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A pseudotriangular Hopf algebra structure on a deformed Yangian Yr(g)
associated to a simple Lie algebra g is given by using a star-product on the
corresponding simple Poisson Lie group.

PACS numbers: 11.10.-z

1. Introduction

Quantum groups, (or quantum algebras) introduced by Drinfeld (1986),
are a subject much discussed both by physicists and mathematicians. Its
essence crystallised from the intensive developements of the quantum in-
verse problem method (Faddeev, 1982) and from the investigation related to
Yang-Baxter equation (Jimbo, 1986). Other quantum type algebras called
Yangians were introduced by Drinfeld (1985, 1986). The Yangian symme-
tries appear in many physical models, such as long-rang interaction model
(Haldane et al., 1992; Kato and Kuramoto, 1995; Hikami, 1995), the one
dimensional Hubbard model (Uglov and Korepin, 1984; Gohmann and In-
ozemtsev, 1996) and the two-dimensional chiral model with or without topo-
logical terms (Bardeen, 1991).

Quantum groups are defined as non-abelian Hopf algebras (Takhtajan,
1989; Abe, 1980). A way to generate them consists of deforming the abelian
product of the Hopf algebra of functions into a non-abelian one (star-product),
using the so-called quantization-deformation or star-quantization (Bayen et
al., 1978a, 1978b; Flato et al., 1975).

The existence of a star product has been studied by Vey (1975),
Neroslavsky and Vlassov (1981), who proved the existence of a star product
on a symplectic manifold with a vanishing third De Rham cohomology group
and by De Wilde and Lecopmte (1983) in the general case. From a geomet-
rical point of view, Omori et al. (1994) and Fedesov (1994) constructed star
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products for arbitrary symplectic manifold. Recently Kontsevich (1997), by
using different methods has also constructed and classified differential star
products on a Poisson manifold.

The star-product on a Poisson—Lie group is used to develop a theory of
h-deformed Lie algebras in (Mansour, 1997), a theory of quantum algebras
in (Mansour, 1999), a theory of quantum superalgebras (Mansour, 1998a)
and a theory of quasi-quantum groups (Mansour, 1998b).

The present paper shows explicitly that the star product on an exact
simple Poisson Lie group leads to the structure of pseudotriangular Hopf
algebra on the deformed Yangian of the corresponding simple Lie algebra,
and that equivalents star-products generate isomorphic Yangians.

2. Preliminaries

In this section we review some general aspects of the theory of Yangians,
following mainly the presentation of Drinfeld (1985) and we recall the theory
of star-products introducted by Bayen et al. (1978a).

2.1. Yangians

Definition 1 Let g be a simple Lie algebra over C, given by the generartors
{Xi} and the relations [ X;, X;] = C’Z-Xk, where {X;} is an orthonormal basis
with respect to the Killing form. Then the Yangian Y (g) is an associative
algebra with unity, generated by elements {X;} and {T}} and the following
relations

[Xi, Xj] = CiXy,  [Xi,Ty) = CfiTh, (1)
[T, [T, Xil] = [ X, [Ty, Te]] = @i { X1, Xomy X} - (2)
Here aég}cn = %CZC;]mC};nC;q and {X;, Xj, Xy} = Zi;ﬁj;ﬁk XiX;j X} .

Definition 2 The Hopf algebra structure on the Yangian is given by the
following costructures

— Coproduct
AX;) = X;i®1+10 X;, (3)
1
A(Ty) = Tk®1+1®Tk+§ijxi®Xj; (4)
— Counit:
e(X;) = e(T3) = 0; (5)
— Antipode
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For any u € C we define an automorphism J,, of Y (g) by the formulas
JU(XZ) = Xi s JU(TZ) == Tz + UXZ' . (7)

As usual, we denote by A°P the opposite comultiplication.
The pseudo-triangular Hopf algebra structure on the Yangian is given
by the following theorem

Theorem 1 (Drinfeld, 1985) There exists a unique

Ru) =101+ Ry, R eY(@®™; R=) Xi®X
k=1 ]

such that
(A ®id)R(u) = Ri3(u)Ra3(u)

(Ju ® id) A°P(a) = R(u)((J, ® id)A(a))R™ (u), Va € Y(g)
(Ju @ Jy)R(w) = R(w + u — v)
ng(u)R21(—u) =1®1

Rio(u1—ug)Ri3(u1—u3) Rag(ug—u3) = Rag(uz—u3)Ri3(u1—u3)Rig(ui—uz) .

