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STAR PRODUCTS AND DEFORMED YANGIANSM. Mansour and K. Akhouma
hLaboratoire de Physique ThéoriqueDépartement de Physique, Université de Mohamed VB. P. 1014 Rabat, Maro
(Re
eived May 13, 1999; Revised version re
eived July 26, 1999)A pseudotriangular Hopf algebra stru
ture on a deformed Yangian YF (g)asso
iated to a simple Lie algebra g is given by using a star-produ
t on the
orresponding simple Poisson Lie group.PACS numbers: 11.10.�z 1. Introdu
tionQuantum groups, (or quantum algebras) introdu
ed by Drinfeld (1986),are a subje
t mu
h dis
ussed both by physi
ists and mathemati
ians. Itsessen
e 
rystallised from the intensive developements of the quantum in-verse problem method (Faddeev, 1982) and from the investigation related toYang�Baxter equation (Jimbo, 1986). Other quantum type algebras 
alledYangians were introdu
ed by Drinfeld (1985, 1986). The Yangian symme-tries appear in many physi
al models, su
h as long-rang intera
tion model(Haldane et al., 1992; Kato and Kuramoto, 1995; Hikami, 1995), the onedimensional Hubbard model (Uglov and Korepin, 1984; Gohmann and In-ozemtsev, 1996) and the two-dimensional 
hiral model with or without topo-logi
al terms (Bardeen, 1991).Quantum groups are de�ned as non-abelian Hopf algebras (Takhtajan,1989; Abe, 1980). A way to generate them 
onsists of deforming the abelianprodu
t of the Hopf algebra of fun
tions into a non-abelian one (star-produ
t),using the so-
alled quantization-deformation or star-quantization (Bayen etal., 1978a, 1978b; Flato et al., 1975).The existen
e of a star produ
t has been studied by Vey (1975),Neroslavsky and Vlassov (1981), who proved the existen
e of a star produ
ton a symple
ti
 manifold with a vanishing third De Rham 
ohomology groupand by De Wilde and Le
opmte (1983) in the general 
ase. From a geomet-ri
al point of view, Omori et al. (1994) and Fedesov (1994) 
onstru
ted star(2695)
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hprodu
ts for arbitrary symple
ti
 manifold. Re
ently Kontsevi
h (1997), byusing di�erent methods has also 
onstru
ted and 
lassi�ed di�erential starprodu
ts on a Poisson manifold.The star-produ
t on a Poisson�Lie group is used to develop a theory ofh-deformed Lie algebras in (Mansour, 1997), a theory of quantum algebrasin (Mansour, 1999), a theory of quantum superalgebras (Mansour, 1998a)and a theory of quasi-quantum groups (Mansour, 1998b).The present paper shows expli
itly that the star produ
t on an exa
tsimple Poisson Lie group leads to the stru
ture of pseudotriangular Hopfalgebra on the deformed Yangian of the 
orresponding simple Lie algebra,and that equivalents star-produ
ts generate isomorphi
 Yangians.2. PreliminariesIn this se
tion we review some general aspe
ts of the theory of Yangians,following mainly the presentation of Drinfeld (1985) and we re
all the theoryof star-produ
ts introdu
