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DECOHERENCE AND LONG-LIVEDSCHRÖDINGER CATS IN BEC�Diego A.R. Dalvita, Ja
ek Dziarmagaa;band Woj
ie
h H. Zurekaa Los Alamos National Laboratory, T-6, Theoreti
al DivisionMS-B288, Los Alamos, NM 87545, USAb Institute of Physi
s, Jagiellonian UniversityReymonta 4, 30-059 Kraków, Poland(Re
eived June 26, 2000)We 
onsider quantum superposition states in Bose�Einstein 
onden-sates. A de
oheren
e rate for the S
hrödinger 
at is 
al
ulated and shownto be a signi�
ant threat to this ma
ros
opi
 quantum superposition ofBEC's. An experimental s
enario is outlined where the de
oheren
e ratedue to the thermal 
loud is dramati
ally redu
ed thanks to trap engineeringand �symmetrization� of the environment. We show that under the pro-posed s
enario the S
hrödinger 
at belongs to an approximate de
oheren
e-free pointer subspa
e.PACS numbers: 03.75.Fi, 03.65.�w1. Introdu
tionMi
ros
opi
 quantum superpositions are an everyday physi
ist's expe-rien
e. Ma
ros
opi
 quantum superpositions, despite nearly a 
entury ofexperimentation with quantum me
hani
s, are still en
ountered only veryrarely. Fast de
oheren
e of ma
ros
opi
ally distin
t states is to be blamed [1℄.In spite of that, re
ent years were a witness to an interesting quantum op-ti
s experiment [2℄ on de
oheren
e of a few photon superpositions. Moreover,matter-wave interferen
e in fullerene C60 has been observed [3℄. Another ex-periment has su

eeded in �engineering� the environment in the 
ontext oftrapped ions [4℄. Re
ently the �rst dete
tion of a ma
ros
opi
 S
hrödinger
at state in an rf-SQUID was reported [5℄. All these su

esses tempt one to� Presented by Ja
ek Dziarmaga at the XL Cra
ow S
hool of Theoreti
al Physi
s,Zakopane, Poland, June 3�11, 2000. (3065)



