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PAIRING IN FINITE NUCLEI�Woj
ie
h SatuªaInstitute of Theoreti
al Physi
s, University of WarsawHo»a 69, 00-681 Warsaw, PolandRoyal Institute of Te
hnology, Physi
s Department Fres
ati,Fres
ativägen 24, S-104 05 Sto
kholm, Sweden(Re
eived November 16, 1999)Pairing in nu
lei is shortly overviewed from the perspe
tive of mean-�eldtheory whi
h is the only model where parti
le-parti
le 
hannel is uniquelyde�ned. Attention is paid to the e�e
ts of pairing 
orrelations on odd-evenmass staggering and nu
lear rotational motion. Basi
 theoreti
al 
on
eptsand e�e
ts asso
iated with proton�neutron pairing in N � Z nu
lei are alsodis
ussed. It is pointed out that, with the present a

ura
y of mean-�eld
al
ulations, no 
lear 
onstraints 
an be set on spatial 
hara
teristi
s ordensity dependen
e of pairing intera
tion.PACS numbers: 21.30.Fe, 21.60.Jz1. Introdu
tionIt has taken almost 50 years to understand mi
ros
opi
 origin of oneof the most fas
inating dis
overy of our 
entury, the phenomenon of su-per
ondu
tivity in metals. The goal was �nally a

omplished in 1957 byBardeen, Cooper and S
hrie�er [1℄ who formulated proper trial wave fun
-tion for quantal 
al
ulations of ele
trons moving pairwise in time-reversedstates. In the BCS theory of super
ondu
tivity it is ex
lusively the propertyof attra
tiveness of the medium-mediated intera
tion at the Fermi energywhi
h leads to energy gap, �, separating ground-state of a fermioni
 systemfrom its low-lying elementary ex
itations. It was therefore soon pointed out(�rst by D. Pines at the 1957 Rehovot Conferen
e) that due to attra
tive-ness of the e�e
tive nu
lear for
es at the Fermi energy similar e�e
ts mightalso apply to nu
lei. Soon after a notion of nu
lear super
ondu
tivity wasformally introdu
ed by Bohr, Mottelson and Pines [2℄ and Belyaev [3℄ inorder to explain energy gaps in low-lying spe
tra of even�even nu
lei.� Invited talk presented at the XXVI Mazurian Lakes S
hool of Physi
s, Krzy»e,Poland, September 1�11, 1999. (345)



346 W. SatuªaIn spite of its relatively long history rigorous mi
ros
opi
 theory of nu-
lear pairing is still la
king. Derivation of pairing intera
tion from the barenu
leon�nu
leon for
e still en
ounters many problems [4, 5℄. Hen
e, mostof the pra
ti
al appli
ations uses phenomenologi
al pairing intera
tions.Moreover, only at the level of mean-�eld approximation parti
le�parti
le(pairing) 
hannel is rigorously de�ned and separated from the parti
le-hole
hannel. For example, within the nu
lear shell-model parti
le�parti
le (p-p)and parti
le-hole (p-h) representations 
an be transformed into ea
h other.Therefore, within the shell-model, there is no obvious pro
edure allowing toextra
t pairing intera
tion whi
h 
onstitutes the integral part of the resid-ual shell-model intera
tion. The multipole de
omposition te
hnique leadsto rather oversimpli�ed pairing intera
tion [6℄. It seems that mu
h betterinsight into pairing properties 
an be gained by pair-stru
ture analysis ofthe shell-model wave fun
tion [7℄.The phenomenologi
al pairing intera
tions most often used in mean-�eld 
al
ulations are separable in p-p 
hannel, �v��
Æ / g��g�
Æ . The state-independent seniority or multipole-pairing intera
tions are the best knownexamples. These intera
tions are 
hara
terized by mean-values of gap(order) parameters and are therefore easy to interprete and handle numer-i
ally. These for
es are perfe
tly suited for mi
ros
opi
�ma
ros
opi
 
