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ISI/FSI IN THRESHOLD MESON PRODUCTION �ONSHELL APPROACH AND COULOMB PROBLEM�Frieder KleefeldCentro de Físia das Interações FundamentaisInstituto Superior Ténio, Edifíio CiêniaPiso 3, Av. Roviso Pais, P-1049-001 LISBOA, Portugale-mail: kleefeld�gtae3.ist.utl.pt(Reeived June 2, 2000)The onshell desription of Initial and Final State Interations (ISI andFSI) of threshold meson prodution reations is reviewed. Existing onshellmodels and their o�shell extension are disussed. Unitarity onstraintson enhanement fators are formulated. A strategy for the treatment ofessential singularities onneted to Coulomb-like FSI is given.PACS numbers: 11.80.La, 24.10.�i, 13.40.Ks, 13.75.�nISI and FSI strongly determine qualitatively and quantitatively the en-ergy dependene of total ross setions of partile prodution proesses loseto threshold. Following the Watson�Migdal approah [1�3℄ it is assumedthat the T -matrix Tfi an be �fatorised� into a produt of a short rangedprodution amplitude T (0)fi and �enhanement fators� TISI(i) and TFSI(f)for ISI and FSI respetively, i.e. Tfi = hf jT j ii ' TFSI(f) T (0)fi TISI(i).Commonly used enhanement fators desribe the elasti onshell satteringproblem of the inoming or outgoing partiles, so they do not have any re-minder in the short ranged prodution proess due to original time-reversalarguments of Watson. Yet from �E�t � h�=2 we know that the satteringsystem is going for a ertain time of order �t o�shell, while the amount ofo�shellness �E is strongly determined by the short range interation pro-ess. It will be shown that the reminder of the enhanement fators in thethreshold value of the short range prodution amplitude T (0)fi;thr an be esti-mated by unitarity onstraints on the T -matrix Tfi. To test the validity of� Presented at the Meson 2000, Sixth International Workshop on Prodution, Proper-ties and Interation of Mesons, Craow, Poland, May 19�23, 2000.(2225)



2226 F. Kleefeldenhanement fators presently in use one has to hek three minimal on-straints: (a) enhanement fators have to be dimensionless, (b) for no ISIor FSI the respetive enhanement fators have to be 1, () the S-matrixS = 1 + i (2�)4 Æ 4(Pf � Pi )T has to be unitary. Constraint () yieldsunitarity onstraints on the T -matrix: assuming time-reversal�invariane(hf jT j ii != hi jT j fi = hf jT + j ii�) I obtain after insertion of a ompleteset of relativistially normalized states [4, p. 645 �℄:Im hf jT j ii = 12 Xn (2�)4 Æ 4(Pf � Pi ) hf jT jni (hn jT j ii)� :In the approximation that the ontribution via Fok-states being di�erentfrom the initial and �nal states is very small (whih is not valid for no ISIand no FSI) one an formulate an approximate unitarity relation repla-ing the sum Pn by Pn2fi;fg. Reexpressing the symboli sum by integralsand applying Watson-Migdal fatorisation with T (0)fi ' T (0)fi;thr I arrive atthe following unitarity onstraint on the enhanement fators for a partileprodution proess 1 + 2! 10 + 20 + : : :+ n0 lose to threshold:Im(TFSI(f) T (0)fi;thr TISI(i)) ' 12 " T � (0)fi;thr T �ISI(i)�Z d3p10(2�)3 2!10(j~p10 j) � ::: � d3pn0(2�)3 2!n0(j~pn0 j)hf jT j 10 : : : n0iT �FSI(10 : : : n0)+TFSI(f) T (0)fi;thr Z d3p1(2�)3 2!1(j~p1j) d3p2(2�)3 2!2(j~p2j)�TISI(12) (h12 jT j ii)� # (2�)4 Æ 4(Pf � Pi) :In the limit of no ISI (TISI(i) = 1, h12 jT j ii ' 0) or no FSI (TFSI(f) = 1,hf jT j 10 : : : n0i ' 0) it is just an integral onstraint on the enhanementfators TFSI(f) or TISI(i), respetively.As T (0)fi ' onst. lose to threshold, the energy dependene of the totalross setion of a proess with an n-partile �nal state lose to threshold ismainly determined by a FSI-modi�ed phasespae integral [2, 3℄(s = P 2):RFSIn (s) = Z d3p102!10(j~p10 j) : : : d3pn02!n0(j~pn0 j)Æ 4(p10 + : : :+ pn0 � P )jTFSI(f)j2 :Without loss of generality I assume only FSI between partile 10 and 20. Theenhanement fator now an be reexpressed either by the phaseshifts Æ`(�)