3066 D.A.R. Dalvit, J. Dziarmaga, W.H. �urekpush similar investigations of basi
 quantum me
hani
s into the rapidly pro-gressing �eld of Bose�Einstein 
ondensation (BEC) of alkali metal atomi
 va-pors [6℄. The 
ondensates 
an 
ontain up to 107 atoms in the same quantumstate. What is more, it is possible to prepare 
ondensates in two di�erentinternal states of the atoms. Some of these pairs of internal levels are im-mis
ible, and their 
ondensates tend to phase separate into distin
t domainswith de�nite internal states [7℄. The immis
ibility seems to be a prerequi-site to prepare a quantum superposition in whi
h all atoms are in one or theother internal state, j i = (jN; 0i+ j0; Ni)=p2, where N is the total numberof 
ondensed atoms. There are at least two theoreti
al proposals how to pre-pare a ma
ros
opi
 quantum superposition in this framework [8, 9℄. Otherproposals involve non-unitary evolution of the BEC towards the S
hrödinger
at state by means of 
ontinuous quantum measurements [10, 11℄. Neitherof these proposals addresses the 
ru
ial question of de
oheren
e.This paper is a simpli�ed and more pedagogi
al version of our previouswork [12℄. All te
hni
al details of the 
al
ulations, in parti
ular the 
om-putation of the de
oheren
e rate for the BEC superposition state, 
an befound in that referen
e. 2. The 
ondensateLet us �rst make a short summary of some of the ideas for 
reating quan-tum superposition states of Bose�Eintein 
ondensates. The methods thathave been thus far proposed start with two weakly intera
ting dilute Bose
ondensates of atoms in di�erent internal states. Let us 
all these internalstates A and B. Atoms intera
t through s-wave 
ollisions, 
hara
terized bya single parameter a whi
h is known as the s
attering length. We shall 
on-sider the 
ase of repulsive intera
tion a > 0; it is known that for the opposite
ase the 
ondensate is unstable above a 
riti
al total number of parti
les.It is assumed that the inter-s
attering lengths for 
ollisions A�A and B�Bare the same, i.e. aAA = aBB , whi
h is in general di�erent from the intra-s
attering length aAB . When the self-energy of atom�atom intera
tions ofthe BEC is mu
h less than the mode energy spa
ing, then one 
an treatthe 
ondensate in the two-mode approximation. Moreover, the 
ondensateis shined with a appropriately 
hosen laser that introdu
es a Josephson-like
oupling of strength � that inter
hanges internal atomi
 states in a 
oherentmanner. The 
ondensate two-mode Hamiltonian isHC = "g(aya+ byb)� �(ayb+ bya) + u
2 (ayayaa+ bybybb) + v
(aybyab) : (1)
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oheren
e and Long-Lived S
hrödinger Cats in BEC 3067Here "g is the energy of the lowest single-parti
le state in the trap (as-sumed to be the same for A and B), u
 = 4�~2aAA=m and v
 = 4�~2aAB=m.This Hamiltonian was studied in great detail in [8, 9, 13℄. The pre
isequantum state of the 
ondensate for all values of u
 and v
 was studied bymeans of a Wigner-like distribution on the two-mode Blo
h sphere. It wasfound that when the repulsion between atoms in di�erent states is biggerthat the repulsion between atoms in the same state, that is when v
 > u
,then the 
ondensate tends to phase separate in spa
e into distin
t domainswith de�nite internal states. This 
ondition is known as the immis
ibility
ondition. More importantly, the ground state of the system is a quantumsuperposition state. When the �purity� fa
tor de�ned as " � (�=(v
�u
)N)Nis mu
h less than one, then the lowest energy subspa
e 
ontains two ma
ro-s
opi
 superpositionsj+i = 1p2 N ! [(ay)N + (by)N ℄ j0; 0i � 1p2(jN; 0i + j0; Ni) ;j�i = 1p2 N ! [(ay)N � (by)N ℄ j0; 0i � 1p2(jN; 0i � j0; Ni) : (2)The lower j+i and the higher j�i states are separated by a small energygap of E� � E+ = N(u
 � v
)" ln ". In the extreme 
ase of � = 0 (nolaser applied) the two states are 
ompletely degenerate. If we just have" < 1, the j�i states in fa
t 
ontain an admixture of intermediate statesjN � 1; 1i; : : : ; j1; N � 1i su
h that their overlap is h+j�i = ". For " � 1they shrink to (ay � by)N j0; 0i : (3)whi
h does not 
orrespond to a ma
ros
opi
 superposition. From now on weassume the pure 
ase, "� 1.The proposal of Gordon and Savage [9℄ for obtaining these superpositionstates is similar to a typi
al experiment in quantum opti
s with non-linearsystems. In the BEC 
ase, the non-linearity is provided by the 
ollisionalintera
tions and the Josephson 
oupling. The idea is to prepare an initialstate with all the atoms in the same internal state and then turn on theJosephson 
oupling for some amount of time adequately 
hosen. After theJosephson 
oupling is turned o�, the quantum state of the system has beenmodi�ed, and a S
hrödinger 
at state has been formed. Other proposals forobtaining basi
ally the same kind of superposition use a 
ontinuous quantummeasurement pro
ess [11℄.



