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PRECISION ANALYSIS OF THE MASSES OFTHE NEUTRAL HIGGS BOSONS IN THE MSSM�Sven Heinemeyera, Wolfgang Hollikb; and Georg Weigleina DESY Theorie, Notkestr. 85, 22603 Hamburg, Germanyb Theoretial Physis Division, CERN, CH-1211 Geneva 23, Switzerland Institut für Theoretishe Physik, Universität Karlsruhe,D�76128 Karlsruhe, Germany(Reeived Marh 16, 1999)The masses of the neutral CP-even Higgs bosons in the Minimal Su-persymmetri Standard Model (MSSM) are predited on the basis of ex-pliit Feynman-diagrammati alulations. The results, ontaining theomplete diagrammati one-loop orretions, the leading two-loop orre-tions of O(��s) and further improvements taking into aount leadingeletroweak two-loop and higher-order QCD ontributions, are disussedand ompared with results obtained by renormalization group alulations.Good agreement is found in the ase of vanishing mixing in the salar topsetor, while sizable deviations our if salar top mixing is taken into a-ount. By means of a Taylor expansion a ompat approximation formulafor the mass of the lightest Higgs boson, mh, is derived. The quality of theapproximation in omparison with the full result is analyzed.PACS numbers: 11.30.Pb, 12.38.Bx, 14.80.Cp1. IntrodutionThe searh for the lightest Higgs boson provides a diret and very strin-gent test of Supersymmetry (SUSY) and is one of the main goals at thepresent and the next generation of olliders. A preise predition of itsmass, mh, is inevitable for determining the disovery and exlusion poten-tial of LEP2 and the upgraded Tevatron in this searh and for analyzing theaessible MSSM parameter spae. If the MSSM Higgs boson exists, it willbe detetable at the LHC and a future linear ollider (LC), and its mass willbe measured at these mahines with high preision. The omparison of theMSSM predition with the experimental value of mh will then allow a very� Presented by G. Weiglein at the Craow Epiphany Conferene on Eletron�PositronColliders, Craow, Poland, January 5�10, 1999.(1985)



1986 S. Heinemeyer, W. Hollik, G. Weigleinsensitive test of the model. A preise knowledge of the mass of the heavierCP-even Higgs boson, mH , will be important for resolving the mass splittingbetween the CP-even and -odd Higgs-boson masses.The mass of the lightest Higgs boson in the MSSM is restrited at thetree level to be smaller than the Z-boson mass,MZ . The dominant one-looporretions arise from the top and salar-top setor via terms of the formG�m4t ln(m~t1m~t2=m2t ) [1℄. These results have been improved by perform-ing a omplete one-loop alulation in the on-shell sheme [2�4℄. Beyondone-loop order renormalization group (RG) methods have been applied inorder to obtain leading logarithmi higher-order ontributions [5�9℄. Fur-thermore the leading two-loop QCD orretions have been alulated in thee�etive potential method [10, 11℄. Phenomenologial analyses for the neu-tral CP-even Higgs-boson masses have until reently been based either onRG improved one-loop alulations [6, 7, 9℄ or on the omplete Feynman-diagrammati one-loop on-shell result [2�4℄. The numerial results of theseapproahes however di�er by up to 20 GeV in mh.Reently the Feynman-diagrammati result for the dominant two-loopontributions of O(��s) to the masses of the neutral CP-even Higgs bosonshas beome available [12℄. By ombining these ontributions with the om-plete one-loop on-shell result [3℄, the urrently most preise result for mhbased on diagrammati alulations is obtained [13, 14℄. It has been imple-mented into a Fortran program alled FeynHiggs [15℄. In the present paperthe new Feynman-diagrammati results are brie�y summarized and om-pared with the results obtained by RG methods. Furthermore a ompatanalytial approximation formula [16℄ is disussed, whih is derived from thefull diagrammati result by means of a Taylor expansion.2. Diagrammati two-loop alulation of the massesof the neutral CP-even Higgs bosonsThe MSSM Higgs setor an be desribed with the help of two para-meters: tan� = v2=v1, the ratio of the two vauum expetation values, andMA, the mass of the CP-odd Higgs boson. The tree-level preditions forthe masses mh and mH of the neutral CP-even Higgs bosons h and H aredetermined by diagonalizing the tree-level mass matrix given in terms of theurrent eigenstates �1 and �2. In the Feynman-diagrammati approah thehigher-order orreted Higgs-boson masses are derived by determining thepoles of the h;H-propagator matrix whose inverse is given by(�Higgs)�1 = �i q2 �m2H;tree + �̂H(q2) �̂hH(q2)�̂hH(q2) q2 �m2h;tree + �̂h(q2) ! ; (1)



