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TOP QUARK PHYSICS�Thomas TeubnerDeuts
hes Elektronen-Syn
hrotron DESYD-22607 Hamburg, Germany(Re
eived Mar
h 25, 1999)In this 
ontribution I review the physi
s of top quarks at a future LinearCollider. Main emphasis is put on the pro
ess e+e� ! t�t 
lose to threshold.Di�erent physi
al observables, their sensitivity to the basi
 parameters andtheir theoreti
al predi
tion are dis
ussed. Re
ent higher order 
al
ulationsare shown to have a 
onsiderable impa
t on a pre
ise determination of thetop quark mass. It is pointed out how the use of mass de�nitions di�erentfrom the pole mass s
heme be
ome important in this respe
t. Continuumtop quark produ
tion above threshold is dis
ussed brie�y.PACS numbers: 14.65.Ha, 13.90.+i, 12.38.Bx1. Introdu
tionTop Quark Physi
s will be one of the main physi
s 
ases for future 
olliderphysi
s. Whereas the �rst dire
t dis
overy of top was one of the mainsu

esses of the proton 
ollider at Fermilab, the pre
ise measurement ofthe top quark mass and its 
ouplings will remain the task of a future lepton
ollider.But why should we be interested in su
h high pre
ision measurements inthe top se
tor? The top quark is the heaviest elementary parti
le observedup to now. Be
ause of its very high mass mt � 175 GeV it plays a promi-nent role for our understanding of the Standard Model (SM) and the physi
sbeyond. Already before its dire
t observation there was indire
t eviden
e ofthe large top quark mass: through radiative 
orre
tions mt enters quadrati-
ally into the � parameter. From pre
ision measurements of the ele
troweakparameters MZ , MW , sin2 �W and GF a top quark mass was predi
ted instriking agreement with the value measured at Fermilab. Within the frame-work of the SM the mass of the Higgs boson 
an be 
onstrained from the� Presented at the Cra
ow Epiphany Conferen
e on Ele
tron�Positron Colliders,Cra
ow, Poland, January 5�10, 1999.(1941)



1942 T. Teubnerweak boson masses MW and MZ together with mt: MH = f(MZ ;MW ;mt).As the Higgs mass enters in logarithmi
 form, stringent mass bounds 
anbe derived only on
e the other parameters are known with high a

ura
y.With an absolute un
ertainty of the top quark mass �mt <� 200 MeV theHiggs mass will be extra
ted with an a

ura
y better than 17%. This will
onstitute one of the strongest tests of the me
hanism of ele
troweak sym-metry breaking at the quantum level and therefore of our understanding ofthe stru
ture of the SM.At the starting time of a future Linear Collider (LC) Higgs boson(s) mayhopefully already have been dis
overed with the hadron ma
hine at Fermilabor at the LHC (assuming LEP2 is not the lu
ky one in the next future). Still,to pin down parameters pre
isely and to learn whi
h sort of physi
s beyondthe SM is realized in nature, many detailed studies will be required. Withan expe
ted a

ura
y of �mt=mt � 1 � 10�3 (�mb=mb ' O(%)) and thelarge Yukawa 
oupling �2t � 0:5 (�2b � 4 �10�4) the top quark will play a keyrole in �nding the theory that gives the link between masses and mixingsand quarks and leptons.Apart from that the large top quark mass has another important 
onse-quen
e: being mu
h heavier than theW boson the top de
ays predominantlyinto the W and a bottom quark with the large (Born) de
ay rate� (0)t = GFp2 m3t8� � 1:5 GeV� �QCD : (1)Therefore top is the only quark that lives too short to hadronize. Thelarge width �t serves as a wel
ome 
ut-o� of non-perturbative e�e
ts [1℄ andthe top quark behaves like a free quark. In this way top quark physi
s isan ideal test-laboratory for QCD at high s
ales, where predi
tions withinperturbation theory are reliable.Having these goals in mind a future e+e� Linear Collider (see e.g. [2,3℄)will be the ideal ma
hine to study the top quark in detail. (The samewill be true for a �+�� 
ollider, on
e te
hnologi
ally feasible.) The 
leanenvironment and generally small ba
kgrounds make it 
omplementary tohadron ma
hines, where higher energies 
an be a
hieved more easily. Inaddition the 
ollision of point-like, 
olourless leptons guarantees very good
ontrol of the systemati
 un
ertainties. Operation with highly polarizedele
trons (and to a smaller extent also positrons) is realizable and will opennew possibilities. Another option is the use of Compton ba
k-s
atteredphotons of intense lasers from the ele
tron and positron bun
hes, allowingfor operation of the e+e� 
ollider in the 

 (or e
) mode. These modes
an be very useful for 
ertain studies of the Higgs se
tor and other areasof ele
troweak physi
s, but will be less important for top quark physi
s.



Top Quark Physi
s 1943Therefore the following dis
ussion will be limited to e+e� 
ollisions1.The arti
le is organized as follows: In Se
tion 2 the s
enario of topquark pair produ
tion at threshold is des
ribed in some detail. I dis
ussthe important parameters, a

