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CRITICAL PROPERTIES OF TOOMCELLULAR AUTOMATA�Danuta Makowie
Institute of Theoreti
al Physi
s and Astrophysi
s, University of Gda«skWita Stwosza 57, 80-952 Gda«sk, Polande-mail: fizdm�univ.gda.pl(Re
eived O
tober 12, 1998)The following paper is the 
ontinuation of our earlier 
onsiderations on
ellular automata with Toom lo
al rule (TCA) as the alternative to kineti
Ising systems. The arguments for TCA stationary states not being theequilibrium states are found in simulations.PACS numbers: 05.50.+q, 05.70.Jk1. MotivationThe Monte Carlo method applied to statisti
al physi
s denotes simula-tion of some sto
hasti
 system for whi
h time averages restore equilibriumensemble expe
tations [1�3℄. Although the dynami
al system obtained inthis way is often 
ompletely arti�
ial to the original equilibrium system, butmu
h freedom in designing dynami
s o�ers possibility to verify di�erent hy-pothesis about mi
ro s
ale intera
tions in the system. In this way, the MonteCarlo simulations allows to examine links between the mi
ro dynami
s andresulting equilibrium system. In 
ase of the widely known Lenz model of in-tera
ting spins, the Monte Carlo method provides the so-
alled kineti
 Isingmodels.Why not sear
h among other dynami
al systems, su
h systems whi
halso 
an mimi
 properties of some equilibrium system?The proposition originated from 
ellular automata is qualitatively dis-tin
t from the mentioned kineti
 models. The 
ellular automata are 
omplexdynami
al systems. It means that we are given the set of lo
al rules insteadof the notion of energy and 
hanges in the system, means evolution, are syn-
hronised. The steps of syn
hronised update are interpreted as time steps.� Presented at the XI Marian Smolu
howski Symposium on Statisti
al Physi
s,Zakopane, Poland, September 1�5, 1998.(2533)
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Therefore, the main goal in study su
h systems is to give meaning to thestandard thermodynami
 notions like energy, pressure, spe
i�
 heat, tem-perature, et
. [4�6℄. In the 
ase when the lo
al rule is not reversible thisgoal is not obvious [5,7℄. Espe
ially, little is known about the nature of thestationary measures in the regime where there is more than one stationarymeasure.In the following we 
ontinue our study of 
ellular automata with Toomlo
al rule (TCA) as the alternative to kineti
 Ising systems [8,9℄. This modelis known to exhibit non-ergodi
 properties for 
ertain model parameters[4, 5, 7, 10℄. Therefore it 
an mimi
 the system undergoing the 
ontinuousphase transition. 2. Toom 
ellular automataFor every spin �i 2 f�1;+1g atta
hed to the i node of the square latti
eZ2 we 
hoose its three nearest-neighbours, named Ni; Ei; Ci as follows:j j j� : � Ni � : � :j j j� : � Ci = �i � Ei � :j j jThey vote totally for the i spin state in the next time step, namely:Let �i = Ni +Ei + Ci then�i(t+ 1) = ( sign �i with probability 12 (1 + ")�sign �i with probability 12 (1� ") : (1)The parameter " 2 [0; 1℄ mimi
s the sto
hasti
 temperature e�e
ts: " = 1means 
ompletely deterministi
 evolution, " = 0 
orresponds to the randomrule.One may wish to 
ompare Toom dynami
s to the Domany rule � 
ellularautomata with this rule provide the equilibrium system [5℄:�i(t+ 1) = 8>><>>: sign �i with probability � 1� "D1 forj�ij = 11� "D3 forj�ij = 3�sign �i with probability � "D1 forj�ij = 1"D3 forj�ij = 3 (2)and " the temperature-like parameter provides"D1 = 12(1� tanh ") and "D3 = 12(1� tanh 3") :