al
u-lations. Within the Skyrme�Hartree�Fo
k�Bogolyubov (SHFB) 
al
ulations
heme the family of zero-range intera
tions is often used. It in
ludes simplevolume-a
tive delta-intera
tion VV / Æ(r � r0), density-dependent, surfa
e-a
tive delta-intera
tion (DDDI) [8, 9℄ VS / Æ(r � r0)(1� [�(r)=�0℄
) or 
er-tain parameterizations of Skyrme type for
es [10℄. Finally, the �nite-rangeGogny for
e is used 
onsistently in both p-h and p-p 
hannels within fullyself-
onsistent HFB [11℄ or in p-p 
hannel in relativisti
 Hartree�Bogolyubov(RMF) 
al
ulations [12℄. The advantage of �nite-range over the zero-rangepairing for
es is an automati
 
ut-o� of high-momentum 
omponents. There-fore, no energeti
al pairing window is required in the 
al
ulations involvingthese for
es.Nu
lear stru
ture appli
ations of mean-�eld models invoking di�erentpairing for
es will be shortly overviewed in the next Se
tion. It appearsthat nu
lear masses, high-spin properties, radii and isotopi
 shifts seem todepend only weakly on spatial 
hara
ter (volume or surfa
e type) or densitydependen
e of pairing intera
tion and that with present a

ura
y of nu
learstru
ture 
al
ulations it is di�
ult to 
onstrain on these spe
i�
 features ofnu
lear pairing. Third Se
tion will dis
uss brie�y a proton�neutron (pn)pairing phenomenon. Short summary will be given in the last Se
tion.



Pairing in Finite Nu
lei 3472. E�e
t of pairing 
orrelations on nu
lear propertiesAlthough the e�e
t of pairing 
orrelations on nu
lear masses is modest,these 
orrelations strongly modify gross nu
lear properties. The odd�evenmass staggering (OES), moments of inertia, alignments, ele
tromagneti
 and�-de
ay rates, parti
le or � emission rates et
. are all strongly modi�edinside paired medium. The BCS theory allows for qualitative understand-ing of all these phenomena within simple, intuitive framework. However,quantitative des
ription of these phenomena is far more di�
ult due to 
ou-pling between single-parti
le �eld, pairing �eld, and the e�e
ts going beyondmean-�eld. This will be demonstrated in the following two subse
tions whereodd�even mass staggering and pairing related high-spin phenomena will beshortly overviewed. 2.1. Odd�even mass staggeringThe odd�even mass staggering (OES) of nu
lear binding energies is usu-ally dire
tly related to pairing. Indeed, within the BCS approximation thequantity:�(3)(N) � �N2 [B(N � 1)� 2B(N) +B(N + 1)℄ � �2B(N)�N2 (1)
an be interpreted as a measure of empiri
al pairing gap. However, be-
ause of strong 
ontribution due to nu
lear symmetry energy (/ (N � Z)2)indi
ator (1) is usually repla
ed by the average:�(4)(N) � 12 h�(3)(N) + �(3)(N + 1)i ; (2)whi
h leads to the 
ommonly used estimate � = 12=pAMeV for the em-piri
al pairing gap. In the above formulas B(N) is the (negative) bindingenergy of a system of N parti
les of number-parity �N = (�1)N .A

ording to the Strutinsky-energy theorem [13℄, nu
lear binding en-ergy 
an be written as a sum of ma
ros
opi
 and shell 
orre
tion energies.The indi
ator (2) properly separates out empiri
al gap provided that notonly ma
ros
opi
 energy but also shell 
orre
tion ÆEshell = Eshell � eEshell[Eshell = Po

up ei is a single-parti
le (s.p.) shell energy and eEshell de-notes Strutinsky-averaged s.p. energy℄ smoothly varies with parti
le num-ber [14℄. These smoothness 
riteria do not in fa
t apply. Indi
ator (2)gives systemati
 values of the order of few hundred keV when applied tosingle-parti
le energies 
al
ulated using Skyrme�Hartree�Fo
k model inde-pendently on number-parity, see Fig. 1 in Ref. [15℄. On the 
ontrary, indi-
ator (1) gives single-parti
le OES:�(3)(N)sp = 12Æe � 14(1 + �N )(en+1 � en) (3)
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h 
an be tra
ed ba
k to the deformed single-parti
le �eld whi
h liftsspheri
al degenera
ies leaving only two-fold Kramers degenera
y. This single-parti
le me
hanism behind OES is well re
ognized in metalli
 