essible observables and their sensitivity, andthe 
orresponding theoreti
al predi
tions. Re
ent higher order 
al
ulationsare reviewed. It will be shown how the large theoreti
al un
ertainties in theshape of the 
ross se
tion near threshold 
an be avoided by using a massde�nition di�erent from the pole mass s
heme. In Se
tion 3 a brief dis
ussionof some important issues in top quark produ
tion above threshold is given.Se
tion 4 
ontains the 
on
lusions. For a 
omprehensive review of top quarkphysi
s (in
luding top at hadron 
olliders) see also [5℄. Clearly the ri
h�eld of top quark physi
s 
annot be 
ompletely 
overed in this 
ontribution,whi
h is somewhat biased towards t�t at threshold. This is also partly dueto the author's experien
e. I would like to apologize to those who missimportant information or feel own 
ontributions to top physi
s not 
overedproperly or not mentioned at all.2. The t�t threshold2.1. What's so spe
ial about the top threshold?Close to the nominal produ
tion threshold ps = 2mt top and anti-top are produ
ed with non-relativisti
 velo
ities v = p1� 4m2t =s � 1.The ex
hange of (multiple, ladder-like) Coulombi
 gluons leads to a strongattra
tive intera
tion, proportional to (�s=v)n. These terms are not sup-pressed and the usual expansion in �s breaks down. Summation leads tothe well known Coulomb enhan
ement fa
tor at threshold, giving a smoothtransition to the regime of bound state formation below threshold, whi
h
annot be des
ribed using ordinary perturbation theory. In prin
iple wewould expe
t a pi
ture like this with �Toponium� resonan
es similar to the
ase of bottom quarks whi
h form the � (nS) mesons at threshold. How-ever, in the 
ase of top quarks, the rapid de
ay makes a formation of realt�t bound states impossible. The width of the t�t system is saturated by thede
ay of its 
onstituents: �t��t � 2�t � 3 GeV. This is mu
h larger thanthe expe
ted level spa
ing and leads to a smearing of any sharp resonan
estru
ture, leaving only a remnant of the 1S peak visible in the ex
itation
urve. Therefore there will be nothing like t�t-spe
tros
opy to study at thetop threshold. Nevertheless the short life-time of the top quarks also hasa remarkable advantage: non-perturbative e�e
ts, hadronization and real(soft) gluon emission are suppressed by �t, mt 2. Therefore, in 
ontrast to1 Reader interested in the physi
s of 

 
ollisions are referred to [2℄ (and referen
estherein) for a general dis
ussion and to [4℄ espe
ially for 

 ! t�t at threshold.2 For studies 
on
erning the e�e
ts of real gluon emission see also Ref. [6℄.



1944 T. Teubnerthe bottom (let alone the 
harm) quark se
tor, top quark produ
tion be-
omes 
al
ulable in perturbative QCD [7℄. t�t is, from the theoreti
al pointof view, mu
h �
leaner� than 
�
 and b�b and will allow for more detailed testsof the underlying theory and a more pre
ise determination of the basi
 pa-rameters mt, �s (and �t). In this sense t�t at threshold is a unique system,whi
h deserves to be studied in detail at a future e+e� 
ollider.2.2. Parameters to be determined� As mentioned already above the main goal will be a pre
ise measure-ment of the top quark mass. Current analyses from CDF and D0 at theTevatron at Fermilab determine mt by re
onstru
ting the mass event byevent. Current values arempolet = 176:0 � 6:5 GeV (CDF [8℄) ;mpolet = 172:1 � 7:1 GeV (D0 [9℄) : (2)The Run II at the Tevatron is expe
ted to improve the a

ura
y down tomaybe �mt = 2 GeV. It looks impossible to rea
h a higher a

ura
y athadron 
olliders. In 
ontrast, with a threshold s
an of the 
ross se
tion ata future e+e� Linear Collider one will be able to rea
h �mt = 200 MeV oreven better [3, 10, 11℄. High luminosity will allow for very small statisti
alerrors so that the a

ura
y will be limited mainly by systemati
 errors andtheoreti
al un
ertainties.� The strong 
oupling �s governs the intera
tion of t and �t. It enters theCoulombi
 potential V (r) = �CF �s=r whi
h dominates 
lose to threshold,as well as other 
orre
tions whi
h get important at higher orders of pertur-bation theory (see below). �s may either be taken as an input (with someerror) measured independently at other experiments or, alternatively, 
anbe determined simultaneously with mt in a 
ombined �t.� The (free) top quark width �t leads to the smearing of the resonan
esand strongly in�uen
es the shape of the 
ross se
tion at threshold. As willbe dis
ussed below, �t 
an be measured with good pre
ision near thresholdeither in the t�t produ
tion pro
ess or by help of observables spe
i�
 to thede
ay3. In the framework of the SM �t 
an be predi
ted reliably: the �rstorder �s [13℄ and ele
troweak [14℄ 
orre
tions are known for some time (seealso [15℄), and re
ently even 
orre
tions of order �2s be
ame available [16℄.The O(�s) 
orre
tions lower the Born result by about 10%, whereas O(�2s)and ele
troweak 
ontributions e�e
tively 
an
el ea
h other, with 
orre
tionsof about �2% and +2%, respe
tively. In extensions of the SM the top quarkde
ay rate 
an be signi�
antly di�erent from the SM value: new 
hannels3 For a detailed dis
ussion of top quark de
ays see also [12℄.



Top Quark Physi
s 1945like the de
ay in a 
harged Higgs (t! bH+) in supersymmetri
 theories willlead to an in
rease of �t. In models with a forth generation the Cabibbo-Kobayashi-Maskawa (CKM) quark-mixing-matrix element Vtb will be smallerthan the SM value V (SM)tb ' 1 and lead to a suppression of � (SM)t .� The ele
troweak 
ouplings of the top quark enter both in produ
tionand de
ay. Espe
ially in angular distributions (of the de
ay produ
ts) andin observables sensitive to the polarization of the top quarks deviations fromthe SM may be found. In prin
iple even the in�uen
e of the Higgs on thet�t produ
tion vertex should be visible [17℄. Unfortunately, for the 
urrentlyallowed range of Higgs-masses, e�e
ts due to (heavy) Higgs ex
hange mainlyresult in a �hard� vertex 
orre
tion whi
h 
hanges the overall normalizationof the 
ross se
tion. As will be dis
ussed below, 
ontributions of this sort arein 
ompetition with un
ertainties from other higher order 
orre
tions andtherefore di�
ult to disentangle at the t�t threshold.Therefore, to determine the parameters with high pre
ision and to even-tually be
ome sensitive to new physi
s, a thorough understanding of the SMphysi
s, in parti
ular the QCD dynami
s, is mandatory.2.3. Theory's tools to make predi
tionsHow to predi
t the 
ross se
tion 
lose to threshold? In prin
iple one 
ouldwrite the 
ross se
tion as a sum over many overlapping resonan
es [18℄:�(e+e� ! t�t ) � �ImXn j n(r = 0)j2E �En + i�t ; (3)where  n are the wave fun
tions of the nS states with the 
orrespondingEigenenergies En. (Close to threshold S wave produ
tion is dominatingwith the 
ontributions from P waves being suppressed by two powers of thevelo
ity v. With v � �s these 
ontributions have to be 
onsidered onlyat next-to-next-to-leading order.) However, this expli
it summation is notvery 
onvenient, as the sum does not 
onverge fast, espe
ially for positiveenergies E = ps� 2mt. As shown by Fadin and Khoze [7℄, the problem 
anbe solved within the formalism of non-relativisti
 Green fun
tions:�(e+e� ! t�t ) � �ImG(r = 0; E + i�t) : (4)The Green fun
tion G is the solution of the S
hrödinger equation" � ~r2mt + V (~r )!� (E + i�t)#G (~r;E + i�t) = Æ(3) (~r ) (5)