Preision Analysis of the Masses of the Neutral Higgs Bosons: : : 1987where the �̂ denote the renormalized Higgs-boson self-energies, whih anbe deomposed aording to�̂s = �̂(1)s + �̂(2)s + : : : ; s = h;H; hH; (2)into the ontributions at one-loop order, two-loop order et.For the one-loop ontributions to these self-energies, �̂(1)s (q2), we takethe result of the omplete one-loop on-shell alulation of Ref. [3℄. The agree-ment with the result obtained in Ref. [2℄ is better than 1 GeV for almostthe whole MSSM parameter spae.The leading two-loop orretions, �̂(2)s (0), have been obtained inRefs. [12�14℄ by alulating the O(��s) ontribution of the t; ~t-setor to therenormalized Higgs-boson self-energies at zero external momentum from theYukawa part of the theory. The alulation has been performed in the on-shell sheme. It involves a two-loop renormalization in the Higgs setor anda one-loop renormalization in the salar top setor of the MSSM. The al-ulations have been performed using Dimensional Redution (DRED) [17℄,whih is neessary in order to preserve the relevant SUSY relations. In de-riving these results, use has been made of the omputer-algebra programsFeynArts [18℄ (in whih the relevant part of the MSSM has been imple-mented) for generating the Feynman amplitudes, and TwoCal [19℄ for eval-uating the two-loop diagrams and ounterterm ontributions.The results for the orretions in O(��s) are given in terms of the SUSYparameters tan�, MA, �, m~g, m~t1 , m~t2 , and �~t, where � denotes the Higgs-mixing parameter and m~g the mass of the gluino. The mass eigenstates ~t1, ~t2and the mixing angle �~t in the salar top setor are derived by diagonalizingthe mass matrix of the salar top quarks given in the basis of the urrenteigenstates ~tL, ~tR. The non-diagonal entry in the salar quark mass matrixis proportional to the mass of the quark and reads for the ~t-mass matrixmtMLRt = mt(At � � ot � ), where we have adopted the onventions asin Ref. [14℄. Due to the large value of mt these mixing e�ets are in generalnon-negligible.Inserting the ontributions in O(�) and O(��s) into Eq. (1) and de-termining the poles of the h;H-propagator matrix yields the predition forthe masses of the neutral CP-even Higgs bosons. We have implemented twofurther orretions beyond O(��s) into the predition for mh: The �rst or-retion onerns leading QCD orretions beyond two-loop order, taken intoaount by using the MS top-quark massmt = mt(mt) � mt=�1 + 43��s(mt)� (3)for the two-loop ontributions instead of the pole mass mt. The seond one



