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! ! �� DECAY IN NUCLEAR MEDIUM �Woj
ie
h Broniowski, Woj
ie
h FlorkowskiH. Niewodni
za«ski Institute of Nu
lear Physi
sRadzikowskiego 152, 31-342 Kraków, Polandand Brigitte HillerCenter for Theoreti
al Physi
s, University of CoimbraP-3000 Coimbra, Portugal(Re
eived De
ember 11, 1998)We 
al
ulate the width for the ! ! �� de
ay in nu
lear medium. Chiraldynami
s and low-density approximation are used. At densities aroundtwi
e the nu
lear saturation density we estimate the partial width for thede
ay of the longitudinal mode to be of the order of a few tens of MeV, andfor the transverse mode a few times less.PACS numbers: 25.75.Dw, 21.65.+f, 14.40.�nRe
ent relativisti
 heavy-ion experiments have brought eviden
e thatnu
lear medium modi�es substantially properties of meson ex
itations. Inparti
ular, the dilepton measurements in the CERES [1℄ and HELIOS [2℄experiments indi
ate that either the positions of light ve
tor mesons areshifted down or their widths are in
reased. Su
h a behavior is expe
tedfrom many theoreti
al 
al
ulations [3�11℄ (for review see [12,13℄). Among thesour
es of the in-medium modi�
ations of meson properties are phenomenaforbidden in the va
uum, whi
h be
ome possible in the presen
e of nu
learmedium. In parti
ular, 
onstraints su
h as G-parity are no longer e�e
tivefor mesons moving with respe
t to nu
leons in nu
lear matter.In this paper we analyze an example of su
h an �exoti
� pro
ess: thein-medium de
ay of ! ! ��1. This pro
ess has been re
ently analyzed� Resear
h supported by PRAXIS grants XXI/BCC/429/94 and PCEX/P/FIS/13/96,and by the Polish State Committee for S
ienti�
 Resear
h grant 2P03B-080-12.1 In the va
uum the pro
ess ! ! �+�� o

urs with a 2% bran
hing ratio. This is dueto small isospin breaking and the resulting �� ! mixing. This is not the pro
ess weare 
on
erned with in this paper, hen
e we work in the stri
t isospin limit.(1079)
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�q pq � p�= i gA2F� �a
5p=i gA2F� �b
5(q=� p=)�q pq � p�= i gA2F� �a
5p=i gA2F� �b
5(q=� p=)�q pq � p�= ���NF 2� �abFig. 1. One-nu
leon-loop diagrams 
ontributing to the ! ! �� amplitude in nu
learmedium. Pseudove
tor 
oupling is used. The in
oming ! has momentum q andpolarization �. The outgoing pions have momenta p and q � p, and isospin a andb, respe
tively. Pseudove
tor 
oupling is used in the �rst two diagrams. The thirddiagram 
ontains the S-wave �-N 
oupling, proportional to the sigma term, ��N .The in-medium nu
leon propagator is given in Eq. (1).by Wolf, Friman, and Soyeur [14℄, where the ! � � mixing me
hanism andthe subsequent de
ay of the � into two pions leads to a huge partial de
aywidth for ! ! ��, of the order of a few hundred MeV at typi
al densitiesin relativisti
 heavy-ion 
ollisions, and for ! moving with the momentum ofthe order of 500MeV with respe
t to nu
lear matter. We 
arefully reanalyzethe 
al
ulation of Ref. [14℄. Firstly, we re
ognize that at the same level of
al
ulation (low-density expansion) there are additional diagrams in nu
learmedium, leading to ! ! �� without an intermediate � state (the �rst twodiagrams in Fig. 2). The in
lusion of these diagrams provides 
an
ellationswith the diagram with the intermediate � state (third diagram in Fig. 2),whi
h are strong when the mass of the � is large. This 
an lead to a redu
-tion of the in-medium partial width for ! ! �� down to a level of a few tensof MeV, whi
h is mu
h smaller than the value or Ref. [14℄, but still largeenough to be relevant among other pro
esses 
ontributing to the in-medium! width. More importantly, the in
lusion of all diagrams in Fig. 2 is ne
-�q pq � p�= g��ai
5g��bi
5�q pq � p�= g��ai
5g��bi
5�q � pq � p�= g� g����abFig. 2. Same as Fig. 1 evaluated in the linear �-model. In this 
ase pseudos
alar�-N 
oupling is used, and the third diagram involves the intermediate � mesonpropagator, 1=(m2� � m2!). The �-N and �-N 
oupling 
onstants are equal anddenoted by g�. The g��� 
oupling 
onstant is equal to (m2� �m2�)=F�.