1946 T. Teubneror, equivalently, the Lippmann-S
hwinger equation in momentum spa
e~G (~p;E + i�t) = ~G0 + ~G0 Z d3q(2�)3 ~V (~p� ~q ) ~G (~q;E + i�t) ; (6)where ~G0 � �E + i�t � p2=mt��1 is the free Green fun
tion. At leading andnext-to-leading order the 
ontinuation of the energy in the 
omplex planeE + i�t is all that is needed to take 
are of the �nite de
ay width of the topquarks. These equations 
an be solved numeri
ally using a realisti
 QCDpotential V (r) = �CF�s(r)=r or ~V �q2� = �4�CF�s(q2)=q2 to give thetotal 
ross se
tion [19�21℄� �e+e� ! 
� ! t�t � = 32�2 �23m2t s ImG (r = 0; E + i�t) : (7)The top quark momentum distribution (di�erential with respe
t to the mod-ulus of the top quark three momentum p), whi
h re�e
ts the Fermi motion inthe would-be bound state and the instability of the top quarks, is obtainedby d�(p;E + i�t)dp = 16�23 sm2t �t p2 ��� ~G (p;E + i�t)���2 : (8)Eqs. (7), (8) are 
orre
t at leading order in �s, v. At next-to-leading order(NLO) various new e�e
ts have to be taken into a

ount. Apart from thewell known O(�s) 
orre
tions to the stati
 QCD potential [22℄ the ex
hangeof �hard� gluons results in the vertex 
orre
tion fa
tor (1� 16�s=(3�)) inthe (total and di�erential) 
ross se
tion [23℄. Interferen
e of the produ
tionthrough a virtual photon and a virtual Z boson leads to the interferen
eof the ve
tor 
urrent indu
ed S wave with the axial-ve
tor 
urrent indu
edP wave 
ontributions. This S-P wave interferen
e is suppressed by order vand drops out in the total 
ross se
tion after the angular (
os �) integration.However, it 
ontributes to the di�erential rate and will be measured in ob-servables like the forward-ba
kward asymmetry AFB [24,25℄. In addition, atorder �s, there are �nal state 
orre
tions 
oming from gluon ex
hange be-tween the produ
ed t and �t and their strong intera
ting de
ay produ
ts b and�b. The �nal state intera
tions in the tb and �t�b systems fa
torize and are eas-ily taken into a

ount by using the (order �s) 
orre
ted free top quark width�t, with no other 
orre
tions at O(�s) [26,27℄. However, the �
rosstalk� be-tween t �b, �t b and b �b leads to non-fa
torizable 
orre
tions whi
h have tobe 
onsidered in addition4. These 
orre
tions are suppressed in the total
ross se
tion [28, 29℄, but 
ontribute in di�erential distributions and hen
e4 In prin
iple hadroni
ally de
aying W bosons also take part in these �nal state inter-a
tions.



Top Quark Physi
s 1947in AFB5. Results obtained in the framework of the non-relativisti
 Greenfun
tion approa
h are available at O(�s), see [31,32℄. At the same a

ura
ypolarization of the produ
ed t and �t, depending on the polarization of the e+and e� beams, has been studied in [25, 31, 32℄. Therefore, at order (�s; v),theoreti
al predi
tions are available for a variety of observables at the topquark threshold, as will be dis
ussed in the next paragraph.Ele
troweak 
orre
tions to the t�t produ
tion vertex have been 
al
ulatedfor the threshold region [33℄ as well as for general energies [34℄ in the SMand even in the Minimal Supersymmetri
 SM (MSSM), see [35℄.2.4. Observables and their sensitivity� The (from the theoreti
al as well as from the experimatal point ofview) 
leanest observable is the total 
ross se
tion �tot. Depending on thede
ays of the W+ and W� from the t and the �t quarks, t�t de
ays intosix jets (46%), four jets + l + �l (44%) or two jets + l l0 � � 0 (10%) (60,35 and 5%, respe
tively, if l = e; � only and � -leptons are ex
luded). Themain ba
kgrounds are from e+e� !W+W�, Z0Z0 and f �f (plus gluons andphotons). These pro
esses are well under 
ontrol as distinguishable from thesignal (e.g. by higher Thrust or less jets) and 
onstitute no big problem forthe experimental analysis. The total 
ross se
tion is mainly sensitive to mtand �s. Fig. 1 shows the 
ross se
tion for two di�erent values of the topquark mass and two values of the strong 
oupling, plotted over the total
entre of mass energy. Note the 
orrelation between mt and �s: higher
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E[GeV]Fig. 1. Total 
ross se
tion �(e+e� ! t�t ) (in pb) as a fun
tion of the total 
entreof mass energy for two di�erent values of mt and �s. The upper 
urves 
orrespondto �s(MZ) = 0:121, the lower ones to �s(MZ) = 0:115. (Figure taken from [3℄.)5 See also Ref. [30℄ and referen
es therein for a dis
ussion of the possible impa
t of
olour re
onne
tion e�e
ts on the top quark mass determination.



1948 T. Teubnertop-masses lead to a shift of the remainder of the 1S peak to larger energies.In a similar way an in
rease of �s is equivalent to a stronger potential (alarger negative binding energy) and hen
e lowers the peak position. I will
ome ba
k to this point later. In pra
ti
e, the shape of the 
ross se
tion willnot look as pronoun
ed as in Fig. 1.

