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ON CALOGERO WAVE FUNCTIONS�C. Gonera, P. Kosi«ski, M. Majewski and P. Ma±lankaTheoreti
al Physi
s Department II, University of �ód¹Pomorska 149/153, 90 236 �ód¹, Poland(Re
eived De
ember 14, 1998)Two properties of Calogero wave fun
tions for rational Calogero mod-els are studied: (i) the representation of the wave fun
tions in terms ofthe exponential of Lassalle operators, (ii) the sL(2;R) stru
ture of theCalogero�Moser wave fun
tions.PACS numbers: 02.60.Lj 1. Introdu
tionIt is now well known that the Calogero model [1℄ is superintegrable,both in 
lassi
al [2℄ as well as in quantum version [3℄. Superintegrabilitymeans here the existen
e of 2N�1 independent, regular and globally de�nedintegrals of motion whi
h do not depend expli
itly on time (N is a numberof degrees of freedom).A superintegrable system has a number of interesting properties. Itshamiltonian depends on the spe
i�
 
ombinations of a
tion variables [4℄whi
h, on the quantum level, implies 
onsiderable energy degenera
y; angle-a
tion variables are not de�ned uniquely. The latter property has again itsquantum 
ounterpart: there is a freedom in the 
hoi
e of basis diagonalizingthe hamiltonian (this freedom is, of 
ourse, 
losely related to the energydegenera
y). Given a spe
i�
 
hoi
e of angle-a
tion variables one 
an takea basis spanned by 
ommon eigenve
tors of the quantum 
ounterparts ofa
tion variables.In the 
ase of Calogero model few bases diagonalizing di�erent sets of
ommuting integrals of motion have been 
onstru
ted. First, there exists abasis spanned by the so-
alled Hi-Ja
k polynomials [5℄; the 
orrespondingintegrals are most simply expressible in the Dunkl operator [6℄ formalism.Se
ond example of basis has been given by Brink et al. [7℄; again the relevantset of 
ommuting integrals 
an be easily identi�ed.� Supported by the KBN grant 2 P03B 076 10.(915)



916 C. Gonera et al.In both 
ases the basi
 wave fun
tions 
an be related to known polyno-mials [8℄� [11℄. To this end one pro
eeds as follows [9℄� [13℄. Consider thehamiltonian des
ribing the Calogero modelH = 12Xi (p2i + !2x2i ) + a(a� 1)2 Xi 6=j 1(xi � xj)2 : (1)The ground-state wave fun
tion and energy read, respe
tively	0 = Yi<j(xi � xj)a exp �!2 Xi x2i! ; (2)E0 = !N2 ((N � 1)a+ 1) ; (3)here 	0 is given in the se
tor x1 � x2 � : : : � xN � the extension to theother se
tors depends on statisti
s. After gauging out the wave fun
tion 	0one obtains~H = 	�10 (H �E0)	0 = !Xi xi ��xi � 12  Xi �2�x2i+aXi 6=j 1xi � xj � ��xi � ��xj�1A � !Xi xi ��xi � 12OL ; (4)~H 
an be further redu
ed due to the identitye 14!OL ~He� 14!OL = !Xi xi ��xi : (5)Therefore, by a similarity transformation ~H redu
es to the dilatation opera-tor. This implies that any energy eigenfun
tion 
an be written as a produ
tof ground-state wave fun
tion and a polynomial~W (x) = e� 14!OLW (x) ; (6)where W (x) is a symmetri
 homogeneous polynomial of degree k.In order to obtain the basis spanned by the Hi-Ja
k polynomials onetakes W (x) to be Ja
k polynomial [14℄. On the other hand, Brink et al.basis 
orresponds to W (x) being monomial symmetri
 fun
tion [13℄Histori
ally, the �rst 
omplete set of eigenfun
tions was given by Calo-gero [1℄. It 
an be written in the form (negle
ting the ground-state fa
tor)'nk = Lbn(!r2)Pk(x) ; (7)