2.2. Star products

Let G be a complex simple Lie group , g its finite dimensional complex
simple Lie algebra and {X;} is as basis of g. Let r =r7X; ® X; € (g ® g)
be a solution of the classical Yang—Baxter equation

[r,r] = [r12,713] + [r12, 723] + [r13,723] = 0. (8)

Then the Lie bialgebra structure (g,d(r)) on g is given by the algebra
1-cocycle

é(r):g — g®g,
y — (ady ® 1+ 1® ady)r, 9)

where ad, stands for the adjoint representation and the Poisson-Lie struc-
ture on Lie group G is given by

{9} = Z X7 () — X1 () Xh(4)), (10)
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where X! = (R,).X; and X! = (L,).X; are the right and left vectors fields
on the group G, (Rg)«, (Lg)« are the derivatives mapping corresponding to
the right and left translation .

A particular solution of the rational classical Yang—Baxter equation

[TIQ(U'I - ’LLQ), T23(’LL2 - U’3)] + [TIQ(UI - U’?)a 13 (’U,I - ’LL3)]
+[ri3(ur — uz), ro3(uz —uz)] =0 (11)

is given by
r(u) = u ' X; ® X;

which leads to the Lie bialgebra structure (g[ul, ¢), where
$la(u)) = [a(u) @ 1+ 1@ a(v),r(u—v)].

Here we have identified g[u] ® g[u] with (g ® g)[u].
Recall also that the action of U(g) on F(G) (the space of smooth func-
tions on the Poisson—Lie group G) is given by

<X, YY) >=< XY, ¢ > (12)

and
<X, Y"(¢) >=<YX,¢>. (13)
Now we give the following definition (Moreno and Valero, 1992).

Definition 3 A star product on the Poisson Lie group is defined as a bilin-

ear map
F(G) x F(G) — F(G)[[h]],

(6,9) — pxp =D hIC;(¢,9), (14)
J
such that
(i) when the above map is extended to F(G)[[h]], it is formally associative
(Bxp)xx=dx(xx); (15)

(i1) Co(d, ) = ¢pap = .¢; (iii) Ci1(p,vp) = {p,4}; (iv) the two cochains
Cr (¢, ) are bidifferential operators on F(G) .

In this definition, the Hopf algebra F(G)[[h]], with a new product * and
unchanged coproduct is considered to be a topological Hopf algebra. We
recall that the deformations with unchanged coproduct are called preferred
deformations (Bonneau et al, 1995). This condition is imposed on quantiza-
tion because of the invariance property of the Poisson Lie group bracket

A({¢,9}) = {A(), AW)} -
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It is therefore natural to impose the same compatibility condition of the
star-product with respect to the coproduct of F(G), i.e. :

Ag ) = (A() * A(¥)) (16)

is satisfied. The star-product on the right side is canonically defined on
F(G) ® F(G) by

@) (p @Y )= (dpxd)®(WPx1)). (17)

If we introduce the element of U(g) ® U(g)[[h]]

F=1+) Fk

i>1
which satisfies the cocycle condition

(Ao ®@id)F(F ®1) = (id ® A))F(1® F), (18)

(where Ay is the usual coproduct of the enveloping algebra U(g)), we ob-
tain the star product on the Poisson Lie group by the following expression
(Takhtajan, 1990)

¢ =pu((F)".F(po1)). (19)

In fact, the product defined in this way is associative:
(xtp) xx = *(P*x).

Following Mansour (1998b) the quantized enveloping algebra U (g)[[h]] is
endowed with a structure of Hopf algebra with the coproduct Ap given by:

<Ap(X), @9 >=< X, px9 > (20)

for all ¢,vv € F(G), and X € U(g).
In fact, using the equations (12) and (13) we obtain:

Ap(X) = F71.Ao(X).F. (21)
We can easily show that the twisted coproduct A is coassociative :
(Ar ® 1d)Ap(X) = (id ® Ap)Ap(X). (22)

For the equivalence of star-products, we give the following definition



2700 M. MANSOUR, K. AKHOUMACH

Definition 4 (Gutt and Rawnsley, 1998)
Two star products x1 and 9 on a Poisson Lie group are said to be equivalent
if there is a series

o0
T=id+» WT,,
r=1
where the T, are linear operators on C°(G) such that

T(f *1 g) = Tf *9 Tg.