1988 S. Heinemeyer, W. Hollik, G. Weigleinis the leading two-loop Yukawa orretion of O(G2�m6t ), taken over from theresult obtained by RG methods [7, 20℄.The results desribed above have been implemented into the Fortranprogram FeynHiggs [15℄, whih needs about 0:5 seonds for the evaluationof mh, mH on a Sigma station (Alpha CPU, 600 MHz) for one set of para-meters. As an additional onstraint (besides the experimental bounds) onthe squark masses, the program also evaluates the ontribution to �� arisingfrom ~t=~b-loops up to O(��s) [21℄. A value of �� outside the preferred regionof��SUSY <� 1�10�3 [22℄ indiates experimentally disfavored ~t- and ~b-masses.The program FeynHiggs is available via the www pagehttp://www-itp.physik.uni-karlsruhe.de/feynhiggs .3. Numerial resultsFor the numerial evaluation we have hosen two values for tan �, whihare favored by GUT senarios [23℄: tan � = 1:6 for the SU(5) senarioand tan � = 40 for the SO(10) senario. Other parameters are MZ =91:187 GeV;MW = 80:39 GeV; G� = 1:16639 10�5 GeV�2; �s(mt) = 0:1095,and mt = 175 GeV, if not otherwise indiated. Further parameters areMA, m~g, �, and the SU(2) soft SUSY-breaking parameter M(� M2). Theother gaugino mass parameter, M1, is �xed via the GUT relation M1 =(5 s2W )=(3 2W )M . In the �gures below we have hosen m~q �M~tL =M~tR forthe diagonal entries in the salar top mass matrix.Fig. 1 shows the result for mh obtained from the diagrammati two-loopalulation as a funtion of MLRt =m~q, where m~q is �xed to 1000 GeV. Thetwo-loop ontributions give rise to a large redution of the one-loop on-shellresult by up to 20 GeV. A minimum in the predition for mh ours aroundMLRt =m~q = 0, whih orresponds to the ase of no mixing in the ~t-setor. Amaximum in the two-loop result for mh is reahed for about jMLRt =m~qj � 2,this ase we refer to as `maximal mixing'. In the two-loop result the maximaare shifted ompared to their one-loop values of about jMLRt =m~qj � 2:4.Varying tan � around the value tan� = 1:6 leads to a relatively large e�etin mh, while the e�et of varying tan � around tan� = 40 is marginal.Di�erent values of the gluino mass, m~g, in the two-loop ontribution a�etthe predition for mh by up to �2 GeV in the maximal-mixing senario,while the e�et is negligible in the no-mixing senario. Varying M , whihenters via the non-leading one-loop ontributions, hanges the value of mhby �1:5 GeV. A more detailed analysis of the dependene of our results onthe di�erent SUSY parameters has been performed in Ref. [14℄.
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Fig. 1. One- and two-loop results for the mass of the lightest Higgs boson mh as afuntion of MLRt =m~q for two values of tan�.If the lightest Higgs boson and Supersymmetri partiles will be foundat the next generation of olliders, the experimental value of mh will bemeasured with high auray and also the possible range of the SUSY salem~q will in this ase be onstrained to a small interval. At a high-luminosityLC the prospet for the auray obtainable for these parameters is �mh =0:05 GeV and �m~q = 0:1%. In Fig. 2 the two-loop result for mh is shownas a funtion of m~q in the no-mixing and the maximal-mixing ase. Theparameter spae in the (mh, m~q) plane orresponding to the auray in mhand m~q at the LC is indiated in the plot for the hypothetial entral valuesmh = 115 GeV and m~q = 400 GeV. As an be seen from the plot, a preisiondetermination of mh and m~q will provide a very sensitive onsisteny test ofthe model.In order to determine the maximally possible value for mh within theMSSM as a funtion of tan �, we have performed a parameter san in whihm~g;M; �;MA and MLRt have been varied for three values of mt and �xedvalues ofm~q and tan �. Fig. 3 shows the maximal Higgs-boson mass value inthe range tan� � 5 for m~q = 1000 GeV (in Fig. 3 the hoie M = � = 0 hasbeen made for simpliity; the hange inmh when these parameters are hosenat their experimental lower bounds is negligible). The upper bound is shownfor the urrent experimental value of the top-quark mass, mt = 173:8 GeV,and for values whih are higher by one and two standard deviations, respe-tively. Our results on�rm that for the senario with tan� = 1:6 pratiallythe whole parameter spae of the MSSM an be overed at LEP2. For
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Fig. 2. The two-loop result for mh as a funtion of m~q in the no-mixing and themaximal-mixing ase. The point marked by an arrow indiates the prospet forthe experimental preision reahed by a future linear ollider in the determinationof mh and m~q for the hypothetial values mh = 115 GeV and m~q = 400 GeV.

1 2 3 4 5
tanβ

60

80

100

120

140

m
h 

[G
eV

]

m t = 173.8 GeV
m t = 178.8 GeV
m t = 183.8 GeV

mq ~ = 1000 GeV, mg ~ = 800 GeV, MA = 800 GeV

M = 0 GeV, µ = 0 GeV, M t

   LR
 = 2 mq ~ 

Fig. 3. The maximally possible value for mh as a funtion of tan� for m~q =1000 GeV and three di�erent values of mt.slightly larger tan� and maximal mixing, however, some parameter spaeremains in whih the Higgs boson ould esape the detetion at LEP2. Fortan � = 40, on the other hand, the predition for mh is at the edge of theLEP2 range even in the no-mixing ase. The full exploration of the MSSMparameter spae for the senario with large tan� will be a hallenge for theupgraded Tevatron, the LHC, and the LC.



Preision Analysis of the Masses of the Neutral Higgs Bosons: : : 19914. Numerial omparison with the RG approahWe now turn to the omparison of our diagrammati results with the pre-ditions obtained via RG methods. The upper plot of Fig. 4 shows the pre-dition formh as a funtion ofMLRt =m~q, orresponding to our diagrammatiresult and to the result obtained by RG methods [8℄. In the no-mixing asethe diagrammati result agrees well with the RG result. For non-vanishing~t-mixing sizable deviations between the diagrammati and the RG resultsour, whih an reah 5 GeV for moderate mixing and beome very large
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Fig. 4. Comparison between the Feynman-diagrammati alulations and the re-sults obtained by renormalization group methods [8℄. In the upper plot the (un-physial) soft SUSY-breaking parameters of the ~t-mixing matrix are hosen asinput, while in the lower plot the physial ~t-masses and the mixing angle �~t are theinput parameters. For the urves with �~t = 0 in the lower plot a mass di�erene�m~t = 0 GeV is taken, whereas for �~t = ��=4 we hoose �m~t = 340 GeV, forwhih the maximal Higgs-boson masses are ahieved.