ted by Bayen et al. (1978a).2.1. YangiansDe�nition 1 Let g be a simple Lie algebra over C, given by the generartorsfXig and the relations [Xi;Xj ℄ = CkijXk, where fXig is an orthonormal basiswith respe
t to the Killing form. Then the Yangian Y (g) is an asso
iativealgebra with unity, generated by elements fXig and fTjg and the followingrelations [Xi;Xj ℄ = CkijXk; [Xi; Tj ℄ = CkijTk ; (1)[Ti; [Tj ;Xk℄℄� [Xi; [Tj ; Tk℄℄ = almnijk fXl;Xm;Xng : (2)Here almnijk = 124CpilCqjmCrknCrpq and fXi;Xj ;Xkg =Pi 6=j 6=kXiXjXk .De�nition 2 The Hopf algebra stru
ture on the Yangian is given by thefollowing 
ostru
tures� Coprodu
t �(Xi) = Xi 
 1 + 1
Xi ; (3)�(Tk) = Tk 
 1 + 1
 Tk + 12CkijXi 
Xj ; (4)� Counit: "(Xi) = "(Ti) = 0 ; (5)� Antipode S(Xi) = �Xi ; S(Ti) = �Ti � 12CkijXjXk : (6)



Star Produ
ts and Deformed Yangians 2697For any u 2 C we de�ne an automorphism Ju of Y (g) by the formulasJu(Xi) = Xi ; Ju(Ti) = Ti + uXi : (7)As usual, we denote by �op the opposite 
omultipli
ation.The pseudo-triangular Hopf algebra stru
ture on the Yangian is givenby the following theoremTheorem 1 (Drinfeld, 1985) There exists a uniqueR(u) = 1
 1 + 1Xk=1Rku�k ; Rk 2 Y (g)
2 ; R1 =Xi Xi 
Xisu
h that (�
 id)R(u) = R13(u)R23(u)(Ju 
 id)�op(a) = R(u)((Ju 
 id)�(a))R�1(u); 8a 2 Y (g)(Ju 
 Jv)R(w) = R(w + u� v)R12(u)R21(�u) = 1
 1R12(u1�u2)R13(u1�u3)R23(u2�u3) = R23(u2�u3)R13(u1�u3)R12(u1�u2) :2.2. Star produ
tsLet G be a 
omplex simple Lie group , g its �nite dimensional 
omplexsimple Lie algebra and fXig is as basis of g. Let r = rijXi 
Xj 2 (g 
 g)be a solution of the 
lassi
al Yang�Baxter equation[[r; r℄℄ = [r12; r13℄ + [r12; r23℄ + [r13; r23℄ = 0 : (8)Then the Lie bialgebra stru
ture (g; Æ(r)) on g is given by the algebra1-
o
y
le Æ(r) : g �! g 
 g ;y 7�! (ady 
 1 + 1
 ady)r ; (9)where ady stands for the adjoint representation and the Poisson�Lie stru
-ture on Lie group G is given byf�;  g =Xi;j rij(Xri (�)Xrj ( )�X li(�)X lj( )) ; (10)
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hwhere Xri = (Rg)�Xi and X li = (Lg)�Xi are the right and left ve
tors �eldson the group G, (Rg)�; (Lg)� are the derivatives mapping 
orresponding tothe right and left translation .A parti
ular solution of the rational 
lassi
al Yang�Baxter equation[r12(u1 � u2); r23(u2 � u3)℄ + [r12(u1 � u2); r13(u1 � u3)℄+[r13(u1 � u3); r23(u2 � u3)℄ = 0 (11)is given by r(u) = u�1Xi 
Xiwhi
h leads to the Lie bialgebra stru
ture (g[u℄; �), where�(a(u)) = [a(u) 
 1 + 1
 a(v); r(u� v)℄ :Here we have identi�ed g[u℄ 
 g[u℄ with (g 
 g)[u℄:Re
all also that the a
tion of U(g) on F (G) (the spa
e of smooth fun
-tions on the Poisson�Lie group G) is given by< X;Y l(�) >=< XY; � > (12)and < X;Y r(�) >=< YX;� > : (13)Now we give the following de�nition (Moreno and Valero, 1992).De�nition 3 A star produ
t on the Poisson Lie group is de�ned as a bilin-ear map F (G)� F (G) �! F (G)[[h℄℄ ;(�;  ) 7�! � �  =Xj hjCj(�;  ) ; (14)su
h that(i) when the above map is extended to F (G)[[h℄℄, it is formally asso
iative(� �  ) � � = � � ( � �) ; (15)(ii) C0(�;  ) = �: =  :� ; (iii) C1(�;  ) = f�;  g ; (iv) the two 
