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ON EXTRACTION OF FUSION BARRIERSFROM EXPERIMENTS �N. Alamanos and A. LumbrosoDAPNIA/SPhN, CEA Sa
lay91191 Gif-sur-Yvette Cedex, Fran
e(Re
eived January 17, 1999)We 
he
k the 
onsisten
y of methods proposed to extra
t fusion barriersdire
tly from the experiment. Although the methods give a

eptable resultswe show that this task requires a great pre
ision on the data.PACS numbers: 24.10.Eq, 24.50.+g, 25.60.Pj1. Introdu
tion(a) When two nu
lei a and A 
ollide they may form a third one C su
hthat fusion o

urs a+A =) C� =) b+B�as for example in d+189 F =)2010 Ne� =)42 He +168 O :There are two types of rea
tions 
alled fusion. Either a light nu
leusfuses with another light nu
leus liberating a huge amount of energy(the thermonu
lear fusion) or, the in
ident nu
leus a remains sti
kedto the target A during a time long enough to forget the properties ofthe entran
e 
hannel (
ompound-nu
leus rea
tion) and then de
ays... .We are here only interested in the 
ompound nu
leus pro
ess where thein
ident energy is distributed among several nu
leons of the system. Asit takes time to re
on
entrate this shared energy on a subsystem ableto �nd an exit 
hannel, one 
an understand the relatively long lifetimeof C�. In the me
hanism leading to C� two steps are distinguished:formation and de
ay.� Presented at the International Conferen
e �Nu
lear Physi
s Close to the Barrier�,Warszawa, Poland, June 30�July 4, 1998.(1539)



1540 N. Alamanos, A. Lumbroso(b) The energy permits to subdivide the formation of the intera
ting systemin two 
ategories, under and above the energy of the repulsive potentialbarrier between the two nu
lei. Above the barrier, the in
ident energyis high enough to over
ome the repulsion, the nu
lei 
ollide and thenundergo a de
ay. Under the barrier, the rea
tion is 
lassi
ally forbid-den. Nevertheless Quantum Me
hani
s states that they may tunnelthrough the barrier and fuse. We 
on
entrate on this aspe
t of fusion.(
) Now one problem is to �nd the barrier, and/or, if several barriers arepresent, how they are distributed. A lot of work have been devotedto these questions, the starting point being an analyti
 expression forthe fusion 
ross se
tion, valid above and under the barrier, derivedin 1973 by Wong. A work by Rowley and 
ollaborators presenteda method to lo
ate these barriers. In addition they a�rm that thebarriers 
an be extra
ted dire
tly from the experimental fusion 
rossse
tions. Our 
al
ulations support more or less this a�rmation whi
hseems reasonable in absen
e of a 
lear proof. We show, however, thatit demands some very high pre
ision to extra
t the barriers from thedata, as the unavoidable error bars perturbate the 
al
ulations.2. The Wong formula(a) In a purely 
lassi
al way, Weisskopf [1℄ in 1937, derived an expressionfor the fusion 
ross se
tion valid when the in
oming energy E is mu
hgreater than the height of the barrier B�F (E) = �R2E (E �B) E � B : (1)R is the position of the barrier i.e. at R the s
attering potential takesthe value B = V (R) :(b) For a quantal system, the probability for 
ompound nu
leus formationi.e. the fusion 
ross se
tion is�F (E) = �k2 1Xl=0 (2l + 1)Tl(E) ; (2)where k2 = 2�E=~2 and � and Tl(E) are respe
tively the redu
ed massof the system and the fusion probability for the l-th partial wave.
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) To 
ompute �F (E) Wong [2℄ introdu
ed the following approximations:(i) Around its top, one may approximate Vl(r) by a parabola (the Taylorexpansion around R)Vl(r) � B � �!l22 (r �Rl)2 ;where !l2 = �Vl"� ���Rl > 0 :But, a

ording to Wong, Rl and !l are insensitive to l and so we shallnote them R and !. By adding the 
entrifugal barrier one �nally getsVl(r) � B � �!22 (r �R)2 + ~22�r2 l(l + 1) : (3)The only l-dependen
e in Vl(r) is due to the 
entrifugal barrier.(ii) Moreover, Wong takes for Tl(E) the following expression derived byHill and Wheeler [3℄Tl(E) = h1 + exp� 2�~! (Vl(R)�E�i�1 : (4)(iii) By repla
ing the dis
rete sum over l in (2) by an integral, Wong getsthe well known formula (valid above and under the barrier) des
ribingapproximately the fusion 
ross se
tion.�F (E) = �R2E ~!2� ln h1 + exp� 2�~! (E �B)�i 8E : (5)Expression (5) leads to�F (E) = �R2E (E �B) E � B ; (6)as in Eq. (1) and�F (E) = �R2E ~!2� exp� 2�~! (E �B)� E � B : (7)