1992 S. Heinemeyer, W. Hollik, G. Weigleinfor large values of jMLRt =m~qj. As already stressed above, the maximal valuefor mh in the diagrammati approah is reahed for jMLRt =m~qj � 2, whereasthe RG results have a maximum at jMLRt =m~qj � 2:4, i.e. at the one-loopvalue. Varying the value of m~g in our result shifts the diagrammati re-sult relative to the RG result (whih does not ontain the gluino mass as aparameter) within �2 GeV in the region of large mixing.In the upper plot of Fig. 4 the results of our diagrammati on-shell alu-lation and the RG methods have been ompared in terms of the parametersM~tL , M~tR and MLRt of the ~t-mixing matrix. However, sine the two ap-proahes rely on di�erent renormalization shemes, the meaning of these(non-observable) parameters is not preisely the same in the two approahesstarting from two-loop order. In order to ompare results obtained by di�er-ent approahes making use of di�erent renormalization shemes, we �nd itpreferable to ompare preditions for physial observables in terms of otherobservables (instead of unphysial parameters). As a step into this dire-tion we ompare in the lower plot of Fig. 4 the diagrammati results andthe RG results as a funtion of the physial mass m~t2 and with the massdi�erene �m~t = m~t2 �m~t1 and the mixing angle �~t as parameters. In theontext of the RG approah the running ~t-masses, derived from the ~t-massmatrix, are onsidered as an approximation for the physial masses. As inthe omparison performed above in terms of unphysial parameters, in thelower plot of Fig. 4 very good agreement is found between the results of thetwo approahes in the ase of vanishing ~t-mixing. For the maximal mixingangle �~t = ��=4 (and �m~t = 340 GeV, for whih the maximal Higgs-bosonmasses are ahieved), however, the diagrammati result yields values for mhwhih are higher by about 5 GeV.The upper bound on mh for a ertain value of tan � derived from ourdiagrammati results is thus higher in the low tan � region by about 5 GeVthan the upper bound derived previously from the RG results. As a result,we �nd that the tan� region whih an fully be overed at LEP2 and theupgraded Tevatron is signi�antly redued ompared to previous studies.5. Compat approximation formula for mhIn order to extrat the dominant ontributions to mh from the ratherompliated full result, we have derived by means of a Taylor expansiona short analytial approximation formula from the diagrammati two-loopresult [16℄. It an easily be implemented into existing programs and allowsa very fast numerial evaluation. Sine the most important ontributionshave been isolated in this analytial formula, it is also helpful for a betterqualitative understanding of the soure of the dominant orretions.



Preision Analysis of the Masses of the Neutral Higgs Bosons: : : 1993In deriving the formula the following approximations have been made:� The momentum dependene of the one-loop and two-loop self-energies�̂s, s = h;H; hH has been negleted in Eq. (1).� The parameters M , m~g have been hosen aording to M = m~g =qM2S �m2t , where MS is given byMS = 8><>: qm2~q +m2t : M~tL =M~tR = m~qhM2~tLM2~tR +m2t (M2~tL +M2~tR) +m4t i 14 : M~tL 6=M~tR� Contributions from the t; ~t-setor up to the two-loop level:The main step of our approximations onsists of a Taylor expansionof the one-loop and two-loop ontributions from the t; ~t-setor in theparameter �~t = jmtMLRt jM2S = m2~t2 �m2~t1m2~t2 +m2~t1 ; (4)where terms proportional to M2Z have been negleted in the ~t massmatrix. For the one-loop orretion we have expanded up to O(�8~t ).We have kept terms up to O(M4Z=m4t ), while terms of O(M2Z=M2S)have been negleted. For the two-loop self-energies the expansion hasbeen arried out up to O(�4~t ). We have furthermore used the ap-proximation � = 0 in the �̂s(0). After extrating a ommon prefator(1= sin2 �) we have set otherwise sin� = 1 in the non-logarithmi one-loop ontributions, while the full dependene on sin� is kept in thelogarithmi one-loop and the two-loop ontributions. For a disussionof these approximations see Ref. [16℄.� For the one-loop ontributions from the other setors of the MSSM theleading logarithmi approximation has been used [5℄.� Corretions beyond O(��s):Leading ontributions beyond O(��s) have been taken into aountby inorporating the leading two-loop Yukawa orretion of O(G2�m6t )[7, 20℄ and by expressing the t; ~t-ontributions through the MS top-quark mass mt instead of the pole mass mt aording to Eq. (3).