3068 D.A.R. Dalvit, J. Dziarmaga, W.H. �urek3. The thermal 
loudAs we have already mentioned, neither of the proposals for generatingquantum superpositions in BEC addresses the 
ru
ial question of de
oher-en
e. In fa
t, the 
ondensate is an open quantum system whi
h is in 
onta
twith an environment of non-
ondensed thermal parti
les. This intera
tionmay be responsible for the loss of 
oheren
e between the 
omponents of thequantum superposition states of the previous se
tion. If the de
oheren
etime were very small, then the existen
e of these states in BEC would bemerely of a
ademi
 interest, sin
e the expe
tations of observing them in thelab would vanish. Therefore it is important to understand how the thermal
loud a�e
ts the longevity of the BEC 
ats.The Hamiltonian for the dilute environment formed by non-
ondensedparti
les is HE =Xs h"s(aysas + bysbs)� �(aysbs + bysas)i ; (4)where "s is the single parti
le energy of level s. After the transformationSs = as + bsp2 ; Os = as � bsp2 (5)HE adopts a diagonal formHE =Xs h("s � �)SysSs + ("s + �)OysOsi : (6)In �gure 1 we make a s
hemati
 plot of the energy levels of the non-
ondensed system before (� = 0) and after (� 6= 0) applying the Josephson
oupling. For simpli
ity we 
onsider an isotropi
 harmoni
 trap with a dipin its 
enter, where the 
ondensate parti
les will be lo
alized (we shall re-turn to this point later). We see that when the laser 
oupling is applied, thestates Ss (whi
h are symmetri
 under the ex
hange a $ b) and the statesOs (whi
h are antisymmetri
 under the same ex
hange) feel the same, butshifted, trapping potentials. The two ladders of energy eigenstates of the en-vironment are separated by a gap equal to 2�. Ea
h of the levels is o

upieda

ording to the thermal Bose distribution. When the gap is mu
h biggerthan the typi
al thermal energy 2� � kBT , then the antisymmetri
 statesare uno

upied. We will see in the next se
tion that this is a prerequisitefor redu
ing de
oheren
e.
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λ = 0

Non
Condensate

2 λ

a b

Condensate

a + b a - b

Fig. 1. Environmental single-parti
le energy levels before and after turning on theJosephson-like 
oupling.4. Condensate�non-
ondensate intera
tionsCondensed atoms intera
t with non-
ondensed atoms via two-body 
ol-lisions. The exa
t intera
tion Hamiltonian V 
an be easily obtained fromthe total (Gross�Pitaevskii like) HamiltonianH = Z d3xhv(�yA�A)(�yB�B)+nu2�yA�yA�A�A+r�yAr�A+U(r)�yA�A���yA�Bo+fA$Bg i;(7)after splitting the quantum �elds �A and �B into 
ondensate and bathparts, i.e. �A(~x) = a g(~x) + Xs as us(~x) ;�B(~x) = b g(~x) + Xs bs us(~x) ; (8)where g(~x) is the wave fun
tion of the 
ondensate lo
alized in the dip. Af-ter introdu
ing the symmetri
 and antisymmetri
 operators Ss and Os forthe thermal bath, the intera
tion Hamiltonian 
an be split into two terms,



3070 D.A.R. Dalvit, J. Dziarmaga, W.H. �urekV = VS + VO, whi
h are respe
tively symmetri
 and antisymmetri
 underthe inter
hange a $ b of system operators. For the sake of 
on
iseness, weshall refrain from writing down the whole expressions for these two inter-a
tion Hamiltonians. Su�
e it to say that ea
h of them has two possibleenergy-
onserving intera
tion verti
es, both proportional to the intera
tion
ouplings u or v:� There are inelasti
 two-body 
ollisions that do not 
onserve the numberof 
ondensed parti
les (
ondensate feeding and depletion pro
esses).There are in turn two possible diagrams for these pro
esses, and theyare shown in �gure 2. The �rst one is proportional to the o

upationnumber of initial non-
ondensed states; sin
e ea
h o

upation numberis proportional to fuga
ity z � e�� (where � is the inverse temperatureof the thermal bath and � its 
hemi
al potential), then the diagramis O(z2). The se
ond one is proportional to the o

upation number ofthe initial non-
ondensed state (that is, proportional to z), and energy
onservation brings about another fuga
ity fa
tor, so the �nal resultis that this diagram is also O(z2) [14, 15℄.� There are elasti
 two-body 
ollisions that 
onserve the number of 
on-densed parti
les, and are shown in �gure 3. These diagrams are pro-portional to fuga
ity, O(z) [14, 15℄.
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oheren
e and Long-Lived S
hrödinger Cats in BEC 3071When fuga
ity is small (whi
h o

urs when the gap between the 
on-densate and non-
ondensate single-parti
le levels is bigger than the thermalenergy kBT ), then the elasti
 pro
esses dominate over the inelasti
 ones.The elasti
 