lusters [16℄.In fa
t, similarities between OES pattern in light nu
lei and small Na 
lus-ters that emerged in 
al
ulations of Ref. [17℄ led them to 
on
lude thatOES in light nu
lei is a mere deformation e�e
t rather than a 
onsequen
eof pairing. Closer examination shows, however, that OES in light nu
leiis rather demo
rati
ally shared between shape and pairing e�e
ts. Bothe�e
ts 
an be separated from ea
h other to large extent be
ause 
ontri-butions to (1) due to ma
ros
opi
 symmetry energy (� 38=AMeV) andStrutinsky-averaged energy (� �36=AMeV) nearly 
an
el ea
h other [15℄.Consequently, �(3)(N = 2n+1) 
an be interpreted as empiri
al measure ofthe pairing gap while �(3)(N = 2n) strongly mixes shape and pairing ef-fe
ts. Similar interpretation and 
on
lusions 
an be essentially drown basedon seniority model as well as on pairing-plus-quadrupole and equidistantlevel models [18℄.The new way of extra
ting pairing has far going 
onsequen
es parti
u-larly for light nu
lei. The � = 12=pAMeV estimate strongly overshootsthe data parti
ularly in sd- and pf -shell nu
lei. In fa
t, new experimentalgaps rather smoothly de
rease with mass indi
ating mu
h weaker mass de-penden
e of the average gap than � A�1=2, see Fig. 1. Apart of empiri
aldata Fig. 1 shows average neutron pairing gaps 
al
ulated using Gogny�HFBmethod [19℄. The agreement between 
al
ulations and the data is surpris-ingly good.
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ted from the empiri
al bindingenergies (full symbols) and 
al
ulated using Gogny�HFB method (open symbols).



Pairing in Finite Nu
lei 3492.2. E�e
t of pairing 
orrelations on nu
lear rotational motionThe Coriolis for
e a
ting on nu
leons moving in uniformly 
ranked po-tential [20℄: ĤCoriolis � �~!~j + 12m(~! � ~r)2 (4)
an be rewritten as [~j =~l+ ~s = ~r � ~p+ ~s℄:ĤCoriolis = � 12m~p2 + 12m [~p�m(~! � ~r)℄2 � ~!~s: (5)The latter Hamiltonian 
orresponds to the Hamiltonian of parti
le of spin~s moving in 
onstant magneti
 �eld ~H provided that ~! , ~H . Then ~! � ~rplays a role of ve
tor magneti
 potential ~A � ~H�~r. The Coriolis for
e willtherefore try to brake nu
leoni
 Cooper pairs in analogy to the well knownMeissner e�e
t in metalli
 super
ondu
tivity [21℄. This bulk disappearan
eof nu
lear pairing 
orrelations is 
alled the Mottelson�Valatin e�e
t [22℄. It
auses steady in
rease of nu
lear moment of inertia [3, 23℄. In reality, thedisappearan
e of pairing 
orrelations in nu
lei is non-uniform. Strong stru
-tural 
hanges 
ausing ba
k- or upbendings [24℄ in the evolution of nu
learmoment of inertia versus spin are due to the breaking of a pair of nu
le-ons o

upying high-j intruder orbitals [25℄. In 
ranked mean-�eld formalismba
kbending phenomenon 
orrespond to the rearrangement of va
uum 
on-�guration or, alternatively, to the 
rossing of the ground-state band withthe lowest two-quasiparti
le (2qp) band whi
h is often 
alled the S-band.The gross systemati
s of ground-band�S-band 
rossing frequen
ies is quali-tatively relatively well understood and reprodu
ed within the 
ranked shell-model. The details, however, depend in many 
ases upon deli
ate balan
ebetween (
oupled) pairing and shape e�e
ts.Therefore, a lot of e�ort must be devoted to optimize simultaneouslyboth single-parti
le and pairing 
hannels within mean-�eld to improve theagreement to the data whi
h in turn will also improve our understandingof pairing 
orrelations. For example, Xu an 
o-workers [26℄ investigatedre
ently in a systemati
 way energeti
s of high-K isomers, systemati
s ofthe 
rossing frequen
ies, odd�even mass staggering e�e
ts and moments ofinertia in some rare-earth nu
lei. In their study they used s
hemati
 pair-ing intera
tion and phenomenologi
al potential within the Total RouthianSurfa
e (TRS) model of Refs. [27�29℄ whi
h takes into a