Fig. 2. Total 
ross se
tion in the threshold region in
luding initial-state and beam-strahlung. The errors of the data points 
orrespond to an integrated luminosity ofR L = 50 fb�1 in total. The dotted 
urves indi
ate shifts of the top mass by 200and 400 MeV. (Figure taken from [3℄.)Initial state radiation (of photons from the e+ and e� beams) as wellas the beamstrahlung-e�e
ts from the intera
tion of the e+ and e� bun
heslead to a distortion of the original shape. Fig. 2 displays how the total 
rossse
tion is expe
ted to look under realisti
 
onditions. The dots in the plotare Monte-Carlo generated �data points� of a typi
al planned threshold s
an.In addition �tot also depends on the Higgs mass MH and the top quarkwidth �t. As mentioned already above, the Higgs mainly in�uen
es thenormalization of the 
ross se
tion whi
h will probably not allow for a highsensitivity toMH on
e other un
ertainties are taken into a

ount. �t, on theother hand, in�uen
es the shape: the smaller the width the more pronoun
edthe peak. This will be used together with the sensitivity of other observablesto measure �t.� Another observable is the momentum distribution d�=dp, obtainedfrom the re
onstru
tion of the three momentum of the top (and antitop)quark. With the possible high statisti
s at a future Linear Collider thedistribution 
an be well measured. As shown in Fig. 3, the peak positionstrongly depends on mt but less on the QCD 
oupling: for higher values ofmt the distribution is peaked at mu
h lower momenta, whereas the 
ouplingstrength mainly 
hanges the normalization.
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Fig. 3. The di�erential 
ross se
tion d�=dp as a fun
tion of the top quark momen-tum p for a �xed value of the 
entre of mass energy (349 GeV). mt and �s are
hosen as indi
ated. (Figure taken from [3℄.)Therefore a measurement of the momentum distribution 
an help todisentangle the strong 
orrelation of mt and �s in the total 
ross se
tion(see [10℄). There is also a less pronoun
ed dependen
e on �t.� As mentioned above, S-P wave interferen
e leads to a nontrivial 
os �(� being the angle between the e� beam and the t dire
tion) dependen
e ofthe 
ross se
tion. The resulting forward-ba
kward asymmetryAFB = 1�tot 24 1Z0 d 
os � � 0Z�1 d 
os �35 d�d 
os � (9)shows a 
onsiderable dependen
e on �t and �s, but is not very sensitive tomt.In Fig. 4 AFB is plotted as a fun
tion of ps for three di�erent 
hoi
esof �t and �s. With in
reasing width the overlap of S and P waves be
omesbigger and hen
e the asymmetry is enhan
ed. Together with the total anddi�erential 
ross se
tion the measurement of AFB 
an be used to determine�t by a �t. The sensitivity of su
h a �t to the di�erent observables isdemonstrated in Fig. 5.Please note that the �gures for the 
ross se
tion and the asymmetry donot 
ontain the (nonfa
torizable) O(�s) res
attering 
orre
tions dis
ussedin Se
tion 2.3. They are absent in the total 
ross se
tion but slightly 
hanged�=dp and AFB, see [31, 32℄ for a detailed dis
ussion.
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kward asymmetry AFB as a fun
tion of E = ps � 2mt forthree di�erent values of the top quark width and the strong 
oupling. Upper plot:variation of �t by �20% around the SM value � SMt = 1:43 GeV and �s(MZ) =0:118. Lower plot: �s(MZ) = 0:115; 0:118; 0:121 and �t = 1:43 GeV. (mt = 175GeV.)� Top Quark Polarization: Near threshold S wave produ
tion dominates(~L = 0) and the total spin 
onsists of the spins of the top and antitop quarks,~J
�; Z� = ~St+~S�t. In leading order the top spin is aligned with the e+e� beamdire
tion. Even without polarization of the initial e+ and e� beams, the topquarks are produ
ed with �40% (longitudinal) polarization. For a realisti
(longitudinal) e� polarization of Pe� = +80% (�80%) and an unpolarizede+ beam (Pe+ = 0) the top polarization amounts to +60% (�90%). Thispi
ture is 
hanged only slightly due to S-P wave interferen
e e�e
ts of O(v)and res
attering e�e
ts of O(�s), whi
h lead to top polarizations perpendi
-ular to the beam dire
tion (transverse) and normal to the produ
tion plane.Normal polarization 
ould also be indu
ed by time reversal odd 
omponentsof the 
t�t- or Zt�t-
ouplings, e.g. by an ele
tri
 dipole moment, signallingphysi
s beyond the SM.
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Fig. 5. In
rease of the �2 of the �t as a fun
tion of the top quark width using theforward-ba
kward asymmetry AFB (solid line), adding the top quark momentumdistribution (dashed line) and the total 
ross se
tion (dotted line). (Figure takenfrom [10℄.)The in�uen
e of the bound state dynami
s near threshold was 
al
ulatedin the Green fun
tion formalism, in
luding the polarization of the initialbeams, the S-P wave interferen
e 
ontributions and the O(�s) res
atteringe�e
ts [25, 31, 32℄. Negle
ting 
ontributions due to res
attering, the threepolarizations 
an be written as���~Sk��� = C0k + C1k 'R(p;E) 
os � ;���~S?��� = C? 'R(p;E) sin � ;���~SN��� = CN 'I(p;E) sin � : (10)The fun
tions 'R;I 
ontain all information about the threshold dynami
s,whereas the 
oe�
ients C are dependent on the ele
troweak 
ouplings andthe e+e� polarization (see e.g. Ref. [31℄ for 
omplete formulae). Fig. 6 showsthe 
oe�
ients C0k , C0?, C? and CN as fun
tions of the e�e
tive polarization� = (Pe+ �Pe�)=(1�Pe+Pe�). From Fig. 6 it be
omes 
lear that by 
hoos-ing the appropriate longitudinal polarization of the e� beam one 
an tunethe normal polarization of the top quarks ~SN to dominate. The fun
tions'R;I(p;E) are displayed in Fig. 7 for four di�erent energies E around thethreshold. Also shown is the result for free quarks, 'R = p=mt.
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Fig. 7. Fun
tions 'R(p;E) (solid 
urves) and 'I(p;E) (dashed) for four di�erentenergies 
lose to threshold (mt = 180 GeV, �s = 0:125). The dotted lines show thefree parti
le result 'R = p=mt. (Figure taken from [31℄.)The normal polarization depends basi
ally on the parameters �t, �s andis relatively stable against res
attering 
orre
tions. The �s dependen
e 
anbe understood from the 
ase of stable quarks and a pure Coulomb potential,where the analyti
al solution exists [36℄: 'I ! 23 �s. In 
ontrast, the sub-leading (angular dependent) part of the longitudinal polarization and thetransverse polarization both are (strongly) 
hanged by res
attering 
orre
-tions, but vanish after angular integration. For a detailed dis
ussion of theres
attering 
orre
tions and the 
onstru
tion of in
lusive and ex
lusive ob-
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Fig. 8. a) The total 
ross se
tion �(e+e� ! t�t ) as a fun
tion of E for threedi�erent 
hoi
es of the e� polarization: the 
ontinuous, dashed and dash-dottedlines 
orrespond to P� = �1, 0 and 1, respe
tively, where only S wave produ
tionis taken into a