1542 N. Alamanos, A. Lumbroso3. Theoreti
al determination of the barriers(a) Being analyti
, it is easy to examine the properties of Eq. (5). Inparti
ular Rowley et al. [4℄ noti
ing that the se
ond derivative ofEq. (1) gives d2(E�)dE2 = �R2Æ(E �B) ; (8)did generalize it for the Wong formula into (from now on we drop o�the supers
ript F and we write �F as �), and x = (2�=~!)(E �B)d2(E�)dE2 = �R2 2�~! ex(1 + ex)2 : (9)They obtain for the 32S+64Ni system, a very good agreement betweenthe expression (9) and an opti
al model 
al
ulation.(b) To explore the behavior of the peaks, we gave ourselves several un
or-related barriers Bk of given numeri
al value. By simply adding severalWong equations we did modify Eq. (9) asd2(E�)dE2 = 1n � �R2 2�~! nXk=1 exk(1 + exk)2 ; (10)where xk = (2�=~!)(E � Bk), and n is the number of barriers. Onesees on Fig. 1 that without surprise, the barriers are lo
ated at theexpe
ted energies, and, as long as the di�eren
e between the Bk's isgreater than the steps in energy , the peaks are distin
t. The lastframe on the Fig. 1 displays one example of 
al
ulation where, insteadof expression (10), we plot :d2(E�)dE2 = 1n � �R2 2�~! nXk=1�k exk(1 + exk)2 ; (11)where the �k (P�k = n) are 
oe�
ients used to modify the weight ofea
h term.
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 d2(Eσ)/dE2  (fm2/MeV)

Elab Elab

Elab ElabFig. 1. Several barriers (small triangles) and their relative positions. The last plot
orrespond to the Eq. (11).4. Experimental lo
alisation of the barriersIn the same paper, Rowley et al., state that the barriers 
an be obtainedfrom the data, provided that the experimental energy values are equidistant,a must if one wants to 
ompute numeri
ally se
ond derivatives. Therefore,we 
omputed the rea
tion 
ross se
tion �R, for the 32S+24Mg system, usingRaynal [5℄ 
ode ECIS. In this 
ase the only present 
hannel is fusion1. In-deed, the Rowley's pro
edure on E�R leads to a peak that we interpret asa barrier.(a)
omputing numeri
al derivatives �even if trivial� may be impre
ise as,by de�nition, they are very sensitive to the slope of the fun
tion. To1 All the in
ident �ux is absorbed by the imaginary part of the opti
al potential andtherefore all the rea
tion 
ross se
tion is fusion i.e., we apply the so 
alled in
omingwave boundary 
ondition



1544 N. Alamanos, A. Lumbrososimulate the role played by the error bars on the data, we generated apseudo-experimental 
ross se
tion 
ontaining some noise, by alteringthe ECIS output �R by a small per
entage into� = �R�1 + (�)� x100 1K� ; (12)with whi
h we 
omputed the se
ond derivative of E�. Here the integers� and x, (0 � x � 9) are random numbers and K will be de�nedshortly. Obviously now, the starting 
ross se
tions did not exhibit asmooth shape.The results are displayed in the left hand side of Fig. 2 . We see thata very small alteration of �R, indu
es the 
haoti
 behavior (dots) on E�at the higher energies (the solid line represents E�R). The 
onstant extrafa
tor 1=K, (
alled ansatz 1 on Fig. 2), was introdu
ed in Eq. (12) to renderthe results presentable.
24Mg + 32S

d2(Eσ)/dE2  (fm2/MeV)