3. Star products and deformed Yangians

Consider Y} (g) = Y(g)[[h]]. Clearly Y;(g) contains U(g)[[h]] as a Hopf
subalgebra. The element F' definnig the star-product can be viewed as an
element of Y}, (g)®2. Obviously, one can extend the Hopf algebra structure
to Y5 (g). Now using the star-product F' we can define a new Hopf algebra
Y;F'(g), which has the same multiplication as Y},(g) but the comultiplication
is given by

Ap(X) = F71.A¢(X).F,

which is obviously coassociative on YhF (9)- The pseudotriangular Hopf al-
gebra structure on Y;I'(g) is given by the element

Rp(u) = F5".R(u)F, (23)

where R(u) is given in theorem 1. In fact
(i) If we denote by AP the opposite coproduct of Ap then we can easily
show that Va € Y;"'(g)

(Ju®id)AOFp(a) = (F21)*11~2(u)((Ju®z‘d)AF(a))}Tl(u)F21
= (F*Y 'R(u)((J, ®id)Ag(a))R ™ (u) F*
= (F*")'R(u)F)((J, @ id) Ap(a))(F?') ' R(u)F) ™"
= Rp(u)((Jy ®id) Ap(a)) Ryt (u) . (24)

(ii) Secondly we have

(Ap ® id)Rp(u) = (F'2)™Y A @ id)(F?")"'R(u)F)F'?
(F13)71R13(U)F13(F32)71323 (U)F23
= (Rp)is(Rr)2s. (25)

(113) Similarly we have

(’id (Y AF)RF(U) = (RF)lg(RF)12 . (26)
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(iv) After:

(Jo @ Ju)Rr(u) = (Jy ® Ju)((F?') "' R(u)F),
= (L ® J )J(EF) Ty © Juw)R(u)(Jy ® Ju) F
= (FPY 'Ru4+v—w)F =Rp(u4+v—w), (27
where we have used the fact that
(J, @ Jy)F =F.

(v) Finally, we have

(Rr)12(u)(Rr)ai(—u) = (F')"'R(u)FF~' Ry (—u)F,

= (F') 'R(u)Rg1 (—u)(F?') 1,

= (FPHY '/Fl =1@1. (28)
Using the fact that
prl=1x¢=0, (29)
which implies that
(id@e)F =(e®id)F =1, (30)
we obtain:
(e®id)(Rr) = (id®¢)(Rp) =1. (31)

Equations (22),(24)—(28),(31) imply that (Y ¥ (g), Ar, Rr(u)) is a pseudo-
triangular Hopf algebra. B
Let us consider now two star-products *; and %o and let F' and F' be the
two corresponding invertible elements of the Hopf algebra Y (g)®?[[h]] such
that
(A() ® ’Ld)FF12 = (’Ld ® Ao)F.F23 s
(AO ® ’Ld)FFlg = (’Ld ® Ao)F.Fgg .
Let A = (Y7 (g)[[h]), Ar, Rr, Sg) and A = (Y (g)[[hl]l, Ap, Rp, Sp) be the
resulting deformed Yangians, where
Ap = F.AoF™',  Rp(u) = Fy'.R(u)F, (32)
Ap = F.AF7!, Rp(u) = F5".R(u)F . (33)
Then it is easily seen that A can be obtained from A by applying the twist
F=F1F. In fact

Ap(a) = BAp(a).F~',  Vae YT ((g)[[h] (34)

and
Ri(u) = F5;".Rp(u).F. (35)



2702 M. MANSOUR, K. AKHOUMACH

Proposition 1 The element F=FF satisfies the following relation
(AF ® ’id)F.Flg = (’Ld ® AF)F.F% (36)

i.e., the element Fisa star-product relatively to the coproduct A, and the
element F~' is a star-product relatively to the twisted coproduct Ap.

Proof
For the first part of this proposition, we have:

(Ap @id)F.Fiy = (F1AF @ id)F1F.F,' . Fy,
= F,' (A ®id)F ’1F.F12 ;
= Fl(id ® Ag)F'.(Ag ®id)F.Fo,
= Fpl(id® Ag)F~'.(id ® Ag)F.Fa,
= Fyt(id ® Ag)F~ ' F.Fp3.Fy;' . Foz

id® Ap)F~'F.Fy,! . Fay,

(
(id @ Ap)F.Fy (37)

for the second part, taking the inverse of the equation (36) we obtain
Fol(Ap @id)F~' = Fyl (id @ Ap) P!
S0,
FL F1o(F P AgF ®@id)(F'F) = Fp' Fas(id @ F ' AgF)(F'F)

and
F1_21(A0 ® ’l:d)F_lF)F12 = FQ_Sl(Zd ® A())(F_lF).Fgg .

Therefore
(Ap @ id)(F~F)F Fiy = (id ® Ap) (F7'F).Fyy Fos.
Finally, we have:
(Ap @id)F LFL = (id®@ Ap)F L EyL. (38)

If the two star products are equivalent 4.e. the corresponding elements
F and F are related by the following expression

F=AyE Y. F(E®E) (39)

for some invertible element E of U(g)[[h]], then the coproduct Az can be
rewritten as

Ap(X)=(E '@ E YAp(EX.E Y).(EQE). (40)
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Similarly, the pseudotriangular structures are related by
Rp(u) = (E7'®@ E7").Rp(u).(E® E). (41)

So, the induced isomorphism maps the pseudotriangular structures as
well.
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