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h et al.1. Introdu
tionA pre
ise measurement of the luminosity is required for all experimentsat LEP measuring normalized 
ross se
tions. Any errors be
ome a limitingfa
tor in high-pre
ision measurements of the ele
troweak parameters in thestandard model. Luminosity is measured via the low-angle Bhabha s
atter-ing pro
ess e+e� ! e+e� + n
. This pro
ess was 
hosen be
ause it has a
lean, strong signal and is dominated by pure QED, with weak intera
tionsentering below 3%, so that it 
an be 
al
ulated 
leanly as well.It is important to maintain a parity between the experimental and the-oreti
al pre
ision in the luminosity pro
ess. Re
ent progress with the newluminosity monitors at LEP has redu
ed the experimental un
ertainty tobelow 0:05%. The best theoreti
al un
ertainty has been obtained using theMonte Carlo program BHLUMI4.04 [1℄, whi
h 
ites a pre
ision of 0:11%for an a

eptan
e mat
hing the SICAL luminometer [2℄ at ALEPH. In lightof the experimental progress, it is important to re-examine the theoreti
alpre
ision to obtain a more a

urate bound on the un
ertainty.We have found [3℄ that a 
areful analysis of the two-photon radiative
orre
tions leads to a revised pre
ision of 0:061% for BHLUMI with LEP1parameters. We also report results for LEP2 parameters. We obtained theseresults using exa
t small-angle matrix elements for all of the two photon (realand virtual) pro
esses 
ontributing to low-angle Bhabha s
attering. These
an be used to further redu
e the un
ertainty in the theoreti
al results as theneed arises. We also dis
uss the te
hni
al pre
ision of the implementationof these new results in the 
ontext of the BHLUMI Monte Carlo generator.TABLE ITheoreti
al un
ertainty for an ALEPH SICAL-type 
alorimetri
 dete
tor. L is thelogarithm (1) in the leading log expansion. For LEP1, the CMS energy is the Zmass, and the angular range is 1Æ-3Æ, and for LEP2, the CMS energy may be upto 176 GeV, and angular range within 1Æ-3Æ and 3Æ-6Æ. �Past� results are fromRefs. [1, 10, 11℄. LEP1 LEP2Type of 
orre
tion Past Present Past PresentMissing photoni
 O(�2) [3℄ .10% .027% 0.20% 0.04%Missing photoni
 O(�3L2) [4℄ .015% .015% 0.03% 0.03%Va
uum polarization [5, 6℄ .04% .04% 0.10% 0.10%Light pairs [7, 8℄ .03% .03% 0.05% 0.05%Z ex
hange [9℄ .015% .015% 0.0% 0.0%Total .11% .061% 0.25% 0.122%
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ision of the LEP Luminosity 1747The 
urrently published un
ertainty for BHLUMI may be broken downas shown in the �Past� 
olumns of Table I, following Ref. [1,10℄. The largest
ontribution 
omes from the missing O(�2) photoni
 
orre
tion, whi
h alone
ontributes 0:1% to the total pre
ision for LEP1 parameters.To obtain the results in the �Present� 
olumn, we have re-examined thetwo photon bremsstrahlung 
ontributions. These have been in
orporated inBHLUMI in a leading log expansion in terms of the logarithmL = 2 ln�E
msme sin(�=2)� ; (1)whi
h is on the order of 15 � 20 for the LEP1 and LEP2 parameters.The leading 
ontribution at order �2 has a fa
tor of L2, and terms withlower powers of L may be added systemati
ally as needed. BHLUMI4.04in
ludes the O(�2L2) leading log matrix element together with Yennie�Frauts
hi�Suura (YFS) exponentiation [12℄. We have used the exa
t resultsin Refs. [13�15℄ and the exa
t result in Ref. [16℄ to make a more realisti
estimate of the true size of this dominant error [1, 10℄.It is important to reexamine the te
hni
al pre
ision of the Monte Carloprogram's generation of two hard real photons together with the implemen-tation of the new exa
t matrix element. This 
an be done by implementingthe same matrix element in both BHLUMI4.04 and an independent MonteCarlo program. We will present the results of this test, and show that thete
hni
al pre
ision remains very high 
ompared to the physi
al pre
ision.The missing part of the O(�2) 
orre
tion due to one hard and one vir-tual photon 
an be found by implementing the exa
t (one loop) expressionof Ref. [13℄ in BHLUMI4.04, and 
omparing it to the leading log expressionalready in use. In Fig. 1, we show the ele
tron-line emission 
ross-se
tionobtained by running BHLUMI for 106 events with ALEPH SICAL-type a
-
eptan
e, for both LEP1 and LEP2 parameters. We display the di�eren
esbetween the BHLUMI leading log expression and two more pre
ise expres-sions: the exa
t one from Ref. [13℄ and a semi-
ollinear expression fromRef. [17℄.The BHLUMI results are within :02% of the exa
t result in units ofthe respe
tive Born 
ross se
tion throughout the experimentally interestingregime 0:2 � 1� zmin � 1:0. This is the main reason we have been able toredu
e the estimated pre
ision of the BHLUMI4.04 predi
tion in 
omparisonto Ref. [1, 10℄.The missing part of the O(�2) 
orre
tion due to a pair of hard photons
an be found by implementing the exa
t (tree level) expression of Ref. [15℄in BHLUMI4.04, and 
omparing it to the leading log expression already inuse. In Fig. 2, we show the ele
tron-line emission 
ross-se
tion obtainedby running BHLUMI for 106 events with ALEPH SICAL-type a

