e only due to quantum tunneling e�e
t forbidden in 
lassi
alme
hani
s. This me
hanism is qualitatively well explained in text bookslike [8℄. In prin
iple, to exploit this quantum me
hani
al e�e
t it is enoughto 
onsider physi
al states of the system having non-zero overlaps. One
an also �nd, in this 
ase, an analog of ex
hange for
es though one 
annotobserve a parti
le to be ex
hanged. In addition, the ex
hange type for
e issometimes used expli
itely in some kinds of intera
tions, too. An example,
an be very well known the phenomenologi
al nu
leon�nu
leon intera
tionpotential whi
h 
onsists of radial term 
alled Wigner for
e and three terms
onne
ted with operators of positions ex
hange, spins ex
hange and isospinsex
hange: VC = VW (~r) + VM (~r)P ~r + VB(~r)P � + VH(~r)P � : (1)They give a 
ontribution to the intera
tion energy by ex
hanging positionsor quantum numbers of nu
leons. It is interesting to realize that the operatorP ~r of positions ex
hange, 
alled Majorana for
e, is non�lo
al. One needs,however, to note that the origin of this for
e is slightly of another naturethan the quantum e�e
t des
ribed above. In this 
ase one 
an also imaginean ex
hange term in the Hamiltonian even if the appropriate states do notoverlap. This type of for
e 
an be used in phenomenologi
al intera
tionsto simulate more fundamental e�e
t of ex
hange of some properties of thephysi
al system whi
h leads to 
hanges of its energy.The 
olle
tive models of nu
lei deal with only few variables des
ribing
olle
tive motions of nu
lei. It is obvious that a single 
olle
tive 
on�gura-tion 
an 
orrespond to several nu
leon 
on�gurations. The 
on�gurations, inturn, 
an have non-zero overlaps and the nu
leus 
an jump among them withsome probability amplitudes. This e�e
t is rather �not seen� by a smooth 
ol-le
tive Hamiltonian. To in
lude this phenomenon into the 
olle
tive modelan additional terms should be added to the 
olle
tive Hamiltonian.In the �gure 1 the pro
ess of ex
hange is �gured out in a s
hemati
way, where the letter G stands for a set of new operators whi
h should beintrodu
ed to des
ribe the e�e
t that we propose to 
onsider. In analogy toparti
le ex
hange, one 
an 
all it the 
olle
tive ex
hange e�e
t.3. Colle
tive ex
hangeIn this work we postulate, that if 
olle
tive states 
orrespond to 
ertainequivalent nu
leon 
on�gurations, then some terms responsible for addi-tional energy 
onne
ted with tunneling among these 
on�gurations should
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Fig. 1. Upper part � Intera
tion between two nu
leons: A;B - intera
ting nu
leons,r1,r2 - their positions, P r - operator of positions ex
hange. Lower part � 
olle
tiveenergy of nu
leus; AB,BA � equivalent 
on�gurations; z � an intrinsi
 axis;G � an ex
hange operator.be in
luded to the model Hamiltonian:Ĥ = Ĥ
oll + ĤG : (2)In our 
onsiderations we assume, that the 
oupling term between 
olle
tivedegrees of freedom and the 
olle
tive ex
hange operators 
an be negle
ted.For simple 
olle
tive model like rigid rotator (in the body-�xed frame)the form of 
olle
tive ex
hange Hamiltonian is strongly dependent on intrin-si
 stru
ture of the rotating nu
leus, whi
h in turn 
an be approximatelyrepla
ed by a shape of the nu
leus. As in �gure 1 if shape of the nu
leusis elipsoidal the symmetry group of the shape and the group symmetry ofthe rotator Hamiltonian 
oin
ide. This suggests to use as the 
olle
tive ex-
hange Hamiltonian ĤG a linear 
ombination of the symmetry group D2hoperators whi
h tranform among the equivalent positions of the nu
leus:ĤG = 
ard(G)Xk=1 
k(Ĥ 0)gk ; (3)where gk are elements from the symmetry group, 
ard(G) is the order ofthis group and 
k(Ĥ 0) are 
oupling 
oe�
ients, in general state dependent.It seems that the additional to the 
olle
tive Hamiltonian Ĥ
oll the 
ol-le
tive ex
hange Hamiltonian ĤG 
ould be responsible for di�erent typesof more or less regular staggerings in the 
olle
tive spe
tra of nu
lei. Thedeviations are expe
ted to be very small be
ause the transitions amplitudesamong the eqivalent 
on�gurations are small.The staggering e�e
t in some superdeformed band Hamamoto and Mot-telson have tried to explain as e�e
t of fourfold symmetry adding to therotator some additional terms 
onstru
ted from higher powers of the angu-lar momentum operators [4℄. However, in the paper [6℄ it has been shown



608 A. Gó¹d¹, D. Rosªythat the interpretation of these additional terms as terms related to hexade-
apole deformations of nu
lei and C4v seems to be questionable. Our idealeads to another pi
ture of the pro
ess. The staggering e�e
ts are not due todependen
e of the moment of inertia tensor on angular momentum 
aused bya hexade
apole deformation, but due to a 
olle
tive ex
hange e�e
t indu
edby quantum ex
hange of equivalent nu
leon 
on�gurations.One of the most di�
ult problems in this 
ase is to 
al
ulate the 
oupling
oe�
ients gamma responsible for �nal e�e
t of the Hamiltonian (3) on the
olle
tive spe
trum of a nu
leus under 
onsideration. Full mi
ros
opi
al
al
ulations of 
's seems to be as di�
ult as the solution of the many-bodyproblem, but one 
an propose some approximate methods that 
an be usefulin pra
ti
al appli
ations. Some examples are listed below:1. 