ISI/FSI in Threshold Meson Prodution � Onshell Approah: : : 2227or Jost-funtions f`(�) != f �̀(���) of the 1020�onshell�sattering problem(� :=q�(s12; m210 ; m220)=(2(m10 +m20)))(�2`+1 ot Æ`(�)=�a�1` +O(�2)) [2℄:TFSI(f) ' TFSI(1 02 0) = ot Æ`(�)� P(�)a`�2`+1ot Æ`(�)� i != Ref`(�)f`(�) + P(�)a`�2`+1 Imf`(�)f`(�) :Here I used (ot Æ`(�) � i)�1 != (f`(��) � f`(�))=(2if`(�)) (see e.g.[4, p.286℄). P(�) is the o�shell quantity de�ned in [5℄ arrying the reminderin the short ranged interation. It either has to be alulated diretly [6, 7℄by a priniple value integral or estimated from the unitarity onstraint de-rived above. The limit TFSI(1 02 0) ! 1 for Æ`(�) ! 0 yields P(0) ! 0for no FSI. As P(�) depends on the nature of the short ranged intera-tion proess, it has to be estimated for every single short ranged interationdiagram separately [7℄. Most authors upto now are using the approxima-tions Ref`(�) = 0 or TFSI(1 02 0) = f�1` (�) [4, 8℄ on�iting strongly with theunitarity onstraint. A review on related models an be found in [9℄. Theonly existing approah driven by unitarity is alled Fermi�Watson Theo-rem (see e.g. [4℄). It states: Tfi = exp(iRe Æ`(f)) jTfij exp(iRe Æ`(i)). For�well-behaved� FSI-potentials jTFSI(1 02 0)j2 an easily be Taylor-expanded in�, i.e. jTFSI(1 02 0)j2 = P� � ��. If the outgoing 1020-system is not bound,this Taylor-expansion is a threshold expansion of RFSIn (s). E.g. for n = 3I obtain an expansion in � := � 12 := q�(s ;m230 ; (m10 +m20)2)=(4 sm230)(2�� := (m10 +m20)=m30 , � :=p1� (m10 �m20)2=(m10 +m20)2):RFSI3 (s)=X� �0� �2m�+2302�+1(2��)��+4 1Z0 dupu((1 + 2��)�2(1� u))�+1 +O(��+6)1A :A similar expansion in � 23 := q�(s ;m210 ; (m20 +m30)2)=(4 sm210) (or � 31)an be performed for FSI between outgoing partiles 2030 (or 1030). Close tothreshold these expansions an be reformulated in terms of � by (m10 � m20):� 23� 31 � = � (m30=m10)(m30=m20) � � �2 q2� 2p1 ��2 + (2 ��)�2 + O(�3) :Of ourse, the treatment of FSI as a sum of FSI between the various two-partile subsystems is not su�ent [2℄. A omplete onshell-treatment wouldyield the the knowledge of the full outgoing elasti T -matrix. The o�shell



2228 F. Kleefeldextension of this framework is non-trivial. Next to leading order terms havebeen attaked by [10℄. For orretions due to ISI and the �ux fator see [2℄.Beause of essential singularities due to the penetration fator C 20 () =2� (exp(2�) � 1)�1 in a Coulomb�Modi�ed E�etive Range Expansion[11�13℄ with  := �p(�2 + (m10m20=(m10 +m20))2)=�2 (� ' 1=137) theTaylor�expansion desribed above an't be performed for a Coulomb poten-tial V (r) = 2 �=r. Yet by determining f`(�) for a regularised Coulombpotential V (r) = 2 � exp(�� r)=(r + ") using [14℄ a regularised Modi�edE�etive Range Funtion an be derived [13℄, whih does not su�er fromessential singularities mentioned. Now the Taylor-expansion of jTFSI(1 02 0)j2is well de�ned and the limits �! +0 and "! +0 are straight forward.An interesting test for FSI is the �-dependene of �(pp ! pp�0) loseto threshold. Experiments yield �(s) / � �+4 with � � 0 for � < 0:15 and� ' �2 for 0:2 � � � 0:5. As the pp�0-system is not bound and theoretialmodels seem to provide no mehanism for jTfij2 / �� with � < 0, it seemsthat present models [15℄ generate by hand inverse powers of � as it wasdone by [16℄, who replaed (1 + (a �)2)�1 by (a �)�2 in the E�etive RangeFator. The real origin for � < 0 still has to be explored. The ansatz�(pp! pp�0) ' D � (��)3(1 +p1 + �2�2 )�2 of [17℄ has desired properties,if � is hosen suh that �� � 1 for � < 0:15 and �� � 1 for � � 0:2.REFERENCES[1℄ K.M. Watson, Phys. Rev. 88, 1163 (1952); A.B. Migdal, Sov. Phys. JETP 1,2 (1955); E. Fermi, Nuovo Cimento Suppl. 2, 17 (1955).[2℄ F. Kleefeld, �N-NEWSLETTER 15, 250 (1999).[3℄ F. Kleefeld, Dotoral Thesis, Univ. Erlangen-Nürnberg, Germany, 1999.[4℄ C.J. Joahain, Quantum Collision Theory (reprinted 1987), Elesevier, 1975.[5℄ C. Hanhart, K. Nakayama, Phys. Lett. B454, 176 (1999).[6℄ H. Garilazo, M.T. Peña, Phys. Rev. C61, 064010 (2000).[7℄ V.V. Baru et al., Ata Phys. Pol. B31, 2127 (2000).[8℄ A. Sibirtsev, W. Cassing, Eur. Phys. J. A2, 333 (1998); R. Shyam, Phys. RevC60, 055213 (1999); A.I. Titov et al., nul-th/0001027.[9℄ J.A. Niskanen, Phys. Lett. B456, 107 (1999).[10℄ A. Moalem et al., hep-ph/9505264.[11℄ G.J.M. Austen, Dotoral Thesis, Catholi Univ. Nijmegen, Netherlands, 1982.[12℄ H. van Haeringen, Charged-partile interations, Coulomb Press, Leyden 1985.[13℄ H. van Haeringen, L.P. Kok, Phys. Rev. A26, 1218 (1982).[14℄ L. Trlifaj, J. Math. Phys. A21, 1724 (1980).
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