On Calogero Wave Fun
tions 917where Lbn is a Laguerre polynomial, Pk(x) is translationally invariant sym-metri
 homogeneous polynomial of degree k (Calogero polynomial) obeyingOLPk(x) = 0 ; (8)and b � k + 12(N � 3) + N2 (N � 1)a ; (9)r2 � 12N Xi 6=j (xi � xj)2 : (10)The stru
ture of wave fun
tions, given by Eqs. (7),(8) results fromsL(2;R) dynami
al symmetry inherent in the model [15℄. The tower of statesobtained by the �xing k and varying n spans an irredu
ible representationof sL(2;R), Eq. (8) being the 
ondition for lowest-weight ve
tor.In the present paper we analyse some formal properties of Calogero basis.First, we 
onstru
t the representation (6) for Calogero wave fun
tions. Weshow that, due to the relation (8), W (x) are again expressed in terms ofCalogero polynomials. Therefore, we 
annot in this way gain mu
h insightinto their stru
ture. Se
ond, we extend an old result (see, for example,Ref. [15℄) 
on
erning the sL(2;R) stru
ture of Calogero�Moser model, i.e.Calogero model without harmoni
 term. It appears that this stru
ture 
anbe easily des
ribed using the representation theory in the basis diagonalizingnon
ompa
t generators [17℄.2. Laguerre polynomialsLaguerre polynomial L�n is de�ned to be the polynomial solution to theequation [16℄ z d2udz2 + (� � z + 1)dudz + nu = 0 (11)normalized a

ording to the 
onditionu(z) = (�1)n znn! + lower degree terms : (12)Let us rewrite (11) in form�z ddz ��(�+ 1) ddz + z d2dz2��u = nu : (13)



918 C. Gonera et al.Put A � (�+ 1) ddz + z d2dz2 ; (14)and u = e�Av : (15)Simple 
al
ulation gives equation for v,z dvdz = nv ; (16)so that we get the following representation for Laguerre polynomialsL�n(z) = (�1)nn! e�(�+1) ddz�z d2dz2 zn : (17)3. The Calogero wave fun
tionIn order to �nd the representation (6) for Calogero wave fun
tions wehave to 
al
ulate W (x) = e 14!OL'nk : (18)Following Calogero [1℄ we introdu
e spheri
al 
oordinates in the spa
e ofrelative 
oordinates. Sin
e 'nk depends only on relative 
oordinates one
an negle
t the 
enter-of-mass 
oordinate dependen
e of OL; then OL 
anbe rewritten asOL = r2�N ��r �rN�2 ��r�+ aN(N � 1)1r ��r + 1r2 (L̂+ 2aM̂); (19)L̂+ 2aM̂ is an angular part and the following equation holds(L̂+ 2aM̂ )(r�kPk(x)) = �k(k +N � 3 + aN(N � 1))r�kPk(x) : (20)ThereforeW (x) = exp� 14! �r2�N ��r �rN�2 ��r�+ aN(N � 1)1r ��r�+ 14!r2 (L̂+ 2aM̂)��Lbn(!r2)rk��r�kPk(x)�= r�kPk(x) exp� 14! �r2�N ��r (rN�2 ��r ) + aN(N � 1)1r ��r�k(k +N � 3 + aN(N � 1))r2 ���Lbn(!r2)rk� : (21)



On Calogero Wave Fun
tions 919Put z = !r2; the relevant part of the rhs of Eq. (21) readsz� k2 exp�z �2�z2 +�N � 1 + aN(N � 1)2 � ��z� k(k +N � 3 + aN(N � 1)4z � z k2= exp�z� k2 �z �2�z2 +�N � 1 + aN(N � 1)2 � ��z� k(k +N � 3 + aN(N � 1)4z � z k2�= exp�z ��z2 +�2k +N � 1 + aN(N � 1)2 � ��z� : (22)Eqs.(9),(17),(21) and (22) imply that, up to a normalization 
onstant,W (x) = r2nPk(x) ; (23)and 'nk = e� 14!OL(r2nPk(x)) : (24)Eq. (24) provides the representation for the wave fun
tions in Calogerobasis.Due to the fa
t that Pk(x) appears also on the right hand side of Eq. (24)we do not gain mu
h insight into the stru
ture of Calogero polynomials.This is due to the fa
t that the operators 
lassifying the polynomials Pk(x)
ommute with sL(2;R) generators while OL 
an be expressed in terms ofthem.4. The sL(2; R) stru
ture of Calogero�Moser eigenfun
tionsLet us 
onsider the Calogero�Moser model obtained from Eq. (1) byputting ! = 0. HCM = Xi p2i =2 + a(a� 1)2 Xi 6=j 1(xi � xj)2 : (25)Obviously, HCM has only 
ontinuous spe
trum (s
attering states). Therelevant wave fun
tion read [1℄	pk = 0�Yi<j(xi � xj)1Aa r�bJb(pr)Pk(x) (26)and 
orresponds to the energies E = p2=2.