Criti
al Properties of Toom Cellular Automata 2535One 
an noti
e two �temperatures� playing in the Domany model. Thelower temperature "D3 is assigned to the homogeneous with respe
t to the spinstate areas what prote
ts them, while the higher temperature a
ts �ki
king�more frequently the mixed neighbourhoods.3. Criti
al properties of TCAThe renormalization pro
edure applied to equilibrium statisti
al me
han-i
s systems provides the s
aling laws, i.e. gives the relations satis�ed by the
riti
al exponents �; �; 
; Æ; �; � [3℄. Ea
h 
riti
al exponent 
hara
terises thepower law dependen
e of some observable when the system is undergoing a
ontinuous phase transition. Applying the standard methods for estimatesingularities [11, 12℄ we have found the following four of the 
riti
al expo-nents:� � magnetisation exponent: m(") � ("� "
r)� at " > "
r
 � magneti
 sus
eptibility exponent: �(") � j"� "
rj�
 at "! "
r� � 
orrelation length exponent: �(") � j"� "
rj�� at "! "
r� � 
orrelation de
ay at the 
riti
al point: C(i; j) � ji�jj�� at " = "
rOur results and the methods used to obtain then are presented in Figs. 1�4.It is easy to 
he
k that with our estimations, namely:� "
r = 0:822 � 0:002� � = 0:12 � 0:03� 
 = 1:75 � 0:03� � = 0:88 � 0:02� � = 0:56 � 0:02the s
aling lows:� 
 = �(2� �)� � = 12��are not satis�ed.One 
an noti
e that our values obtained for � and 
 are in the goodagreement with those 
hara
terising the two-dimensional Ising system whilethe rest 
riti
al parameters � and � are mu
h di�erent from the 
orrespond-ing ones in the Ising system.Hen
e, TCA system seems to neither belong to the Ising 
lass of univer-sality nor be an equilibrium system.
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Fig. 1. Estimates for � in Toom CA. Data 
olle
ted in 430, 280, 120 experimentswith latti
es: L = 100; 150; 200, respe
tively.
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ln<m4> :  1.19 (r ²=0.97)Fig. 3. Estimates for 1=� in TCA on the base of �nite size theory from the maximalslope of derivative of the 4th order magnetisation 
umulant as well as from the max-imum slope of the logarithm derivatives of: absolute value of magnetisation, squaremagnetisation, fourth power of magnetisation. Data 
olle
ted in 1400, 860, 660,430, 280, 120 experiments with latti
es: L = 20; 30; 60; 100; 150; 200, respe
tively.
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4. Features of TCA measuresStatisti
al me
hani
s o�ers tools to investigate if a given stationary state
an be represented by some Gibbs measure [7,13,14℄. For a probability mea-sure � to be a Gibbs measure denotes that for any �nite 
on�guration f��g,ln�(��) exists and means the energy 
arried by the 
on�guration f��g.The two basi
 features of Gibbs measures are the, so-
alled, quasilo
ality ofintera
tions and the proper properties of large deviations.4.1. Quasilo
alityThe idea of the quasilo
ality is shown in Fig. 5. Using the notation usedin Fig. 5 one 
an say that nothing 
an arrive to some �nite area � fromin�nity without 
hanging the �� 
on�guration. In parti
ular, if a measure� is quasilo
al then for the average magnetisation one havej < m(f��gj�� ) >� � < m(f�0�gj�� ) >� j �!�!1 0: (3)
σΛ σ'Λ

σΓ σΓΓ Γ
Λ Λ Γ

0
oo

Γc ΓcσΓc σ'ΓcFig. 5. The illustrative de�nition of quasilo
ality of intera
tion in the latti
e system.� and � are any �nite subsets of a latti
e L . The idea is that in 
ase of large �there is not observable in�uen
e on the 
on�guration in � 
oming from from any
on�guration ��C whi
h is outside to the �xed 
on�guration of �� .In the following experiments we test the presen
e of the above propertyin TCA.(i) Let �� be the �xed 
on�guration evolving a

ording to the Toomdynami
s at some ". Let �� 
 � the boundary 
on�guration, be :a) the homogeneous 
on�guration of all spins +1+ + + + + ++ : m"� : : ++ : : O : ++ : m"+ : : ++ + + + + + TCA�! + + + + + ++ : : : : ++ : m"+"0+ O : ++ : : : : ++ + + + + +



Criti
al Properties of Toom Cellular Automata 2539Then the (+) boundary built from the re
tangle of pluses rises theprobability to �nd a spin in +1 state at the origin � = O and "0depends on the distan
e from the right and top sides of the re
tangle(see Fig. 6 for details).Remark: If � is not of the re
tangle shape then the Toom intera
tionsenlarge � to have the right angle between the bottom and left sides.
Pluses outside

distance from the centre of the lattice l
-200 -150 -100 -50 0 50 100 150 200

ma
gn
eti
sa
tio
n

0.0

0.2

0.4

0.6

0.8

1.0

0.88

0.86
0.84

0.82

0.80
0.72

ε'(0.82,-150) 