eptan
e,



1748 S. Jada
h et al.

:25 :50 :75 1:00�10: � 10�4�7: � 10�4�5: � 10�4�2: � 10�40: � 10�42: � 10�45: � 10�4
2222222222222222222222222222222222222222????????????????????????????????????????

2 Exact - LL? Ref. [17] - LL
1� zmin

LEP1�hard+virt:��LL�Born

:25 :50 :75 1:00�10: � 10�4�7: � 10�4�5: � 10�4�2: � 10�40: � 10�42: � 10�45: � 10�4
2222222222222222222222222222222222222222????????????????????????????????????????

2 Exact - LL? Ref. [17] - LL
1� zmin

LEP2�hard+virt:��LL�Born

Fig. 1. Monte Carlo results (106 events) for the O(�2) 
ross se
tion for singlephoton emission from the ele
tron line. Di�eren
es between three matrix elementsare shown for the SICALWide-Narrow trigger, divided by the Narrow-NarrowBorn
ross se
tion, with zmin de�ned as in Fig. 2 of Ref. [9℄. The two graphs displayresults for LEP1 and LEP2 parameters, respe
tively.
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Fig. 2. Monte Carlo results (106 events) for the O(�2) 
ross se
tion for two photonemission from the ele
tron line. Exa
t and leading log hard photon 
ross se
tionsare shown for the SICALWide-Narrow trigger, divided by the Narrow-NarrowBorn
ross se
tion, with zmin de�ned as in Fig. 2 of Ref. [9℄. The two graphs displayresults for LEP1 and LEP2 parameters, respe
tively.for both LEP1 and LEP2 parameters. The hard photon part of the doublebremsstrahlung 
ross se
tion (te
hni
ally, the averaged YFS residual ��2 [12℄)is displayed for both matrix elements.As a 
he
k on the te
hni
al pre
ision, we also implement both of thesematrix elements in an independent �test� Monte Carlo program optimizedto generate exa
tly two hard photons. The same two-photon 
ross se
tionsare 
al
ulated, and 
ompared to the BHLUMI results.
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ision of the LEP Luminosity 1749We �nd that the error introdu
ed by using the leading log approxima-tion is 0:012% for the relevant range of parameters, in agreement with theestimate in Ref. [1℄. The di�eren
e between the two Monte Carlo generatorsis below 0:003% of the Born 
ross se
tion. This shows that the te
hni
alpre
ision is still good on the s
ale of the improved physi
al pre
ision.Finally, we turn to the exa
t result for two virtual photons, and 
ompareit to the exa
t result in BHLUMI4.04. This has been obtained by analyti
ally
ontinuing the result of Ref. [16℄ for the O(�2) (two-loop) QED 
harge formfa
tor from the s-
hannel to the t-
hannel. For the ALEPH SICAL typea

eptan
e at the Z0 peak, this was found [3℄ to yield a 0:014% 
ontributionto the 
ross se
tion.Adding the three errors above in quadrature, �nd that the 
urrent 
al-
ulation of the O(�2) photoni
 
orre
tions in BHLUMI4.04 are a

urate to0:027%. Using this result in Table I for Ref. [1℄ we arrive at the pre
isiontag 0:061% for in BHLUMI4.04 at the Z0 peak. Repeating this analysis forLEP2 parameters, we �nd that the 
orresponding pre
ision of BHLUMI4.04,for both the SICAL and LCAL type a

eptan
es, is now redu
ed to 0:122%
ompared to the estimate in Ref. [1℄ of 0:25%. This new LEP2 result appliesup to 
ms energies of 200GeV.Our new estimate for the missing O(�2) bremsstrahlung 
ontributionin BHLUMI4.04 agrees with the estimate of 0:03% made by Montagna etal. [18℄ using an approximation with one hard 
ollinear external photonand an a
ollinear internal photon. Our exa
t result 
on�rms that theirapproximation a
tually gives the bulk of the O(�2) 
orre
tion.The speaker (S.Y.) would like to thank Prof. S. Jada
h, the theory groupof the Institute of Nu
lear Physi
s, Cra
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