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ay in Nu
lear Medium 1081essary to satisfy the 
onstraints of 
hiral symmetry in formal limiting 
ases(small external 4-momenta). Also, we take the e�ort to analyze separatelythe longitudinally and transversely polarized !, and show that the partialwidth for the former is a few times larger than for the latter. We work forsimpli
ity in the low-density expansion, whi
h allows us to develop simpleand instru
tive formulas for the amplitude and the de
ay width in the 
asewhen the 3-momentum of the ! meson is small, and 
lose to the 
hiral limit.In hadroni
 
al
ulations involving pions one has to 
hoose whether touse pseudove
tor or pseudos
alar �N 
oupling. In the latter 
ase one hasalso to in
lude the s
alar-isos
alar � meson. In 
ase of low-energy physi
alpro
esses, where all external four-momenta are small, the two methods areequivalent and it is a matter of 
onvenien
e whi
h 
oupling to use [15�17℄.In the present 
ase the four-momentum of the on-shell ! meson is not small,therefore the two methods do not yield the same result. Only in a formallimit of very large � mass (or, equivalently, low ! mass) do the resultsoverlap. We will dis
uss this point very 
arefully throughout this Letter.Our 
al
ulation of ! ! �� in nu
lear matter in
ludes the me
hanism ofabsorption of the ! meson by a nu
leon from the Fermi sea, and emission oftwo pions by this nu
leon. These pro
esses are depi
ted in Fig. 1 and Fig.2, respe
tively, for the 
ase of pseudove
tor and pseudos
alar �N 
oupling.The !N 
oupling 
onstant 
an be estimated from the ve
tor dominan
emodel. We use g! = 10. The solid line in Figs. 1 and 2 denotes the in-medium nu
leon propagator, whi
h 
an be 
onveniently de
omposed in thefree and density partsG(k) � GF (k)+GD(k) = (6k+M)[ 1k2 �M2 + i"+ i�Ek Æ(k0�Ek)�(kF �j~kj)℄:(1)The �rst two diagrams in Figs. 1 and 2 involve triangles with nu
leon lines.The only non-vanishing 
ontributions involve one GD propagator and twoGF propagators. The third diagrams involve the bubbles with two nu
leonpropagators, and are non-zero only when one propagator is GD, and theother one GF . The third diagram in Fig. 1 
ontains the ��NN vertex, whi
hinvolves the pion-nu
leon � term, ��N ' 45MeV. The pro
ess in
luded inthe third diagram in Fig. 2 involves the intermediate �-meson propagator,whi
h in the �-model takes the simple form 1=(q2 �m2�).The amplitude, evaluated a

ording to diagrams in Fig. 1 or Fig. 2 
anbe de
omposed in the following Lorentz-invariant wayM = ��(Ap� +Bu� + Cq�); (2)where p is the momentum of one of the pions, q is the momentum of the! meson, u is the four-velo
ity of nu
lear matter, and � spe
i�es the polar-ization of !. For the 
ase of the pseudove
tor 
oupling (Fig. 1) the expli
it
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al
ulation (in the rest frame of the nu
lear matter) yields:APV = g! g2AF 2� 4(m2! + 2m2�) 
os 
 j~qjm2!(m2! � 4M2) �B + ::: ; (3)BPV = g! � g2AF 2� 2m2!m2! � 4M2 � ��NF 2� 8Mm2! � 4M2 � �B + ::: ; (4)CPV = g! �� g2AF 2� 2(m3! + (m2! + 2m2�) 
os 
 j~qj)m2!(m2! � 4M2)+ ��NF 2� 8Mm!(m2! � 4M2)� �B + ::: ; (5)where 
 is the angle between ~q and ~p, and ::: mean higher-order terms in thebaryon density �B, momentum j~qj, and the 
hiral parameter m�. We 
hoseto present the results in the lowest expansion in these three parameters dueto simpli
ity. We should also 
omment here that in fa
t it is not justi�ed tokeep terms in the density expansion whi
h are of order �2B or higher, sin
ethese result from diagrams not in
luded in the 
al
ulation.2For the 
ase of the pseudos