ount. The dotted lines show the 
orresponding total 
ross se
tionsin
luding the P wave 
ontributions. b) Ratio of the P to the S wave 
ontribution�AAtot =�VVtot for the three di�erent e� polarizations. (Figure taken from [39℄.)



1954 T. Teubnerservables whi
h are sensitive to the top quark polarization, see [31, 32, 37℄.Let me just note here that the res
attering 
orre
tions destroy the fa
toriza-tion of the produ
tion and de
ay of the polarized top quarks. Nevertheless,observables 
an be 
onstru
ted whi
h depend neither on the subtleties ofthe t�t produ
tion pro
ess nor on res
attering 
orre
tions, but only on thede
ay of free polarized quarks, even in the presen
e of anomalous top-de
ayverti
es (see [32, 38℄).� Axial 
ontributions to the angular integrated 
ross se
tion: P wave
ontributions arise not only at O(v) due to S-P wave interferen
e but alsoas P 2-terms at next-to-next-to-leading order (NNLO). These 
ontributionsare suppressed by v2 
lose to threshold. Still, they 
ontribute at the per
entlevel and have to be taken into a

ount at the NNLO-a

ura
y dis
ussedbelow. In addition these axial 
urrent indu
ed 
orre
tions are an indepen-dent observable and strongly depend on the polarization of the e+e� beams.Numeri
al results for the total and di�erential 
ross se
tion were obtainedre
ently within the formalism of non-relativisti
 Green fun
tions [39℄. Fig. 8shows the total 
ross se
tion as a fun
tion of the energy with and withoutthese 
ontributions and their size relative to the pure S wave result for threedi�erent values of the e� polarization.A 
ut-o� pmax = mt=2 has been applied to 
ure the divergen
e of theintegrated P wave Green fun
tion 
oming from the large momentum region,where the non-relativisti
 approximation breaks down.2.5. Large next-to-next-to-leading order 
orre
tionsIn view of the size of the NLO 
orre
tions one may ask how a

uratethe theoreti
al predi
tions are. To answer this question within perturbationtheory 
onvin
ingly one has to go to the next order, in our 
ase to theNNLO. The �rst step in this dire
tion was done by M. Peter who 
al
ulatedthe O(�2s) 
orre
tions to the stati
 potential [40℄. They turned out to besizeable and, furthermore, indi
ate limitations of the a

ura
y a
hievable dueto the asymptoti
ness of the perturbative series. As was studied in [41℄, theseries for the e�e
tive 
oupling in the Coulomb potential behaves di�erentlyin the position and in the momentum spa
e. Although potentials formallymay di�er only in N3LO, the resulting theoreti
al un
ertainty of the total
ross se
tion in the 1S peak region is estimated to be of the order 6% [41℄.Re
ently results of the 
omplete NNLO relativisti
 