ount shape polar-ization e�e
ts and treats pairing e�e
ts (in
luding blo
king) self-
onsistently.They have demonstrated that by enlarging of seniority pairing strength byroughly �5�10% as 
ompared to the value determined from the average gapmethod of Ref. [30℄ one 
an a

ount for all these e�e
ts simultaneously. Anelegant, systemati
 study has been 
arried out re
ently by Chabanat and
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o-workers [31℄ in order to optimize Skyrme for
es parameterization. Thefamily of for
es whi
h emerged from this study, the SLy-for
es, is superioras 
ompared to the other 
ommonly used Skyrme for
es.The alternative way to study pairing is to look into the 
ases wherepairing and shape e�e
ts are to large extend de
oupled. The example aresuperdeformed nu
lei in Hg�Pb region. Strongly elongated, stable with ro-tational frequen
y shapes, smooth pro
esses of �i13=2 and �j15=2 alignmentmake these systems almost ideal laboratories to study pairing 
orrelations.Indeed, a lot of e�ort was devoted lately to understand stru
ture of thesenu
lei in a framework of TRS method [28, 32℄, Skyrme�HFB [33℄, Gogny�HFB [34℄ and RMF [35℄ approa
hes. The state dependent pairing, self-
onsistent treatment of pairing 
orrelations in
luding blo
king, and propertreatment of number �u
tuations appeared to be ne
essary to obtain satis-fa
tory des
ription of these bands. These 
on
lusions was 
ommon for allthese studies. In fa
t, the te
hniques and 
on
epts like double-stret
hedquadrupole pairing [28℄, the surfa
e-a
tive density-dependent delta inter-

Fig. 2. The e�e
t of time-odd (��)=(21) pairing on dynami
al moment of inertiaJ (2) in SD 194Hg (lower part). Solid and long�dashed line illustrates J (2) 
al
ulatedusing seniority pairing only while short�dashed line shows 
al
ulations in
ludingseniority and quadrupole pairings. The 
orresponding average quadrupole pairinggaps are shown in the upper part.
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lei 351a
tion [8℄, Lipkin�Nogami number-proje
tion [36, 37℄ were applied for the�rst-time in large-s
ale 
al
ulations in A �190 nu
lei. Afterwards, follow-ing the numerous appli
ations in this mass region, they be
ame standardmethods for large-s
ale 
al
ulations in high-spin physi
s.Let us mention here also a parti
ular importan
e of time-odd (Migdal)pairing [38℄. Although energeti
ally very modest, it strongly a�e
ts mo-ments of inertia parti
ularly at low-frequen
ies, see Fig. 2 [28℄. Moreover, it
learly 
ontributes to twinning of SD bands in odd and even nu
lei redu
ing(too)strong e�e
t of blo
king of seniority pairing on moment of inertia [32℄.3. Proton�neutron pairingA renaissan
e of our interest in proton�neutron (pn) pairing is stimulatedby te
hnologi
al development of Radioa
tive Ion Beams (RIB) fa
ilities. The�rst RIB experiments are targeted on heavy N � Z nu
lei, where pn 
or-relations are expe
ted to be strongly enhan
ed due to large spatial overlapsbetween proton and neutron single-parti
le wave fun
tions. Relatively largevalen
e spa
es in these nu
lei and expe
ted large deformations do rise ex-pe
tations for possibility to observe 
oherent pn-pairing phase. In spite oftheoreti
al and experimental e�orts many problems related to pn-pairing stillremain not answered. It in
ludes fundamental questions 
on
erning experi-mental �ngerprints of pn-
olle
tivity or the stru
ture of e�e
tive pn-Cooperpairs.The ne
essary generalizations to in
lude nn-, pp- and pn-pairing on thesame footing within the mean-�eld approa
h were worked out already in thesixties [39℄. The idea was to generalize Bogoliubov transformation to in
ludemixing of parti
les and holes as well as protons and neutrons:�̂yk = X��>0(U��;kay�� + V~��;ka~�� + U~��;kay~�� + V��;ka�� ) ; (6)where index � runs over single-parti
le states, � denotes third 
omponentof isospin, and k labels the quasiparti
les. Unlike in the standard like-parti
le pairing appli
ations, the 
oe�
ients of transformation (6) have tobe 
omplex to simultaneously in
lude T = 1 and T = 0 pairing 
orrelations.Many important features of pn-pairing 
an be dedu
ed from simple modelassuming s
hemati
 pairing intera
tion:Hpair = G�;� 0X�>0P y��;�� 0P��;�� 0 +G�;��X� P y��;���P��;��� (7)based on pair-
ounting me
hanism [40℄. Superimposing antilinear simplexsymmetry Sx = P̂ T̂ R̂z as a self-
onsistent symmetry further simpli�es the