ollisions are also the most relevant ones in the 
omputationof the de
oheren
e rate, sin
e we shall see that their 
ontribution s
ales asN2 (with N the total number of parti
les in the 
ondensate), whereas theinelasti
 
ontribution s
ales as N . For these reasons, from now on we shall
on
entrate only on the elasti
 pro
esses.5. De
oheren
e-free pointer subspa
e in BECAs we have mentioned in Se
tion 3, when 2�� kBT the antisymmetri
environmental states are nearly empty. Only the symmetri
 states are o
-
upied. Sin
e these latter states 
annot distinguish between A and B, all
ollisions that involve symmetri
 non-
ondensed states will not destroy thequantum phase 
oheren
e between the S
hrödinger 
at's 
omponents. Werefer to this 
ondition as the perfe
t symmetrization limit. In this 
ase, thestates j�i � (jN; 0i � j0; Ni)=p2 span a de
oheren
e-free pointer subspa
e(also known in the literature as de
oheren
e-free subspa
e or, for short, DFS)of the Hilbert spa
e, sin
e they have degenerate eigenvalues of the intera
-tion Hamiltonian V [16�18℄. Any state of that subspa
e 
an be written as�jN; 0i+�j0; Ni, with � and � 
omplex numbers. If P[�jN;0i+�j0;Ni℄ denotesa proje
tor onto that subspa
e, then[V;P[�jN;0i+�j0;Ni℄℄ = 0 ; (9)whi
h means that any quantum superposition �jN; 0i + �j0; Ni in the sub-spa
e is an eigenstate of the intera
tion Hamiltonian (a perfe
t pointerstate), and as su
h will retain its phase 
oheren
e and last forever. Theintera
tion Hamiltonian between the 
ondensate and the thermal 
loud isa sum of produ
ts of 
ondensate operators and environmental operators.Only terms with symmetri
 environmental operators are relevant be
ausethe antisymmetri
 states are empty. The total Hamiltonian is symmetri
with respe
t to A $ B so, to preserve this symmetry, the relevant termswith symmetri
 environmental operators also 
ontain symmetri
 
ondensateoperators. The argument simpli�es a lot for small fuga
ity where there isonly one leading term with the NA+NB 
ondensate operator. The states j�iare its eigenstates with the same eigenvalue N . They are also (almost) de-generate eigenstates of the 
ondensate Hamiltonian build out of NA;B. The
oherent transitions A$ B break this degenera
y of j�i but the di�eren
eof their eigenfrequen
ies is negligible as 
ompared to the usual 
ondensatelifetime of � 10 s. In the next-to-leading order in fuga
ity there are symmet-ri
 intera
tion terms whi
h 
hange the number of 
ondensed atoms. These



3072 D.A.R. Dalvit, J. Dziarmaga, W.H. �urekterms drive the jN; 0i and j0; Ni states into slightly �squeezed-like� statesjS; 0i and j0; Si respe
tively [22℄. There are also terms whi
h ex
hange Awith B. They give ea
h state a small admixture of the opposite 
omponent.Superpositions of these are still de
oheren
e-free pointer subspa
es � thereare no relevant antisymmetri
 operators to destroy their quantum 
oheren
e.6. De
oheren
e 
omes into the s
eneWhen the antisymmetri
 environmental states begin to be o