n = 
onst 
an be �t to experimental spe
tra.2. Approximate value of 
n 
an be found with help of semi
lasi
al approx-imation and WKB approa
h to 
al
ulate the tunneling amplitudes.3. 
n 
an be 
al
ulated from proje
tion of a generating Hamiltonian Ĥ 0related in the appropriate way to required e�e
t.4. Making use of the Generator Coordinator Method for derivation of the
olle
tive Hamiltonian taking into a

ount the equivalent generatingfun
tions 
orresponding to di�erent nu
leon 
on�gurations.5. 
n 
an be also evaluated for example, by Variable Moment of Inertia(VMI) method.The third method 
an be used to interpret an arbitrary Hamiltonian Ĥ 0in terms of 
olle
tive ex
hange operators. In order to do that it is proje
tedonto spa
e of irredu
ible representations of 
onsidered symmetry group. Forthe generating Hamiltonians non-invariant or invariant under G either �rstor se
ond formula should be used, respe
tively
n(�) = 1
ard(G)X� �(� )G ( _gn)?Xa h�;�ajĤ 0j�;�ai ;
n(�) = 1
ard(G)X� dim(� )�(� )G ( _gn)?h�;�a0jĤ 0j�;�a0i : (4)In both formulas j�;�ai are generating states, � labels the irredu
ible rep-resentations of the group G, a dinstinguishes state ve
tors within a givenirredu
ible representation � and � des
ribes the additional quantum num-bers required for physi
al states. �(� )G denotes the irredu
ible 
hara
ters ofthe group G.
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tive Models 609It is easy to show, that if the generating Hamiltonian ĤG is invariantunder transformations from the group G and the generating states j�;�aiare its eigenstates: Ĥ 0j�;�ai = E(�; � )j�;�ai; (5)then the hamiltonian ĤG based on the group of invarian
e G reprodu
esenergy spe
trum of the generating Hamiltonian:HG(�) =X� E(�; � )P (� ); (6)where P (� ) is a proje
tion operator proje
ting onto the 
arrier spa
e ofthe irredu
ible representation � of the group G. So, we 
an interpretate aHamiltonian invariant under 
onsidered symmetry in terms of the 
olle
tiveex
hange e�e
t.To show the simplest example of behavior of the 
olle
tive ex
hangeterms let us 
onsider slightly non�axial rotational Hamiltonian with ex-
hange group des
ribed by the point symmetry group D2h in the body��xedframe of referen
e:D2h = feG; Cx2 ; Cy2 ; Cz2 ;�Cz2 ;�Cy2 ;�Cx2 ;�g; (7)where eG is the neutral element of the group, Cw2 denotes a rotation aroundaxis w about the angle � and � is an operator of inversion. In this 
ase theHamiltonian Ĥ has the following form:Ĥ = ĤRot + ĤG = Î2x2�x + Î2y2�y + Î2z2�z + 7Xn=0 
ngn; (8)where gn 2 D2h.A little of algebra leads to the following matrix element of ĤG:h�JK 0jĤGj�JKi = (
0 + (
3 + 
4�)(�1)K + 
7�)ÆK0K + (9)(
1 + (
2 + 
5�)(�1)K + 
6�)(�1)JÆ�K0K :An example of the 
ontribiution of the 
olle
tive ex
hange energy understoodas the di�eren
e between the energy obtained from (8) and the rigid rotatoritself is shown in the �gure 2. The behavior of this additional energy isstrongly dependent on relations among the moments of inertia �k. One 
ansee, for example, that for axially symmetri
 rotator only shift of even angularmomenta levels is observed and the odd levels disappear due to symmetryrequirements.
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Fig. 2. Staggering energy given by D2h 
olle
tive ex
hange terms for �x = 2�zand �y = 2:1�z. 4. Con
lusionsThis is a preliminary report on the hypothesis of the 
olle
tive ex
hangee�e
t. Further investigations are needed to �nd a good approximation formi
ros
opi
 des
ription of the 
oupling 
oe�
ients gamma in the Hamilto-nian ĤG. They are needed to go beyond a phenomenology and to 
on�rmor not the hypothesis on the 
olle
tive ex
hange e�e
t and its relation tothe staggering e�e
ts in rotational (more generally 
olle
tive) ex
itations ofnu
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