orre
tions6 to t�tprodu
tion near threshold be
ame available [42�45℄. The results are in fairagreement and modify the NLO predi
tion 
onsiderably. In the following Iwill brie�y des
ribe the 
al
ulation and results.6 Here NNLO means 
orre
tions of the order O(�2s; �sv; v2) relative to the Born resultwhi
h 
ontains the resummation of the leading (�s=v)n terms.
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s 1955Cal
ulation and resultsThe problem 
an be formulated most transparently in the framework ofe�e
tive �eld theories. There one makes use of the strong hierar
hy of thephysi
al s
ales top mass, momentum, kineti
 energy and �QCD with mt �mtv � mtv2 � �QCD by integrating out �hard� gluons with momenta large
ompared to the s
ales relevant for the nonrelativisti
 t�t dynami
s. Thisleads to non-relativisti
 QCD (NRQCD) [46℄. With mtv � �QCD one 
ango one step further and integrate out gluoni
 (and light quark) momenta oforder mtv. Doing so one arrives at the so-
alled potential NRQCD [47℄, andthe dynami
s of the t�t system 
an be des
ribed by the NNLO S
hrödingerequation"� ~r2mt � ~r44m3t + VC(~r) + VBF(~r) + VNA(~r)� (E + i�t)#G(~r; E + i�t) = Æ(3)(~r) :(11)Note the appearan
e of the operator �~r4=(4m3t ) whi
h is a 
orre
tion tothe kineti
 energy. The instantaneous potentials are the two-loop 
orre
tedCoulomb potential VC [40℄, the Breit�Fermi potential VBF known frompositronium, and VNA is an additional purely non-Abelian potential. The
ross se
tion is again related to the imaginary part of the Green fun
tion at~r = 0. In 
ontrast to the NLO 
al
ulation the additional potentials lead toultraviolet divergen
ies in Eq. (11) whi
h have to be regularized. This 
anbe done by introdu
ing a fa
torization s
ale �fa
 whi
h serves as a 
ut-o�in the e�e
tive �eld theory. The 
omplete renormalization also requires themat
hing of the e�e
tive �eld theory to full QCD. This involves the deter-mination of (energy independent) short distan
e 
oe�
ients. They 
ontainall information from the �hard� momenta integrated out before and also de-pend on the 
ut-o� �fa
, so that in the �nal result the biggest part of thefa
torization s
ale dependen
e 
an
els. In order to perform this mat
hingthe knowledge of the 
orresponding NNLO results of the t�t 
ross se
tion infull QCD above threshold is essential [48℄. Let me skip further details andimmediately dis
uss the results of the NNLO 
al
ulation7: Fig. 9a showsthe total 
ross se
tion e+e� ! 
� ! t�t in units of �point = 4��2=(3s) inLO, NLO and NNLO (dotted, dashed and solid lines, respe
tively), wherein ea
h 
ase the three 
urves 
orrespond to three values of the s
ale �softgoverning the strong 
oupling in the potential(s). In Fig. 9b the dependen
eof the NNLO predi
tion on the input parameter �s(MZ) is demonstrated.These results are somewhat surprising: whereas large 
orre
tions are not7 A more detailed dis
ussion and 
omplete formulae 
an be found in [42℄ (see also [49℄).
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Fig. 9. (a) The total normalized photon-mediated t�t 
ross se
tion at LO (dottedlines), NLO (dashed lines) and NNLO (solid lines) for the s
ales �soft = 50 (upperlines), 75 and 100 GeV (lower lines). (b) The NNLO 
ross se
tion for �s(MZ) =0:115 (solid line), 0:118 (dashed line) and 0:121 (dotted line). (mt = 175 GeV,�t = 1:43 GeV. Figures taken from [42℄.)unusual for NLO 
al
ulations, the large 
orre
tions arising at NNLO wereunexpe
ted. It is well visible from Fig. 9a that from leading to NLO the 1Speak is shifted to lower energies by about 1 GeV and again moves by about300 MeV if one in
ludes the NNLO 
orre
tions. Moreover, the large negative
orre
tion in the normalization from leading to NLO is partly 
ompensatedby the big positive 
orre
tion at NNLO. In addition the s
ale un
ertainty,whi
h is often used as an estimate of the un
ertainty of a (�xed order) per-turbative 
al
ulation from higher orders, seems to be arti�
ially small atNLO but fairly big again at NNLO. This will make studies whi
h mainly
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s 1957depend on the normalization of the t�t 
ross se
tion (like the extra
tion ofthe Higgs mass) very di�
ult.
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only static NNLO -- full NNLOFig. 10. Total 
ross se
tion at NNLO as a fun
tion of the energy relative to thresh-old with parameters as in Fig. 9a. The solid lines give the 
omplete result of [42℄whereas the dashed lines 
ontain only the NNLO 
orre
tions to the stati
 Coulombpotential VC [40℄.In Fig. 10 the importan
e of the NNLO relativisti
 
orre
tions to thekineti
 energy and through the additional potentials VBF and VNA in Eq. (11)are demonstrated: the dashed lines show the result where only the NNLO
orre
tions to the stati
 Coulomb potential VC [40℄ are applied, the solidlines show the 
omplete NNLO result from [42℄.We have argued above that the total 
ross se
tion with its steep rise inthe threshold region (the remainder of the 1S peak as shown in Fig. 2) isthe �
leanest� observable to determine mt. From Fig. 9 it now be
omes 
learthat the problem of the strong 
orrelation between mt and �s, whi
h wasalready dis
ussed above, also appears through the di�erent orders of pertur-bation theory: a �t of experimental data from a threshold s
an to theoreti
alpredi
tions (like indi
ated in Fig. 2) at a given order will result in a deter-mination of mt depending on the order. This is in prin
iple nothing wrongand is easily understood, as in higher orders the 
orre
tions to the potentiallead to a stronger e�e
tive 
oupling. Nevertheless now the question arises:Are there large theoreti
al un
ertainties in the determination of mt?First I would like to point out that the 1S peak shift from NLO toNNLO is a
tually not too dramati
. Taking this shift as an estimate of un-known e�e
ts in even higher orders would indi
ate a theoreti
al un
ertainty�mt <� �QCD, whi
h still leads to a relative a

ura
y of �mt=mt � O(10�3)



1958 T. Teubnerfor the top mass. Still, having argued that due to the large width �t > �QCDnon-perturbative e�e
ts should be suppressed, an even smaller theoreti
alun
ertainty should be a
hievable. Con
erning the large NNLO 
orre
tionsto the normalization and the large s
ale un
ertainty I would like to 
om-ment that there is reason to believe that the NNLO result is a mu
h betterapproximation than the NLO one and that 
orre
tions in even higher ordersshould not spoil this pi
ture [50℄. But how 
an the stability of the predi
tionbe improved? The key point here is to remember that in all formulae andresults dis
ussed up to now mt is de�ned as the pole mass. This s
hemeseems, at �rst glan
e, to be the most intuitive one and to be suited for thenon-relativisti
 regime. Nevertheless we know that mpole is not an observ-able. It is de�ned only up to un
ertainties of O(�QCD), and the large topquark width �t does not prote
t the pole mass mpolet [51℄. By performing arenormalon analysis it was re
ently shown in [52, 53℄ that the leading long-distan
e behaviour whi
h a�e
ts the pole mass in higher orders also appearsin the stati
 potential. However, in the sum Estati
 = 2mpole + Ebindingthese 
ontributions 
an
el and Estati
 is free from renormalon ambiguities.The separate quantities, mass and potential, su�er from a s
heme ambiguitywhi
h is not present in the sum. Therefore one should make use of a �shortdistan
e� mass de�nition di�erent from the pole mass s
heme, whi
h avoidsthese large distan
e ambiguities.Short distan
e mass de�nitions: Curing the problemIn prin
iple there exist in�nitely many mass de�nitions whi
h subtra
tthe renormalon ambiguities. In pra
ti
e, however, this is not enough. Onthe one hand, any new short distan
e mass mSD has to be related with higha