920 C. Gonera et al.The solutions (26) 
an be 
lassi�ed a

ording to the representations ofsL(2;R) algebra.De�neJ+ = 12 0�Xi p2i =2 + a(a� 1)2 Xi 6=j 1(xi � xj)21A � 12HCM ;J� = �Xi x2i ;J2 = 14Xi (xipi + pixi) ; (27)then [J2; J�℄ = �iJ� ;[J+; J�℄ = 2iJ2 : (28)Let us gauge out the fa
tor (Qi<j(xi�xj))a and pass to the 
enter-of-mass(R � 1N Pi xi) and relative 
oordinates [1℄. We getJ+ = � 14N �2�R2 � 14 �r2�N ��r �rN�2 ��r�+ N(N � 1)ar ��r+ 1r2 (L̂+ 2aM̂ )� ;J� = �(r2 +NR2) ;J2 = �� i2R ��R � i4�+�� i2r ��r � i(N � 14 )� iaN(N � 1)4 � : (29)A
tually, our algebra is rather diagonal part of sL(2;R)�sL(2;R). How-ever, the 
enter-of-mass part may be ignored and we are left with sL(2;R)algebra in relative 
oordinates.Let us now re
all the stru
ture of D(+) represenations of sL(2;R) in thebasis diagonalizing J2 [17℄. The a
tion of generators readsJ2j�i = �j�i ;J+j�i = h(�+ i)j�+ ii ;J�j�i = �j�� ii ; (30)where h(�) = �(�� i)� j(j + 1) : (31)



On Calogero Wave Fun
tions 921Contrary to the 
ontinuous nonex
eptional series for dis
rete representa-tion D(+) the multipli
ity of any � is one [17℄. It is not di�
ult to see thatJ2 is dilatation-type operator and the D(+) representation 
an be related toharmoni
 analysis on R+ . In fa
t, 
onsider the Hilbert spa
e of fun
tions onR+ equipped with a s
alar produ
t(f; g) = 1Z0 drr
 �f(r) g(r) : (32)De�ne the a
tion of unitary dilatation group as(U(�)f) (r) = �e�2 �
+1 f(e�2 r) : (33)Putting U(�) = ei�D (34)one gets D = � i2r ddr � (
+ 1)i4 : (35)D has purely 
ontinuous spe
trum 
overing the whole real axis. The
onditions Df� = �f� ;(f�; f�0) = Æ(�� �0) (36)imply f�(r) = 1p�r2i��( 
+12 ) : (37)Modulo typi
al mathemati
al subtleties (
f. the theory of Fourier trans-form) one 
an write any element 	 of the Hilbert spa
e as follows	(r) = 1Z�1 d� ~	(�)f� � 1p� 1Z�1 d� ~	(�)r2i��( 
+12 ) ; (38)where ~	(�) = (f�; 	(r)) = 1p� 1Z0 drr 
�12 r�2i�	(r) : (39)



922 C. Gonera et al.Eqs.(38),(39) represent nothing but Mellin transformation.Now, identifying j�i � f�; D � J2 ; (40)one 
an �nd the a
tion of sL(2;R) generators. First, the a
tion of J2; J� onwave fun
tions ~	(�) readsJ2 ~	(�) = � ~	(�) ;J� ~	(�) = � ~	(�+ i) ;J+ ~	(�) = h(�) ~	 (�� i) : (41)Using Eq. (39) one 
an rewrite the a
tion of J 's in terms of r-dependentwave fun
tions:(J�	)(r) =�r2	(r) ;(J+	)(r) =��14 d2dr2 � 
4 1r ddr � j(j + 1)r2 � (
+ 1)(
� 3)16r2 �	(r) : (42)In our 
ase 
 = (N � 2) + aN(N � 1) ; (43)the �rst term on the right hand side 
omes from the Ja
obian of transforma-tion to spheri
al 
oordinates in the spa
e of relative 
oordinates while these
ond one is the result of gauging out the (Qi<j(xi � xj))a fa
tor.In order to 
ompare Eqs. (29) and (42) we insert Eq. (20) into (29). Theresult 
oin
ides with Eq. (42) providedj = k2 + N � 5 + aN(N � 1)4 : (44)We 
on
lude that, given the Calogero polynomial Pk(x), the wave fun
-tions (37) span the D(+) representation of our sL(2;R) algebra. It is easyto show that diagonalizing the J3(= 12(J+ � J�)) generator we reveal thesL(2;R) stru
ture of the wave fun
tions of Calogero model [15℄.
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