352 W. Satuªamodel. The pri
e paid for the simpli�
ation is an absen
e of T = 0 pairing
omponent in ��� 
hannel and therefore G�;�� 0 � GT=1�� 0 and G�;�� � GT=0.Although this 
omponent is very important [41℄, la
k of it in the model 
anbe simulated by either T = 0 pn-pairing of �� type at frequen
y zero orby isospin-broken Hamiltonian in 
ranking 
al
ulations, see Ref. [40℄ wheremore details 
an be found.The solution to the Hamiltonian (7) does depends on the ratio x =GT=0=GT=1. In N = Z nu
leus and for x < 0 only isove
tor pairing existsbut energeti
ally the solution is insensitive to dire
tion ~��(�pp;�nn;�T=1pn ).For x = 1 energy does depend on �2pp +�2nn +�T=1pn + j�T=0pn j2 but againis insensitive to the dire
tion ~� � (�pp;�nn;�T=1pn ;�T=0pn ). In both 
asesno energy is gained due to pn-pairing. Finally, for x > 1 only T = 0 phaseexists and the nu
leus gains energy. For N 6= Z the T = 1 pp- and nn-
orrelations 
oexist with T = 0 pn-pairing, provided that its strength islarger than 
ertain 
riti
al value x > x
rit. The proton or neutron ex
essquen
hes/blo
ks the phase-spa
e available for pn-pairs as shown s
hemati-
ally in Fig. 3. Therefore the 
riti
al parameter x
rit rapidly in
reases within
reasing jN � Zj and pn-paired solutions are possible only in the 
losestvi
inity of N = Z. Similar 
on
lusions have been rea
hed in Ref. [42℄ bothwithin s
hemati
 SO(8) model and realisti
 shell-model. The ex
lusivenessof T = 0 and T = 1 phases in N = Z nu
lei is entirely due to simpli
ityof the model. Already number-proje
tion leads to mixed T = 0 and T = 1solutions [40℄. Also use of realisti
 intera
tions within resonable model-spa
egives mixed solutions [43℄.

Fig. 3. S
hemati
 illustration of blo
king of pn-pairing due to (say) neutron ex
ess(left panel) and the nn-pairing due to odd-neutron (right panel). Shaded areasshows levels unavailable for pair s
attering.