ura
y to a mass in a more general s
heme like the (modi�ed) MinimalSubtra
tion s
heme (MS)8. Otherwise the extra
tion of mSD would be moreor less useless. On the other hand, the subtra
tion of renormalon 
ontribu-tions, whi
h be
ome important at high orders of perturbation theory, willnot be enough to 
ompensate the large shifts of the 1S peak observed atNLO and NNLO. Re
ently di�erent mass de�nitions were proposed whi
h
an ful�ll all the requirements: in Ref. [52℄ Beneke de�ned the �PotentialSubtra
ted� mass by mPS(�f ) = mpole � Æm(�f ) ; (12)8 This is possible be
ause of the short distan
e 
hara
teristi
s of mSD and mMS whi
hmakes the perturbative relation between the masses well behaved. The MS massitself 
annot be used dire
tly for the 
al
ulation of the t�t threshold, see [52℄.
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s 1959where the subtra
tion is given byÆm(�f ) = �12 Zj~q j<�f d3q(2�)3 ~V (q) : (13)The subtra
ted potential in position spa
e then readsV (r; �f ) = V (r) + 2Æm(�f ) : (14)This is equivalent to suppressing 
ontributions from momenta q below thes
ale �f in the potential. For �f ! 0 one re
overs the pole mass mPS !mpole. By 
hoosing �f larger, say 20 GeV, one 
an a
hieve a 
ompensationof the 1S peak shifts. Another mass de�nition is the 1S mass, originallyintrodu
ed in B meson physi
s [54℄, whi
h de�nes the 1S mass as half ofthe perturbatively de�ned 1S energy. This m1S mass 
an be related reliablyto the MS mass. There are also other mass de�nition in the literature, seee.g. the �low s
ale running mass� [55℄, whi
h is similar to the 
on
ept of thePS mass but di�ers in the a
tual �f -dependent subtra
tion. Studies aboutthe appli
ation of di�erent mass de�nitions are underway and I 
an onlypresent preliminary results here9: Fig. 11 shows our best predi
tion [50℄for the NNLO t�t 
ross se
tion together with the NLO and LO results fortwo di�erent values of the renormalization s
ale �soft governing the strong
oupling �s. In the upper plot the 1S mass s
heme is used, whereas forthe lower plot the PS mass s
heme is adopted. It is 
lear from these 
urvesthat both mass de�nitions work well. The shift of the 1S peak is nearly
ompletely 
ompensated. Di�eren
es in the normalization remain, but theywill not spoil the mass determination from the shape of the total 
ross se
tionnear threshold. Of 
ourse more detailed studies are needed to �nd the beststrategy for a pre
ise determination of mMSt , whi
h is needed in ele
troweak
al
ulations. 3. Studies above thresholdIn the 
ontinuum top quarks are produ
ed through the same annihila-tion pro
ess as near threshold: e+e� ! 
�; Z� ! t�t . Other (gauge bosonfusion) 
hannels like e+e� ! �e��et�t or e+e� ! e+��et�b are negligible,ex
ept for e+e� ! e+e�t�t , where the 
ontribution from 

 fusion be
omesimportant at TeV energies. Formulae for the (polarized) produ
tion 
rossse
tion and subsequent de
ay are well known (see e.g. [56℄ and referen
es9 In [45℄ the total 
ross se
tion was 
al
ulated analyti
ally in the MS s
heme andthe in�uen
e of the �Potential Subtra
ted� mass s
heme was studied, 
on�rming theresults presented here.
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upper curves: µ = 20 GeV,  lower curves: µ = 60 GeVFig. 11. Total 
ross se
tion e+e� ! 
� ! t�t in units of �point = 4��2=(3s) asa fun
tion of ps. Dotted, dashed and solid lines 
orrespond to the LO, NLOand NNLO results. The upper 
urves are obtained with the renormalization s
ale� = 20 GeV, the lower ones with � = 60 GeV. a) 1S mass s
heme, and b) PS masss
heme with �f = 20 GeV. (mt = 175 GeV, �t = 1:43 GeV and �s(MZ) = 0:118.)therein). Similar to the top quark analyses at Fermilab t�t events will bere
onstru
ted at an event by event basis and allow for a determination ofthe top quark mass and its 
ouplings. Due to the 
lean environment andthe large statisti
s (at ps = 500 GeV and with an integrated luminosity of
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s 1961R L = 50 fb�1 there will be >� 30000 t�t pairs!) high pre
ision will be rea
hedat a future Linear Collider. In the following I will brie�y outline a few im-portant 
ases of top physi
s above threshold.� Kinemati
al re
onstru
tion of mt above threshold. The top 
an bere
onstru
ted from 6 jet and 4jet+l+� events. For 
entre of mass energies farabove threshold the top and antitop signals will be in di�erent hemispheresand t and �t may be re
onstru
ted separately. Constraints from energy andmomentum 
onservation in the �tting pro
edure 
an improve the mass res-olution 
onsiderably. Experimental studies [56℄ (see also [57℄) have demon-strated that a high statisti
al a

ura
y of the order of�mt(stat:) � 150MeV
an be a
hieved at a future Linear Collider. But in 
ontrast to the analy-sis at threshold many experimental un
ertainties and not very well knownhadronization e�e
ts will limit the total expe
ted a