ε'(0.80,l)  > 0.019 
ε'(0.72,l) = 0

ε'(0.84,l) =0
ε'(0.82, l) > 0.005

ε'(0.80, -150) 

Fig. 6. TCA with (+) boundary added after rea
hing stabilisation. Distin
t 
urves
orrespond to di�erent values of sto
hasti
 perturbation ". With "0 we measure theextra magnetisation observed at the origin O in stationary TCA.b) the �at-interfa
e 
on�guration: +1 on the right and �1 on the left ofthe �at-interfa
e:� � � + + +� : m"� : : +� : : O : +� : m"+ : : +� � � + + + TCA�! � + + + + +� : : : : +� : m"+"0+ O : +� : : : : +� + + + + +Then the position of the �at-interfa
e moves to the left side of the re
t-angle and stays there thanks to the periodi
 boundary 
onditions. Thedependen
e "0 on latti
e site is the same as in the previous experiment.
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(ii) Let �� 
 evolves along TCA rule at some "out > 0. Let the initialstate for both in- and out- 
on�gurations is (+). Let "out be 
hosensu
h that it generates the stationary state dominated by (+) phase,"out � "
r. Then we observe:in�state out�state resulting state"in � "
r m� (l) = m(�0 typi
al for �"in+ );m� 
(l) = m(�0 typi
al for �"out+ )"in � "
r m� (l) = m(�0 typi
al for �"
r+"0+ );"out � "
r m� 
(l) = m(�0 typi
al for �"out+ )"in � "
r + "0 m� (l) = m(�0 typi
al for �"
r+ ) = 0;=) m� 
(l) 6= 0 RANDOM"in � "
r m� (l) = m� 
(l) = 0These results together with the 
ase when the initial out-phase is (�)are presented in Fig. 7. Let us 
omment our observation as follow:
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a) b)Fig. 7. Intera
tion between two TCA systems: in and out distin
t from ea
h otherbe
ause of di�erent sto
hasti
 parameters: "in and "out, suitable. a) in initialstate is (+)- phase, "in = 0:86, out initial states are 
hanged. Labels in the �gure
orrespond to di�erent values of "out. b) Propagation of self-
reated 
lusters ofone phase from in area into the out 
on�guration observed as random 
hanges inmagnetisation of out state.
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al Properties of Toom Cellular Automata 2541� After adjusting the phase of the in 
on�guration, the regionsof distin
t temperatures evolves independently. The two-point
orrelation fun
tion dies in one latti
e unit.� The out-phase pi
ks up the (+) phase from the in-system whenthe in-system is in the phase transition regime.� The large homogeneous stru
tures 
reated in the in-system un-dergoing the phase transition, propagates freely to the out 
on-�guration. Sin
e the phase of these stru
tures is random, thenthe phase of the out 
on�guration 
hanges randomly.� The random in-system propagates random errors outside destroy-ing the out-phase magnetisation.Remark: The 
ase when "out � "
r provides always m� (l)=m� 
(l)=0:Con
luding:� If "in < 0:76 then the 
onditional distribution for the magnetisation in� is independent of � -
on�guration.Instead, there is observed dependen
e in �� 
 on random 
lusters 
re-ated in �� if "in is about the limit value and "out � "
r.� If "in > 0:76 then the 
onditional distribution for the magnetisationdepends on the system outside, in the sense that the probability forthe spin at the origin o to take +1 state satis�es the inequality:Probf�O = +1 j�� ("in) and �� 
("0out)g�Probf�O = +1 j�� ("in) and �� 
("00out)g > 0 :So that the 
onditional probabilities are dis
ontinuous, what in thelatti
e system topology denotes that the property (3) is not satis�ed.The stationary measure might be strongly non-Gibbsian [14℄. How-ever, if "in > 0:84 then after thermalization time, what means timeallowing system for adjusting the phase of the in-
on�guration, bothareas evolve independently of ea
h other.4.2. Large deviationsFor stationary measures arisen from any Markov pro
ess to be or notto be the Gibbsian ones is determined by the zero or non-zero value of therelative entropy density i(�j�) between di�erent stationary measures � and� of the system 
onsidered. If i(�j�) > 0 then both measures are non-Gibbsian [7, 13℄. Thanks to the large deviation theorems [13℄ we have thepowerful way to estimate i(�j�) .
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In 
ase of �� and �+: two stationary TCA measures 
orrespondingto (�) and (+) phases, respe
tively, i(��j�+) 
an be extra
ted from theprobability of the large �u
tuation event, namely, from the probability thatthe large area of spins with negative magnetisation o