upied, thenthe 
ommutation relation (9) is only approximate and states within thesubspa
e will de
ohere. Hen
e we must fa
e the problem of 
al
ulatingde
oheren
e rates due to intera
tions with the environment.We shall �rst 
onsider the 
ase of � = 0, whi
h 
orresponds to noJosephson-
oupling being applied, and for whi
h the two states j�i are ex-a
tly degenerate with respe
t to the 
ondensate Hamiltonian. In this 
asethere is no di�eren
e between symmetri
 and antisymmetri
 environmentalstates. After some long but straightforward 
al
ulation whi
h involves 
om-puting the master equation for the redu
ed density matrix of the 
ondensedparti
les (see [12℄ for details), we �nd a lower bound for the de
oheren
erate t�1de
 > 16�3 �4�a2NEV vT� N2 ; (10)where N is a number of 
ondensed atoms, vT = p2kBT=m is a thermalvelo
ity in the non
ondensed thermal 
loud, a is a s
attering length, V is avolume of the trap, and NE is a number of atoms in the thermal 
loud,NE � e �kBT �kBT~! �3 : (11)This is a lower estimate sin
e we have only 
onsidered terms to leading orderin fuga
ity O(z) and to leading order in 
ondensate size O(N2). Next-to-leading order terms are O(z2) and O(N), in agreement with Refs. [14,15℄, sothey were negle
ted here. Even without going into details of our derivationit is easy to understand where a formula like Eq. (10) 
omes from. N2 isthe main fa
tor whi
h makes the de
oheren
e rate large. It 
omes from themaster equation of the Blo
h�Lindblad form _� � �[NA�NB; [NA�NB ; �℄℄,with A and B the two internal states of the atoms. N2 is the distan
esquared between ma
ros
opi
ally di�erent 
omponents of the superposition(jN; 0i+j0; Ni)=p2 � the 
ommon wisdom reason why ma
ros
opi
 obje
tsare 
lassi
al [1℄. The fa
tor in bra
kets in Eq. (10) is a s
attering rate of a
ondensate atom on non
ondensate atoms � the very pro
ess by whi
h thethermal 
loud environment learns the quantum state of the system.



De
oheren
e and Long-Lived S
hrödinger Cats in BEC 3073Let us estimate the de
oheren
e rate for a set of typi
al parameters:T = 1�K, ! = 50Hz, and a = 3 : : : 5 nm. The thermal velo
ity is vT �10�2m/s. The volume of the trap 
an be approximated by V = 4�a3return=3,where areturn = p2kBT=m!2 is a return point in a harmoni
 trap at theenergy of kBT . We estimate the de
oheren
e time as tde
 � 105 se
=(NEN2).For NE = 100 : : : 104 and N = 10 : : : 107 it 
an range from 1000 s down to10�13 s. For N = 10 our (over-)estimate for tde
 is large. However, alreadyfor N = 1000 and NE = 10 (whi
h are still within the limits of validity ofthe two-mode approximation) tde
 shrinks down to millise
onds. Given thatour tde
 is an upper estimate and that big 
ondensates are more interestingas S
hrödinger 
ats, it is 
lear that for the sake of 
at's longevity, one mustgo beyond the standard harmoni
 trap setting.7. Trap engineeringFrom Eqs. (10), (11) it is obvious that the de
oheren
e rate dependsa lot on temperature and on 
hemi
al potential. The two fa
tors stronglyin�uen
e both NE and vT . Both 
an be improved by the following s
enario,whi
h is a 
ombination of present day experimental te
hniques. In the ex-periment of Ref. [19℄ a narrow opti
al dip was superposed at the bottomof a wide magneti
 trap. The parameters of the dip were tuned so that ithad just one bound state. The gap between this single 
ondensate modeand the �rst ex
ited state was 1:5�K, whi
h at T = 1�K gives a fuga
ityof z = exp(�1:5). We need the gap so that we 
an use the single mode ap-proximation. At low temperatures, the gap results in a small fuga
ity, whi
his 
onvenient for 
al
ulations. We propose to prepare a 
ondensate inside asimilar 
ombination of a wide magneti
 and a narrow opti
al trap (or moregenerally: a wide well plus a narrow dip with a single bound mode) andthen to open the magneti
 trap and let the non
ondensed atoms disperse.The aim is to get rid of the thermal 
loud as mu
h as possible. A similarte
hnique was used in the experiment of Ref. [20℄ (see �gure 4).
Condensate Condensate

��
��
��
����������

��
��
��
��

��������

���
���
���
���

��������

������������

������������
������������Fig. 4. First step in engineering the trap: an opti
al dip is superimposed on a bigmagneti
 trap, whi
h is later opened so that most of the thermal atoms disperseaway.