Ansatz  1

Elab

 Ansatz  2

ElabFig. 2. Comparison of the two ansatz des
ribed in Eqs (12) and (13), respe
tively,to obtain the barrier with a pseudo-experimental 
ross se
tion. The solid line andthe dots represents (E:�R)" and (E:�)", respe
tively.(b) To smoothen a little more � we did 
ompute� = �R�1 + (�)� x100 1K(E)� ; (13)where K(E) be
omes now a quantity in
reasing with the in
ident en-ergy. The justi�
ation is that the higher the energy the smaller the



On Extra
tion of Fusion Barriers from Experiments 1545error bar for a 
onstant data a
quisition time. We see (right handside) that the overall result is improved. In fa
t, the ansatz of Eq. (13)(
alled ansatz 2 on the �gure), to a large extent, attenuate almost allthe noise and smoothens the 
ross se
tions at the higher energies. Thestriking feature is that there is a peak in any of these two situations.However, even a very small per
entage of noise on the "experimental"
ross se
tions has an important e�e
t on the peaks. This 
ondu
ted usto analyze the in�uen
e of the noise in presen
e of the ex
ited states.5. In�uen
e of the noiseTaking up the method proposed by Rowley, we have investigated thein�uen
e of the 
oupling to the lowest ex
ited states (see Fig. 3) of 24Mgs
attering with 32S. Again we get �R from the Raynal 
ode ECIS with :�fus = �rea
t �X �inel :The left hand side of Fig. 4 shows the unmodi�ed (solid line) and altered(dashed 
urve) 
omputations of (E�R)" and (E�)" respe
tively. We see onthe left part of �gure the unmodi�ed (solid line) and altered (dashed 
urve)
omputation of the se
ond derivative of E�R. By altered we mean dividingby the K(E) fa
tor in the the Eq. (13). We see on this left part
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Mg
24Fig. 3. The spe
trum of 24Mg used for ECIS 
al
ulations .(i) three bumps 
orresponding to the 24Mg low-energy spe
trum (Fig. 3);(ii) a series of bumps partly due to the noise and partly due to the barriers.At 74 MeV, we 
an see a very small bump on the solid line. To seewhether it has some physi
al meaning, we have set the 4+ at thearti�
ial value of 2.13 MeV, instead of 4.13 MeV. The right hand sideof the �gure displays the result : while the peak at 62 MeV remains



1546 N. Alamanos, A. Lumbrosorather steady, there is some interplay between the two other peaks(at 68 and 74 MeV). The 
hange in the position of the middle peakis more preo

upying as we did not 
hange the energy of the levelthat generates it. In other words, there is no dire
t 
orresponden
ebetween the ex
ited levels and the peaks. Even if the three bumps arestill present, a support to the method, a great 
are remains needed tointerpret these bumps, sin
e not only a very small noise like what weallow, introdu
es a great number of unphysi
al peaks, but, in addition,the position of the physi
al peaks was perturbed by the modi�
ationof the energy of the 4+ level.
24Mg + 32S

 d2(Eσ)/dE2  (fm2/MeV)

 4+ at 4.13MeV

Elabo

 4+ at 2.13MeV

ElabFig. 4. Results of 
al
ulations taking into a

ount the ex
ited states of 24Mg (left)and with a modi�ed value for the 4+ (right).6. Con
lusionThe promising se
ond derivative method, leaves pending some indeter-minations and needs to be re�ned. The problem with this method is overalllinked to the absen
e of a justi�
ation for the pro
edure. Although it givesrough predi
tions on the peaks, the relation between their positions and the
oupled 
hannels 
al
ulations is, however, more subtle than expe
ted. Alsothe 
omputation of barriers dire
tly from the experiment requires a degreeof pre
ision far from the present possibilities



On Extra
tion of Fusion Barriers from Experiments 1547REFERENCES[1℄ V. Weisskopf, Phys. Rev. 52, 295 (1937).[2℄ C.Y. Wong, Phys. Rev. Lett. 31, 766 (1973).[3℄ D.L. Hill, J.A. Wheeler, Phys. Rev. 89, 1102 (1953).[4℄ N. Rowley, G.R. Sat
hler, P.H. Stelson, Phys. Lett. B254, 25 (1991).[5℄ J. Raynal, Note CEA-N-2772 (1994).