urs in the stationarystate des
ribed by the �+ measure.From 
omputer experiments we 
olle
t data on the magnetisation ofsquare blo
ks of the size l � l. Then on the base of the formulail(��j�+) = liml!1 1l2 lnProb�+fm(�l�l) < 0g (4)we try to estimate the limiti(��j�+) = liml!1 il(��j�+):Fig. 8 is to present the density of the relative entropy il(��j�+) fordi�erent latti
e sizes: L = 60; 100; 200. Although averaging time wasvery large (10 000 time steps), the strong time dependen
e is noti
eable.This dependen
e moves to the 
al
ulations of il(��j�+) 
ausing di�
ultiesin estimating the limit l ! 1. Anyway, we tried to �nd out the blo
ksize where the relative entropy density arrives at the zero. A

ording to thepresented results for the latti
e size L = 200 this limit should o

ur if theblo
ks are of the size l > 50. In the next �gure, Fig. 9, we present the failureof this suggestion. What we observe in simulations is that with the in
reaseof the blo
k size the relative entropy density de
ay slows down.Moreover, we test the density of relative entropy between the stationarymeasure arising in TCA evolving little apart from the 
riti
al point, namelyat " = 0:800 and the (�) minus phase. (see Fig. 10 for these results). Itappears that at l = 105 the relative entropy density would rea
h the zero.But this blo
k size is greater than the latti
e size.Con
luding, we 
an say that the relative entropy density between station-ary measures of Toom 
ellular automata evolving in the 
riti
al regime onthe periodi
 latti
e is positive.5. Con
lusionsAlthough the 
riti
al regime in TCA manifests itself in the way 
har-a
teristi
 to any thermodynami
 system, i.e. by the rapid in
rease in thetwo-point-
orrelation fun
tion of spin states, but the phenomena drivingthe system seems to be di�erent from any equilibrium system.The TCA system undergoing the phase transition stays in the extremelydynami
ally fragile state. There is kept the sensitive balan
e between twopro
esses: the pro
esses of self-organising spins state to enlarge pure phase
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Fig. 8. The relative entropy density between �+ and �� stationary measures in the
riti
al regime of TCA versus blo
k size for latti
es L = 60; 100; 20.
lusters and the sto
hasti
 pro
ess whi
h destroys this 
lusters. Sin
e the ho-mogeneous 
lusters are not spe
ially prote
ted as it happens in the DomanyCA, the area of 
luster of one phase varies. In 
onsequen
e, the 
orrela-tions between spins are damped mu
h stronger than in Domany CA andIsing kineti
 models. However, it is astonishing that the relations betweenspin sites do not in�uen
e the 
riti
al behaviour of the order parameter.Therefore, one 
an say that the phenomenologi
al 
onje
ture that all two-dimensional ferromagneti
 systems belong to the same universality 
lass �the 
lass of Ising system [15℄, is �partially� satis�ed (if the parti
ipation intothe universality 
lass 
ould be partial).
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Fig. 9 Fig. 10Fig. 9. The relative entropy density between �+ and �� stationary measures forlarge blo
ks.Fig. 10. Density of the relative entropy between stationary measures �� and � �the measure for the system moved a little from the 
riti
al point.Testing lo
ality of intera
tions we have found that at about the 
riti
alpoint there exists a boundary for the intera
tion to be �nite. If the sto
hasti
perturbation is su�
iently strong than the information from distant spins islost. Otherwise, no matter how far away spins are, their in�uen
e on ea
hother is evident.Our examinations on large deviation properties as well as quasilo
alityhave hit the boundary of the �nite latti
e size. Therefore one 
an say that thesystem we studied does not restore properties of any in�nite system. Su
ha 
on
lusion often a

ompanies 
omplex system 
onsiderations. Complexsystems, existing on the, so-
alled, edge of order and 
haos [16℄, are knownfor that nobody is able to predi
t what kind of phenomena will arise ina system if one moves a little the system parameters. Studying 
riti
alproperties of Toom 
ellular automata we obtain arguments for the suspi
ionthat self-organised 
riti
ality 
oming from the dynami
 equilibrium providessystems qualitatively distin
t from the thermodynami
 systems [17℄.
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