3074 D.A.R. Dalvit, J. Dziarmaga, W.H. �urekLet us estimate the ultimate limit for the e�
ien
y of this te
hnique.At the typi
al initial temperature of 1�K the thermal velo
ity of atoms is10�2m/s. An atom with this velo
ity 
an 
ross a 1�m dip in 10�4 s. If wewait for, say, 1s after opening the wide trap, then all atoms with velo
itiesabove 10�6m/s will disperse away from the dip. A thermal velo
ity of10�6m/s 
orresponds to the temperature of 10�8 �K. As the fa
tor NEvT �T 7=2 in Eq. (10), then already 1s after opening the wide trap the de
oheren
erate due to non-
ondensed atoms is redu
ed by a fa
tor of 10�28!It is not realisti
 to expe
t su
h a �
osmologi
al� redu
tion fa
tor. The�dip� whi
h is left after the wide harmoni
 trap is gone 
ould be, for ex-ample, a superposition of an ideal dip plus a wide shallow well (whi
h wasa negligible perturbation in presen
e of the wide harmoni
 trap). The wellwould have a band of width �E of bound states whi
h would not dispersebut preserve their o

upation numbers from before the opening of the widetrap. They would stay in 
onta
t with the 
ondensate and 
ontinue to �mon-itor� its quantum state. Even if su
h a trun
ated environment happens tobe already relatively harmless, there are means to do better than that.Further redu
tion of the de
oheren
e rate 
an be a
hieved by �sym-metrization� of the environmental states. To this end we propose to turnon the Josephson-like 
oupling � in order to indu
e 
oherent transitions be-tween states A and B. This has already been a
hieved experimentally [21℄;in their 
ase � � 1 kHz. When �E � 2� we are in the perfe
t symmetriza-tion limit, and hen
e no de
oheren
e takes pla
e. Indeed, the symmetri
 andantisymmetri
 �E-bands of states 
an be visualized as two ladders shiftedwith respe
t to ea
h other by 2�. In other words, the two sets of statesfeel the same, but shifted, trapping potentials. When �E � 2�, then theantisymmetri
 Os's are nearly empty sin
e they 
an evaporate into symmet-ri
 states and then leave the trap . The symmetri
 Ss's 
annot distinguishbetween A and B so they do not destroy the quantum 
oheren
e betweenthe S
hrödinger 
at's 
omponents. After symmetrization, NE in Eq. (10)has to be repla
ed by the �nal number of atoms in the antisymmetri
 statesonly; NOE � � n� exp((�� �)=kBT ); for 2� < �E ;0; for 2� > �E . (12)Here T is the temperature before opening the wide trap. n� is the number ofantisymmetri
 bound states whi
h remain within the �E-band of symmetri
states. Atoms in these antisymmetri
 bound states 
annot disperse away.For 2� > �E this number n� is zero and there is no de
oheren
e from thethermal 
loud.In �gure 5 we make a s
hemati
 graph of the steps we propose to engineerthe trap in order to redu
e de
oheren
e due to the thermal 
loud.
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 and antisymmetri
thermal states, and the latter be
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3076 D.A.R. Dalvit, J. Dziarmaga, W.H. �urek8. Other sour
es of de
oheren
eIntera
tion with the thermal atoms is not the only sour
e of de
oher-en
e for the quantum superposition state of the 
ondensate. Among otherpossible sour
es we 
an mention:� Ambient magneti
 �elds: the 
ondensed atoms have magneti
 mo-ments. If the magneti
 moments of A and B were di�erent the mag-neti
 �eld would distinguish between them and would introdu
e anunknown phase into the quantum superposition, thus rendering itsunderlying 
oherent nature undete
table. Fortunately the mu
h usedjF;mF i = j2; 1i; j1;�1i states of 87Rb have the same magneti
 mo-ments. For them the magneti
 �eld is a �symmetri
� environment.� Di�erent s
attering lengths: there is a typi
al � 1% di�eren
e betweenthe A�A and B�B s
attering lengths. The 
ondensate Hamiltonian isnot perfe
tly symmetri
 under A $ B. Even for a perfe
tly sym-metrized environment, symmetri
 environmental operators 
ouple tonot fully symmetri
 