o
hainsCk(�;  ) are bidi�erential operators on F (G) .In this de�nition, the Hopf algebra F (G)[[h℄℄, with a new produ
t � andun
hanged 
oprodu
t is 
onsidered to be a topologi
al Hopf algebra. Were
all that the deformations with un
hanged 
oprodu
t are 
alled preferreddeformations (Bonneau et al, 1995). This 
ondition is imposed on quantiza-tion be
ause of the invarian
e property of the Poisson Lie group bra
ket�(f�;  g) = f�(�);�( )g :



Star Produ
ts and Deformed Yangians 2699It is therefore natural to impose the same 
ompatibility 
ondition of thestar-produ
t with respe
t to the 
oprodu
t of F (G), i.e. :�(� �  ) = (�(�) ��( )) (16)is satis�ed. The star-produ
t on the right side is 
anoni
ally de�ned onF (G) 
 F (G) by (�
  ) � (�0 
  0) = (� � �0)
 ( �  0) : (17)If we introdu
e the element of U(g) 
 U(g)[[h℄℄F = 1 +Xi�1 Fihiwhi
h satis�es the 
o
y
le 
ondition(�0 
 id)F (F 
 1) = (id
�0)F (1 
 F ) ; (18)(where �0 is the usual 
oprodu
t of the enveloping algebra U(g)), we ob-tain the star produ
t on the Poisson Lie group by the following expression(Takhtajan, 1990) � �  = �((F�1)r:F l(�
  )) : (19)In fa
t, the produ
t de�ned in this way is asso
iative:(� �  ) � � = � � ( � �):Following Mansour (1998b) the quantized enveloping algebra U(g)[[h℄℄ isendowed with a stru
ture of Hopf algebra with the 
oprodu
t �F given by:< �F (X); � 
  >=< X;� �  > (20)for all �;  2 F (G), and X 2 U(g):In fa
t, using the equations (12) and (13) we obtain:�F (X) = F�1:�0(X):F : (21)We 
an easily show that the twisted 
oprodu
t �F is 
oasso
iative :(�F 
 id)�F (X) = (id
�F )�F (X) : (22)For the equivalen
e of star-produ
ts, we give the following de�nition
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hDe�nition 4 (Gutt and Rawnsley, 1998)Two star produ
ts �1 and �2 on a Poisson Lie group are said to be equivalentif there is a series T = id+ 1Xr=1 hrTr ;where the Tr are linear operators on C1(G) su
h thatT (f �1 g) = Tf �2 Tg :3. Star produ
ts and deformed YangiansConsider Yh(g) = Y (g)[[h℄℄. Clearly Yh(g) 
ontains U(g)[[h℄℄ as a Hopfsubalgebra. The element F de�nnig the star-produ
t 
an be viewed as anelement of Yh(g)
2. Obviously, one 
an extend the Hopf algebra stru
tureto Yh(g). Now using the star-produ
t F we 
an de�ne a new Hopf algebraY Fh (g), whi
h has the same multipli
ation as Yh(g) but the 
omultipli
ationis given by �F (X) = F�1:�0(X):F ;whi
h is obviously 
oasso
iative on Y Fh (g). The pseudotriangular Hopf al-gebra stru
ture on Y Fh (g) is given by the elementRF (u) = F�121 :R(u)F ; (23)where R(u) is given in theorem 1. In fa
t(i) If we denote by �opF the opposite 
oprodu
t of �F then we 
an easilyshow that 8a 2 Y Fh (g)(Ju 
 id)�opF (a) = (F 21)�1R(u)((Ju 
 id)�F (a))R�1(u)F 21= (F 21)�1R(u)((Ju 
 id)�0(a))R�1(u)F 21= ((F 21)�1R(u)F )((Ju 
 id)�F (a))((F 21)�1R(u)F )�1= RF (u)((Ju 
 id)�F (a))R�1F (u) : (24)(ii) Se
ondly we have(�F 
 id)RF (u) = (F 12)�1(�0 