Pairing in Finite Nu
lei 353The nu
lear masses show slope dis
ontinuity at N = Z line. This addi-tional binding energy is known in the literature as a Wigner energy. Tradi-tional mass models based on mean-�eld approa
h strongly underbind N � Znu
lei [44�46℄ and a term [14, 46℄:EW =W (A)jN�Zj+d(A)ÆNZ�pn ;where �pn = � 1 for odd-odd nu
lei0 otherwise (8)has to be added to 
orre
t for this deviation. The mi
ros
opi
 explanationof the Wigner energy within the mean-�eld model is still la
king. The '
on-gruen
e' energy me
hanism due to enhan
ed ph intera
tion at the N � Zline proposed in [47℄ is essentially not present in traditional Skyrme�HFB
al
ulations [46, 48℄ Instead strong 
ongruen
e energy e�e
ts were found intime-odd 
hannel in odd-odd N = Z nu
lei [49℄. The isospin �u
tuations doa
tually produ
e even the anti-Wigner e�e
t. The pn-pairing s
enario whi
hnaturally gives rise to jN �Zj-like term seems to be the most natural so far.Note, that it requires the T = 0 pairing to be on the average stronger thanT = 1 but not ne
essarily 
oherent to a
tivate generalized blo
king me
ha-nism shown in Fig. 3. There are strong experimental arguments that Wignerenergy is indeed due to isos
alar intera
tion [46℄. Similar 
on
lusion 
an bedrown from shell-model studies [46, 50℄. However, pair-stru
ture analysis ofthe shell-model wave fun
tion reveals rather 
ompli
ated stru
ture of theWigner energy [46℄.At high-spins the T = 1 and T = 0 
orrelations are expe
ted to respondin di�erent way to the Coriolis for
e. The traditional anti-pairing e�e
t isexpe
ted to destroy T = 1 pairing and low-J , T = 0 
orrelations. However,high-J T = 0 
orrelations will survive and are expe
ted to be even dominantat high-spins [40, 51, 52℄. The shell-model 
al
ulations [53℄ and 
omplexEx
ited VAMPIR 
al
ulations [54℄ provide detailed analysis of isospin andpair stru
ture 
hanges with in
reasing spin in N = Z nu
lei in A � 80mass region. These 
al
ulations 
on�rm the T = 1! T = 0 band transitionobserved in 74Rb [55℄ and in
reasing role of high-J , T = 0 pairs at high spins.Important 
lues 
on
erning pn-pairing at high-spin may be also gained byanalyzing evolution of rotational bands beyond their standard terminatingstates (e.g. 48Cr above I=16~) [52℄ or moments of inertia of some SD-bandsin A �80�90 mass region [56℄. 4. SummaryRigorous mi
ros
opi
 theory of pairing 
orrelations in �nite nu
lei isstill la
king and phenomenologi
al intera
tions are used in the appli
ations.Available nu
lear data on nu
lear masses, radii and isotopi
 shifts, moments



354 W. Satuªaof inertia, 
rossing frequen
ies and alignment patterns may all be well under-stood within the mean-�eld theory. Unfortunately, these observables seemto depend only weakly on spatial 
hara
teristi
s or density dependen
e ofpairing intera
tion and, with the present a

ura
y of nu
lear stru
ture mean-�eld 
al
ulations, it is di�
ult to 
onstrain on these spe
i�
 features of nu-
lear pairing. This rather frustrating situation 
alls for either systemati
optimization of e�e
tive for
es to improve overall agreement between theoryand the data or requires new data on exoti
 nu
lei whi
h 
an provide moresensitive probes of spe
i�
 parts of nu
lear e�e
tive intera
tion. Parti
ularlydesirable are nu
lei of large isospins where, for example, density-dependen
eof pairing for
e 
an be probed in the skin region. For review of pairing and
ontinuum e�e
ts I refer reader to [57℄.The pn-pairing 
orrelations in N � Z nu
lei are important withoutany doubt. Certain eviden
e of T = 1 pn-
ondensate is seen in N = Zodd�odd nu
lei but no eviden
e of isos
alar 
oheren
y has been reportedso far. Theoreti
ally, physi
s of N � Z nu
lei, is still a 
hallenge parti
u-larly within mean-�eld approa
h. A form of e�e
tive NN intera
tion, roleof self-
onsistent symmetries, isospin and/or number-proje
tion, the issueof 
ongruen
e energy, proper treatment of residual pn intera
tion betweenvalen
e neutron and proton are still out of 
ontrol.This work was supported by the Swedish Institute (SI) and thePolish State Committee for S
ienti�
 Resear
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