ondensate operators. This means that for the1% di�eren
e of s
attering lengths symmetrization 
an improve de
o-heren
e time by at most two orders of magnitude as 
ompared to theunsymmetrized environment.� Three-body losses: due to 
ollisions involving three parti
les, the 
on-densate is not stable but loses atoms via re
ombination into mole
-ular states. Hen
e a 
ondensate has a �nite lifetime, of the order of10 : : : 20 s. The atoms whi
h es
ape from the 
ondensate 
arry infor-mation about its quantum state. They destroy its quantum 
oheren
e.In the experiment of Ref. [19℄ the measured loss rate per atom was 4=sfor N = 107 or around 1 atom per 10�7 s. The last rate s
ales likeN3 so already for N = 104 just one atom is lost per se
ond; de
oher-en
e time is 1 s. One possibility for in
reasing this de
oheren
e timeis to in
rease slightly the dip radius. The loss rate s
ales like densitysquared so an in
rease in the dip width by a fa
tor of 2 redu
es theloss rate by a fa
tor of 26 = 64.9. Dis
ussionThe aim of this paper was to dis
uss the �longevity� of S
hrödinger 
atsin BEC's. We have shown that while in the standard traps de
oheren
erates are signi�
ant enough to prevent long-lived ma
ros
opi
 superpositionsof internal states of the 
ondensate, the strategy of trap engineering andsymmetrization of the environment will be able to deal with that issue.
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onsidered is how one 
an generate su
h ma
ros
opi
quantum superposition, and how one 
an dete
t it. The issue of generationwas already tou
hed upon in Refs. [8, 9℄. We have little to add to this.However, in the 
ontext of the Gordon and Savage proposal, it is fairly
lear that the time needed to generate the 
at state would have to be short
ompared to the de
oheren
e time. If our estimates of Eq. (10) are 
orre
t,symmetrization pro
edure appears ne
essary for the su

ess of su
h s
hemes.Dete
tion of S
hrödinger 
at states is perhaps a more 
hallenging subje
t.In prin
iple, states of the form (jN; 0i+ j0; Ni)=p2 have a 
hara
ter of GHZstates, and one 
ould envision performing measurements analogous to thosesuggested in [27℄ and 
arried out in [28℄, where a 4-atom entangled statewas studied. However, this sort of parity-
he
k strategy, appropriate forN � 10, is likely to fail when N is larger, or when (as would be the 
ase forthe �quasi-squeezed� states anti
ipated here [22℄) N is not even well de�ned.A strong 
ir
umstantial eviden
e 
an be nevertheless obtained from twomeasurements. The �rst one would 
onsist of a preparation of the 
at state,and of a measurement of the internal states of the atoms. It is expe
ted thatin ea
h instan
e all (to within the experimental error) would turn up to bein either A or B states. However, averaged over many runs, the number ofeither of these two alternatives would be approximately equal. De
oheren
ein whi
h the environment also �monitors� the internal state of the atoms inthe A versus B basis would not in�uen
e this predi
tion. We need to 
he
kseparately whether the 
at state was indeed 
oherent. To do this, one 
ouldevolve the system �ba
kwards�. However, this is not really ne
essary. For,as Gordon and Savage point out, when, in their s
heme, we let the systemevolve unitarily for more or less twi
e the time needed for the generation ofthe 
at state, it will approximately return to the initial 
on�guration. Thus,we 
an a
quire strong eviden
e of the 
oheren
e of the 
at provided that thisunitary return to the initial 
on�guration 
an be experimentally 
on�rmed.These are admittedly rather vague ideas, whi
h serve more as a �proof ofprin
iple� rather than as a blueprint for an experiment. Nevertheless, theymay, we hope, en
ourage more 
on
rete investigation of su
h issues with aspe
i�
 experiment in mind.We are indebted to E. Cornell, R. Onofrio, E. Timmermans, and espe-
ially to J. Anglin for very useful 
omments. This resear
h was supportedin part by NSA.
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