alar 
oupling (Fig. 2) we get analogouslyAPS = g! g2�M2 4(m2! + 2m2�) 
os 
 j~qjm2!(m2! � 4M2) �B + ::: ; (6)BPS = g! g2�M2 �2 + 8M2(m2� �m2�)(m2! � 4M2)(m2� �m2!)� �B + ::: ; (7)CPS = g! g2�M2 ��2(m3! + (m2! + 2m2�) 
os 
 j~qj � 4M2m!)m2!(m2! � 4M2)� 8M2(m2� �m2�)m!(m2! � 4M2)(m2� �m2!)� �B + ::: : (8)Equations (3)�(5) and Eqs. (6)�(8) are equivalent if the following 
on-ditions are satis�ed: (i) the Goldberger-Treiman relation holds, i.e. gAM =g�F�, (ii) the pion-nu
leon sigma term satis�es the �-model relation ��N =g2AM m2�=m2�, and (iii) m2�=m2! ! 1. Condition (i) follows from 
hiralsymmetry and is satis�ed well with experimental numbers. Condition (ii)and (iii) are formal. When imposed, they lead to the strong 
an
ellationsbetween the �triangle� and �bubble� diagrams, whi
h 
an now be expli
itlyobserved in the form of the 
oe�
ients B and C in Eqs. (7), (8). In realisti
2 The next terms in the density expansion are the Fermi-motion 
orre
tion, whi
h startat �4=3B . These 
ould be in
luded, but te
hni
ally it is rather involved for the trianglediagrams in Figs. 1 or 2. Hopefully, these are not too large, as was the 
ase e.g. inmodel 
al
ulations of the density-dependen
e of the quark 
ondensate [17℄.
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ases, however, the third 
ondition is not well satis�ed and the 
an
ellationsare weaker. In the extreme situation, for m� approa
hing m!, the ! de
aywidth strongly in
reases and the � diagram dominates. However, in this
ase the approa
h should in
lude the �nite width of �, whi
h eliminates thedivergen
e [14℄.The expression for the de
ay width reads [18℄�!!�� = 123 1ns Xs 12q0 Z d3p(2�)32p0 Z d3p0(2�)32p00 jMj2(2�)4Æ(4)(q � p� p0);(9)where the fa
tor 12 is the symmetry fa
tor when the de
ay pro
eeds into twoneutral pions, the fa
tor of 3 a

ounts for the isospin degenera
y of the �nalpion states (i.e. neutral and 
harged pions), ns is the number of spin statesof the ! meson, and Ps denotes the sum over these spin states, and q , pand p0 = q � p are the four-momenta of the ! meson, and the two pions,respe
tively (
f. Figs. 1 and 2). The phase-spa
e integral is performed inthe rest frame of the nu
lear medium, and we obtain expli
itly�!!�� = 123 1ns Xs 12q0 Z sin
 ~p28�p0(q0 � p0)jaj jMj2d
; (10)where the kinemati
s enfor
esj~pj = m2!j~qj 
os 
 + q0pm4! � 4m2�(m2! + ~q2 sin2 
)2(m2! + ~q2 sin2 
) ;q0 = qm2� + ~q2;p0 = pm2� + ~p2;a = d(q0 �pm2� + r2 �pm2� + r2 � 2rj~qj 
os 
 + ~q2)dr �����r=j~pj : (11)The presen
e of the medium results in the splitting of transversely and longi-tudinally polarized ! states. Transversely polarized ! has two heli
ity states(ns = 2), with proje
tion s = �1 on the dire
tion of ~q, and the longitudi-nally polarized ! has one heli
ity state (ns = 1), with the 
orrespondingproje
tion s = 0. An expli
it 
al
ulation yields� Xs=�1 "�(s)"�(s) = g�� � u�u� � (q� � q � u u�)(q� � q � u u�)q � q � (q � u)2 � T �� ;�"�(s=0)"�(s=0) = �q�q�q � q + u�u� + (q� � q � u u�)(q� � q � u u�)q � q � (q � u)2 � L�� :(12)
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over the usual formula- Ps=0;�1 "�(s)"�(s) = g�� � q�q�q�q . The tensors T �� and L�� are proje
tiontensors, i.e. , T ��T ��� = T ��, L��L��� = L��, and T ��L��� = 0. Furthermore,T ��q� = 0 and L��q� = 0, whi
h re�e
ts 
urrent 
onservation, as well asT ��u� = 0. Using relations (2), (12) in Eq. (10) we �nd the followingexpressions for the de
ay widths of transversely and longitudinally polarized! meson into two pions:�T!!�� = A2p�T ��p� ; �L!!�� = (Ap� +Bu�)L��(Ap� +Bu�): (13)We note that the 
oe�
ient C does not enter these formulas. For the 
aseof pseudove
tor 
oupling we obtain:�T;PV!!�� = g2!40� � gAF��4 m2! � 2m2�m!(m2! � 4M2)2 j~qj2�2B + ::: ; (14)�L;PV!!�� = g2!5� �gAF��4 m2! � 2m2� � 10Mg�2A ��Nm!(m2! � 4M2)2 j~qj2�2B + ::: ; (15)where ::: denote higher-order terms in the expansion in �B , ~q, and m�. Wenote that if the term with ��N (whi
h is of the order m2�) were negle
ted,then the width of the longitudinal mode, (15), would be 8 times largerthan the width of the transverse mode, (14). However, numeri
ally we �nd�10Mg�2A ��N=(m2! � 2m2�) ' �0:3, whi
h is large, and our expansion gives�L;PV!!��= �T;PV!!�� ' 5. This indi
ates that with the physi
al values of theparameters we are not very 
lose to the 
hiral limit.For the 
ase of pseudos
alar 
oupling we �nd�T;PS!!�� = g2!40� � g�M �4 m2! � 2m2�m!(m2! � 4M2)2 j~qj2�2B + ::: ; (16)�L;PS!!�� = g2!5� � g�M �4�m2! � 2m2� � 10M2m2�=m2�m!(m2! � 4M2)2+10M2[(3M2 �m2! +m2�)m2! + (m4!=m2� � 12M2 +m2! � 2m2�)m2�℄m!(m2! � 4M2)2(m2! �m2�)2 ��j~qj2�2B + ::: : (17)We note that Eqs. (16) and (14) are equal. The expression for the widthof the longitudinal mode, Eq. (17), is written in su
h a way that the �rstterm in the 
urly bra
kets reprodu
es the pseudove
tor-
oupling result, (15),when ��N = g2AM m2�=m2�. The se
ond term in the 
urly bra
kets in (17)
omes entirely from the �-diagram in Fig. 2. Formally, it vanishes whenm2�=m2! ! 1. It be
omes very large when the positions of the � and !
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Fig. 3. The quantity (�0=�B)2�!!�� plotted as a fun
tion of the 3-momentum ofthe ! meson, j~qj. The solid (dashed) line 
orrespond to the longitudinal (transverse)mode.resonan
es are 
lose to ea
h other, even when we supply � with �nite width,as in Ref. [14℄.In Fig. 3 we present numeri
al results for the pseudove
tor-
oupling
ase for �nite q and m�, but still in the low-density approximation. Weplot the quantities (�0=�B)2�T;PV!!�� and (�0=�B)2�L;PV!!��, where �0 is thenu
lear saturation density, as fun
tions of the momentum j~qj. This way weget rid of the density dependen
e. Also, in order to obtain more reasonablenumeri
al estimates, we depart in this 
al
ulation from the stri
t low-densitylimit by redu
ing the value of the nu
leon mass to 70% of its va
uum value,whi
h is a typi
al in-medium number (i.e. M�=M = 0:7). This is a veryimportant e�e
t, sin
e expressions (14)�(17) s
ale approximately as M�8.The density dependen
e on other quantities is less 
ru
ial, so we do not takeit into a

ount. The plot shows that the width of the longitudinal modeis a few times larger than the width of the transverse mode for all valuesof j~qj. We note strong dependen
e on j~qj, with maxima around 400MeV.The values around the maxima for �B = 2�0 give �T;PV!!�� ' 5MeV and�L;PV!!�� ' 25MeV. The latter value is substantial, showing that the ! ! ��pro
ess should be in
luded (among other pro
esses) in the analysis of thein-medium modi�
ation of the ! meson.In 
on
lusion, we would like to remark on the possibly large role of the�nal-state intera
tions. In fa
t, the �-diagram of Fig. 2 may be viewed asan example of a pro
ess where the pions form a resonan
e in the �nal state.This 
an lead to a large enhan
ement of the amplitude, as was the 
asein Ref. [14℄, and whi
h is expli
it in our expressions when m� is 
lose tom!. However, �nal-state intera
tions should be in
luded in all diagrams ofFig. 2 (or Fig. 1), hen
e 
an
ellations are expe
ted to o

ur. This interestingextension of the present analysis is left for a future work.
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