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CASIMIR ENERGY OF ROTATINGSTRING � INDIRECT APPROACH�Leszek HadaszM. Smolu
howski Institute of Physi
s, Jagiellonian UniversityReymonta 4, 30�069 Cra
ow, Polande�mail address: hadasz�thris
.if.uj.edu.pl(Re
eived Mar
h 3, 1998)Methods of 
al
ulating the Casimir energy whi
h do not require theexpli
it knowledge of the os
illation frequen
ies are developed and appliedto the model of the Nambu�Goto string with the Gauss�Bonnet term inthe a
tion.PACS numbers: 11.25.Pm 1.It is 
ommonly believed that the 
onstru
tion of a string model whi
h isequivalent to QCD (the hypotheti
al �QCD string�), or even the approximatedes
ription of QCD in the low momentum regime in terms of some sortof strings, would be extremely helpful in understanding non-perturbativeproperties of quantum 
hromodynami
s, su
h as the nature of the groundstate or me
hanism of 
on�nement. The 
onje
ture of existen
e of su
h ades
ription is supported by a number of fa
ts [1, 2℄, to mention only thenature of the 1=N
 expansion [3℄, su

ess of the dual models in des
riptionof Regge phenomenology, area 
on�nement law found in the strong 
ouplinglatti
e expansion [4℄ or the existen
e of �ux�line solutions in 
on�ning gaugetheories [5, 6℄ and the analyti
al results 
on
erning two�dimensional QCD[7℄. The results obtained re
ently in the framework of M theory (see, forinstan
e, [8℄), stimulated by the Malda
ena 
onje
ture [9℄, are also verypromising.� Work supported by the KBN grant 2 P03B 095 13.(1071)



1072 L. HadaszOne of the simplest models whi
h may have some of the properties ofthe QCD string is the Nambu�Goto string with the boundary, Gauss�Bonnetterm added (for details see [10, 11℄). It is de�ned by the a
tion:S = Z d2�p�g ��
 � �2R� ; (1)where gab = �aX��bX� ; a; b = �; � ; g = det(gab) ;X� gives immersion of the two-dimensional string world�sheet parameter-ized by (�; �) into the four-dimensional Minkowski spa
etime, 
 and � are
onstants and R is the inner 
urvature of the string world�sheet.Distinguished 
lass of solutions of the equations of motion following from(1) 
onsists of strings, whi
h rotate rigidly in a plane,(X�) = q�2���; 
os �� sin��; sin�� sin�� ; 0� ; (2)where the parameters of the model �; 
 and the parameters of the solution�; q are 
onne
ted by the 
ondition:
os2 ��2�2 = 1qr�
 : (3)The length of the rotating string (2) is given by the formulaL = 2r�
 tan ���2 �
os ���2 � : (4)Its semi
lassi
al energy 
onsists of the 
lassi
al part,E0 = 
q�2� �1 + sin���� � ; (5)and the Casimir energy, being the (regularized and renormalized) sum of thezero�point energies of the string os
illation modes 12~�n (in the following weshall adopt the natural system of units ~ = 
 = 1:)The frequen
ies of the os
illation modes are obtained by solving theeigenvalue problemĤ �n(x) � �� d2dx2 + V�(x)��n(x) = !2n�n(x)with the potential V�(x) = 2�2
os2 �� �x� �2 �� (6)
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h 1073and the boundary 
onditions�(0) = �(�) = 0 : (7)The goal of this letter is to develop the te
hniques of 
al
ulating theCasimir energy whi
h does not require the form of the os
illation frequen-
ies to be known expli
itly (the result of the dire
t 
al
ulation 
an be foundin [12℄). For the 
ase of a �eld whi
h intera
ts with some non�trivial ba
k-ground the expli
it knowledge of the os
illation frequen
ies is an ex
eptionrather then a rule, and we expe
t the results of this paper to be useful insu
h a generi
 
ase. 2.The formal sum over mode frequen
ies whi
h gives the value of theCasimir energy is divergent and in order to give it a physi
al meaning wehave to adopt some regularization s
heme. In the � fun
tion regularizationmethod [13℄ one de�nes: EC def= �2q lims!�1�s+1�(s) ; (8)where, for < s > 1; �(s) = 1Xn=1!�sn (9)and the parameter � with dimension of mass is introdu
ed for dimensionalreasons. The Casimir energy is obtained by analyti
ally 
ontinuing �H(s)to the vi
inity of s = �1: To a
hieve this, we need to take some te
hni
alsteps.Let us �rst make use of the Mellin transform and write1Xn=1!�sn = 1Xn=1 �!2n�� s2 = 1� � s2� 1Z0 dt t s2�1 1Xn=1 e�t!2n� 1� � s2� 1Z0 dt t s2�1Tr e�tĤ : (10)Due to the homogeneous boundary 
onditions (7) the tra
e of the heatkernel operator e�tĤ 
an be 
omputed in the (orthonormal) Fourier basis[14℄, �n(x) =r 2� sin(nx) ; n 2 IN;