ura
y to �mt � 0:5GeV.� Top formfa
tors. Top quarks are produ
ed with a high longitudinalpolarization. Due to the large top width �t hadronization is suppressed andthe initial heli
ity is transmitted to the �nal state without depolarization.Therefore, in 
ontrast to the 
ase of light quarks, t heli
ities 
an be de-termined from the (energy-angular) distributions of jets and leptons in thede
ay t ! bW+ ! bf �f 0 , similar to the 
ase of Z polarization analyses atLEP and SLC. This will allow to measure the formfa
tors of the top quarkin detail [58℄. The relevant 
urrent 
an be written asja� / 
� �F a1;LPL + F a1;RPR�+ i���q�2mt �F a2;LPL + F a2;RPR� ; (15)with the form fa
tors F a (a = 
; Z; W ). At lowest order in the SM, F 
1;L =F 
1;R = FW1;L = 1 , F 
2;L = F 
2;R = FW1;R = 0 and FZ1;L = gL, FZ1;R = gR. Anon-zero value for (F 
;Z2;L + F 
;Z2;R ) is 
aused by a magneti
 (
) or weak (Z)dipole moment, whereas a non-zero value for the CP-violating 
ombination(F 
;Z2;L � F 
;Z2;R ) by an ele
tri
 (weak) dipole moment. These moments wouldin�uen
e distributions for the top produ
tion pro
ess, e.g. by indu
ing anextra 
ontribution proportional to sin2 � in the di�erential 
ross se
tion:d�d 
os � / �mtE (F1;L + F1;R) + Emt 2 (F2;L + F2;R)�2 sin2 � : (16)The extra (F2;L+F2;R) term leads to an additional spin-�ip 
ontribution andtherefore 
hanges the total and di�erential 
ross se
tion. At a future LinearCollider su
h an anomalous magneti
 moment of the top quark (g � 2)t
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ould be seen up to a limit of �Æ <� 4% (Æ � F 
2;L + F 
2;R) [58℄, for R L = 50fb�1 at ps = 500 GeV. With espe
ially de�ned observables an anomalousele
tri
 and weak dipole moment due to CP violating formfa
tors Æ
;Zt /(F 
;Z2;L � F 
;Z2;R ) 
ould be observed up to a limit of �d
;Zt <� 5 � 10�18e
m (forR L = 10 fb�1 at ps = 500 GeV).A measurement of FW1;R 6= 0 would signal non-SM physi
s like a (V+A)admixture to the top 
harged 
urrent, a WR boson or the existen
e of a
harged Higgs boson. FW1;R 
an be studied by help of the energy and angulardistributions of the top quark de
ay leptons [59℄. It 
ould be 
onstrainedup to ��2 <� 0:02 (�2 � jFW1;Rj2) with a luminosity of R L = 50 fb�1 in thethreshold regime, whi
h is best suited for su
h a measurement.� Rare top de
ays. In the SM top quark de
ays di�erent from t ! bW+are strongly suppressed. On one hand, the unitarity of the CKM matrix
onstrains Vtb ' 0:999, giving not enough room for top de
ays to the s ord quark at an observable rate. On the other hand, due to the GIM me
ha-nism [60℄, �avour-
hanging one-loop transitions like t! 
g, t! 

, t! 
Zor t! 
H are also extremely small [61,62℄. However, in extensions of the SMlike the MSSM extra top quark de
ay 
hannels like t! bH+, t! ~t~�0; ~b~�+1may be open. In general bran
hing fra
tions of up to 30% are possible. Theexperimental signatures are 
lear and will be easily dete
table [3, 63℄. Withan integrated luminosity of R L = 50 fb�1 it will be possible to observet ! bH+ up to mH+ <� mt � 15 GeV, and t ! ~t~�0 down to a bran
hingfra
tion of � 1% at the 3� level.� Dire
t observation of the top Yukawa 
oupling. Although the Higgsboson will hopefully be dis
overed before the future Linear Collider startsoperation, the detailed study of the Higgs and its 
ouplings will remain one ofthe main tasks of the LC. There one will be able to test if the Higgs Yukawa
oupling to the top quark deviates from the SM value �2t = p2GF m2t �0:5. Studies at threshold will be di�
ult (see above), but due to this large
oupling (in 
omparison to �2b � 4 � 10�4) the t�tH0 vertex will be a

essiblethrough Higgs-strahlung at high energies. For MH � 2mt one will measure�2t through the pro
ess e+e� ! t�tH with the Higgs subsequently de
ayinginto a pair of b quarks. For MH � 2mt two di�erent pro
esses will bedominant: Higgs radiation from Z (in e+e� ! ZH) with subsequent de
ayof the Higgs into t�t, and the fusion of W+W� (in e+e� ! ���H) into theHiggs whi
h then de
ays into t�t. With eight jets in the �nal state of the fullyhadroni
 de
ay 
hannels, whi
h satisfy many 
onstraints, these pro
esses willhave 
lear signatures. Still, even despite the large Yukawa 
oupling, the 
rossse
tions are quite small, amounting only to a few fb. Here the planned high
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s 1963luminosity of the latest TESLA design will be most wel
ome. Extensivestudies were performed and 
ome to the 
on
lusion that at high energy andwith high luminosity �2t may �nally be measurable with an a

ura
y of 5%at a future LC [64℄. 4. Con
lusionsI have reviewed the subje
t of top quark physi
s at a future e+e� Lin-ear Collider, emphasizing top quark physi
s at threshold. Threshold studieswill determine the SM parameters mt, �s and �t with very high a

ura
y:�mt=mt <� 10�3 , ��s <� 0:003 and ��t=�t <� 0:05 seem to be possiblefrom experimental point of view. Re
ent theoreti
al progress shows, thatin order to a
hieve su
h a high a

ura
y also in the theoreti
al predi
tions,mass s
hemes di�erent from the pole mass should be employed to disentan-gle 
orrelations between mt and �s as well as infrared ambiguities in thede�nition of mpolet .In addition to the total 
ross se
tion and the momentum distributionof top quarks also observables like the forward-ba
kward asymmetry, po-larization and axial 
ontributions are 
al
ulated. These observables will bea

essible by help of large statisti
s due to the high luminosity and by thepossibility to have polarized e+e� beams. Above threshold formfa
tors ofthe top quark and the top Yukawa 
oupling will be measured. One maystudy rare top de
ays and get sensitive to non-SM physi
s.The future Linear Collider will therefore be the ma
hine to study topquark physi
s in detail, to understand the SM better and eventually to learnmore about what 
omes beyond it. I hope to have shown that top quarkphysi
s is an interesting �eld both for Theory and Experiment. Further workwill be needed to understand the heaviest known parti
le better, before databe
ome available.It is my great pleasure to thank the organizers for having made theCra
ow Epiphany Conferen
e '99 su
h an enjoyable and stimulating event.I would also like to express my gratitude to all friends and 
olleagues I haveworked with on various topi
s about toppik and top peaks reported here fortheir fruitful 
ollaboration.While writing this 
ontribution I was hit by the sho
k of the tragi
 deathof Bjørn H. Wiik. His outstanding e�orts for the future Linear Collider andhis fas
inating personality will be missed.
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