1994 S. Heinemeyer, W. Hollik, G. WeigleinThe approximation formula form2h is obtained by inserting the desribedapproximations for the one-loop and two-loop self-energies �̂s into the massmatrix Eq. (1). The diagonalization of the mass matrix inorporates on-tributions to m2h that are formally of higher order but are non-negligible ingeneral. For large MA these higher-order ontributions are suppressed byinverse powers of MA. Therefore it is possible for MA �MZ to perform anexpansion in the loop order, leading to a very ompat formula for m2h ofthe formm2h = m2;treeh +�m2;�;t=~th +�m2;�;resth +�m2;��sh +�m2;�2h : (5)The tree-level predition and the one-loop ontribution from the t; ~t-setorare given bym2;treeh = 12 �M2A +M2Z �q(M2A +M2Z)2 � 4M2ZM2A os2 2� � ; (6)�m2;�;t=~th = G�p2�2 m4t"log�m2tM2S�(�32 � 34M2Zm2t os 2� � M4Zm4t � os2 2�� M2ZM2A os2 � os 2� �6 + 32M2Zm2t (1� 4 sin2 � )� M4Zm4t 8� os 2� sin2 � �)+(14M2Zm2t � 1180M4Zm4t + �MLRt �2M2S �32 � 12M2Zm2t � 34 m2tM2S�+ �MLRt �4M4S ��18 + 12 m2tM2S � 38 m4tM4S�+ �MLRt �6M6S �� 340 m2tM2S + 310 m4tM4S � 14 m6tM6S�+ �MLRt �8M8S �� 356 m4tM4S + 314 m6tM6S � 316 m8tM8S�)��1 + 4M2ZM2A os2 � os 2� �#; (7)where � = �18 � 13s2W + 49s4W �, s2W = 1� M2WM2Z .The dominant two-loop ontribution of O(��s) to m2h reads:



Preision Analysis of the Masses of the Neutral Higgs Bosons: : : 1995
�m2;��sh = �G�p2�2 �s� m4t"4 + 3 log2�m2tM2S�+ 2 log�m2tM2S�� 6MLRtMS� �MLRt �2M2S �3 log�m2tM2S�+ 8�+ 1712 �MLRt �4M4S #�1 + 4M2ZM2A os2 � os 2� � : (8)For the one-loop ontribution from the other setors of the MSSM,�m2;�;resth ,and the leading two-loop Yukawa orretion, �m2;�2h , whih are numeriallyless important than the ontributions given above, we refer to Ref. [16℄. Inthe ontributions from the t; ~t-setor at one-loop and two-loop order, Eqs. (7)and (8), we have inluded orretion fators of O(M2Z=M2A). In this way theompat formula (5) gives a reliable approximation for MA values down toat least MA = 200 GeV. The approximation formula for the general ase ofMA is given in Ref. [16℄.The ontribution of O(��s) given in Eq. (8) an be ompared with ana-lytial formulas derived via the two-loop e�etive potential approah for thease of no mixing in the ~t setor [10℄ and via RG methods [7,9℄. The leadingterm � log2(m2t =M2S) agrees with the results in Refs. [7, 9, 10℄. The sublead-ing term for vanishing ~t-mixing � log(m2t =M2S) agrees with the result of thetwo-loop e�etive potential approah [10℄ and the result of the two-loop RGalulation [9, 10℄, but di�ers from the RG improved one-loop result [7, 9℄.The term � log(m2t =M2S)(MLRt =MS)2 for non-vanishing ~t-mixing di�ers fromthe result given in Ref. [7, 9℄. All other terms of O(��s) are new. The term� MLRt =MS shows that the result for mh is not symmetri in �MLRt . Thegood numerial agreement with the RG results in the ase of no mixing inthe ~t setor an qualitatively be understood by noting that in the no-mixingase the leading term in both approahes agrees, while for the orretionsproportional to powers of MLRt =MS deviations our already in the leadingontribution.The ompat approximation formula has been implemented into Feyn-Higgs, in order to allow a diret omparison between the full result and theapproximation, and is also provided as a separate program alled FeynHiggs-Fast. The improvement in the speed of the evaluation with FeynHiggsFastompared to FeynHiggs is about a fator of 3�104. In Fig. 5 the approxima-tion formula is ompared with the full result (in the lower plot the formulafor general MA is applied). The ompat formula approximates the full re-sult better than about 2 GeV for most parts of the MSSM parameter spae.Larger deviations an our for jMLRt =m~qj > 2.
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