1074 L. Hadaszwith the resultTr e�tĤ = 2� �Z0 dx e�tV�(x) 1Xn=1 sin2(nx)e�tn2= 1� �Z0 dx e�tV�(x) 1Xn=�1 sin2(nx)e�tn2 : (11)Appli
ation of the Poisson summation formula,1Xn=�1 sin2(nx)e�tn2 = 1Xk=�1 1Z�1 dz sin2(zx)e�tz2+2�ikz; (12)then givesTr e�tĤ = 1p�t �Z0 dx e�tV�(x)(12 � e�x2t + 1Xk=1 �e��2k2t � e� (�k+x)2t �) :(13)Performing the integration over t one arrives at the expression�H(�1 + 2") = � (�1 + ")p�� ��12 + "� �Z0 dx (V�(x))1�"� 2p�� ��12 + "� 0� �Z0 dx �U�(x)x �1�"K1�"(2xU�(x))+ �Z0 dx 1Xk=1 (�U�(x)�k �1�"K1�" (2�kU�(x))�� U�(x)�k + x�1�"K1�" (2(�k + x)U�(x)))! ; (14)where U�(x) =pjV�(x)j and " = 1+s2 :Under the assumption that limx!0 U�(x) exists we 
an rewrite the ex-pression in the se
ond line of (14) in the form
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t Approa
h 1075�Z0 dx �U�(x)x �1�"K1�"(2xU�(x))= �Z0 dx (�U�(x)x �1�"K1�" (2xU�(x))� � 
ot (�")2� (") x2"�2)+� 
ot(�")2� (") �2"�12"� 1 : (15)Inserting (15) into (14) we �nally get�H(�1 + 2") = 12� �1" + 2 log 2� 1� �Z0 dxV�(x) +�H +O(") (16)with�H = � 12�2 � 12� �Z0 dxV�(x) log V�(x)� 12� �Z0 dx2x2 [2xU�(x)K1 (2xU�(x))� 1℄+ 1� �Z0 dxU�(x) 1Xk=1 �K1 (2(�k + x)U�(x))�k + x � K1 (2�kU�(x))�k � :The pole in Eq. (16) for " ! 0 leads to the ambiguity in the de�nition ofthe �nite part of the Casimir energy, 1Xn=1 !n!�nite� = log �2� �Z0 dxV�(x) +�H : (17)3.In the heat�kernel regularization method one introdu
es into the sumover frequen
ies an exponential 
ut�o�, 1Xn=1!n!" = 1Xn=1 !ne�"!n � Tr �pĤe�"pĤ� ; (18)



1076 L. Hadaszwith "! 0: In order to separate in (18) terms whi
h diverge in this limit letus �rst evaluate the tra
e in the same basis as in (11),Tr �pĤe�"pĤ� = � ��"Tr �e�"pĤ�= 1� �2�"2 �Z0 dx 1Xn=�1 sin2(nx)pn2 + V�(x)e�"pn2+V�(x) : (19)Using the Poisson summation formula,1Xn=�1 sin2(nx)pn2 + V�(x)e�"pn2+V�(x)= 1Xk=�1 1Z�1 dz sin2(zx)pz2 + V�(x)e2�ikz�"pz2+V�(x); (20)we arrive at the expression 1Xn=1!n!" = 2� �2�"2 �Z0 dx �12K0 ("U�(x))�K0 �U�(x)p"2 + 4x2�+ 1Xk=1 hK0 �U�(x)p"2 + 4�2k2��K0 �U�(x)p"2 + 4(�k + x)2�i):(21)Rewriting the se
ond term in the Eq. (21) in the form2� �2�"2 �Z0 dxK0 �U�(x)p"2 + 4x2�= 2� �2�"2 �Z0 dx hK0 �U�(x)p"2 + 4x2�+ logp"2 + 4x2i+ �4�2 + "2 ; (22)and using the resulting formula in (21) one �nally gets 1Xn=1!n!" = 1"2� 12� �Z0 dxV�(x) �log "+ 
 + 12 � log 2�+�H+O("); (23)where �H is given by Eq. (17).
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h 1077The �nite part of this expression 
annot be, as in the zeta fun
tionregularization method, de�ned uniquely. In taking the limit " ! 0 one 
anequally well use instead of " a 
ombination �" with arbitrary �: This gives 1Xn=1!n!�nite" = log �2� �Z0 dxV�(x) +�H ; (24)i.e. pre
isely the same expression as obtained in the zeta fun
tion method.4.After 
al
ulating the �nite part of a quantity su
h as a sum of the modefrequen
ies we are fa
ing the �nal task of �xing the ambiguities whi
h arisedue to the subtra
tion of the pole term. This 
an be a
hieved by imposingon the 
al
ulated quantity appropriately 
hosen physi
al 
onditions [15℄. Inthe 
onsidered 
ase we expe
t that the Casimir energy for long strings shouldbehave like � L�1; where L is the string length. Terms whi
h do not vanishin this limit 
an be treated [16℄ as renormalizing the 
lassi
al string mass(let us note that the ambiguous term in (17) also belongs to this 
lass). Inorder to �x the 
oe�
ient of the L�1 term let us note that in the Nambu�Goto limit (vanishing 
oe�
ient � in front of the Gauss�Bonnet term in thea
tion (1)) the os
illation eigenfrequen
ies tend to�NGn = 2nL ;and we expe
t the Casimir energy to be equal to [12, 17℄ENGC = � 112 1L :This �nally givesEC = �2q h� 112 + 1� �Z0 dxU�(x)� 1Xk=1�K1 (2(�k + x)U�(x))�k + x � K1 (2�kU�(x))�k �i: (25)
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Fig. 1. Casimir energy versus string length for various values of the parameter� : � = 10�3 (solid line), � = 1 (dashed line) and � = 103 (dotted line). Alldimensionful quantities in the system of units 
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