 id)((F 21)�1R(u)F )F 12= (F 13)�1R13(u)F 13(F 32)�1R23(u)F 23= (RF )13(RF )23 : (25)(iii) Similarly we have(id
�F )RF (u) = (RF )13(RF )12 : (26)



Star Produ
ts and Deformed Yangians 2701(iv) After:(Jv 
 Jw)RF (u) = (Jv 
 Jw)((F 21)�1R(u)F ) ;= (Jv 
 Jw)(F 21)�1(Jv 
 Jw)R(u)(Jv 
 Jw)F ;= (F 21)�1R(u+ v � w)F = RF (u+ v � w) ; (27)where we have used the fa
t that(Jv 
 Jw)F = F :(v) Finally, we have(RF )12(u)(RF )21(�u) = (F 21)�1R(u)FF�1R21(�u)F ;= (F 21)�1R(u)R21(�u)(F 21)�1 ;= (F 21)�1F 21 = 1
 1 : (28)Using the fa
t that � � 1 = 1 � � = � ; (29)whi
h implies that (id 
 ")F = ("
 id)F = 1 ; (30)we obtain: ("
 id)(RF ) = (id 
 ")(RF ) = 1 : (31)Equations (22),(24)�(28),(31) imply that (Y F (g);�F ; RF (u)) is a pseudo-triangular Hopf algebra.Let us 
onsider now two star-produ
ts �1 and �2 and let F and �F be thetwo 
orresponding invertible elements of the Hopf algebra Y (g)
2[[h℄℄ su
hthat (�0 
 id)F:F12 = (id
�0)F:F23 ;(�0 
 id) �F : �F12 = (id
�0) �F : �F23 :Let A = (Y F (g)[[h℄℄;�F ; RF ; SF ) and �A = (Y �F (g)[[h℄℄;� �F ; R �F ; S �F ) be theresulting deformed Yangians, where�F = F:�0:F�1; RF (u) = F�121 :R(u)F ; (32)� �F = �F :�0: �F�1; R �F (u) = �F�121 :R(u) �F : (33)Then it is easily seen that �A 
an be obtained from A by applying the twistF̂ = F�1: �F . In fa
t� �F (a) = F̂ :�F (a):F̂�1; 8a 2 Y F ((g)[[h℄℄ (34)and R �F (u) = F̂�121 :RF (u):F̂ : (35)
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hProposition 1 The element F̂ = F�1 �F satis�es the following relation(�F 
 id)F̂ :F̂12 = (id
�F )F̂ :F̂23 (36)i.e., the element F̂ is a star-produ
t relatively to the 
oprodu
t �F , and theelement F̂�1 is a star-produ
t relatively to the twisted 
oprodu
t � �F :ProofFor the �rst part of this proposition, we have:(�F 
 id)F̂ :F̂12 = (F�1�0F 
 id)F�1 �F : �F�112 : �F12 ;= F�112 (�0 
 id)F�1 �F :F12 ;= F�123 (id
�0)F�1:(�0 
 id) �F : �F12 ;= F�123 (id
�0)F�1:(id
�0) �F : �F23 ;= F�123 (id
�0)F�1 �F :F23:F�123 : �F23 ;= (id
�F )F�1 �F :F�123 : �F23 ;= (id
�F )F̂ :F̂23 (37)for the se
ond part, taking the inverse of the equation (36) we obtainF̂�112 :(�F 
 id)F̂�1 = F̂�123 :(id 
�F )F̂�1so, �F�112 F12(F�1�0F 
 id)( �F�1F ) = �F�123 F23(id
 F�1�0F )( �F�1F )and �F�112 (�0 
 id) �F�1F )F12 = �F�123 (id
�0)( �F�1F ):F23 :Therefore (� �F 
 id)( �F�1F ) �F�112 F12 = (id
� �F )( �F�1F ): �F�123 F23 :Finally, we have:(� �F 
 id)F̂�1:F̂�112 = (id
� �F )F̂�1:F̂�123 : (38)If the two star produ
ts are equivalent i.e. the 
orresponding elementsF and �F are related by the following expression�F = �0(E�1):F:(E 
E) (39)for some invertible element E of U(g)[[h℄℄, then the 
oprodu
t � �F 
an berewritten as � �F (X) = (E�1 
E�1)�F (E:X:E�1):(E 
E) : (40)
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ts and Deformed Yangians 2703Similarly, the pseudotriangular stru
tures are related byR �F (u) = (E�1 
E�1):RF (u):(E 
E) : (41)So, the indu
ed isomorphism maps the pseudotriangular stru
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