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THE QUADRUPOLE AND PAIRING VIBRATIONSIN RARE-EARTH NUCLEI� ��K. Zaj¡
, L. Pró
hniak, K. PomorskiInstitute of Physi
s, The Maria Curie-Skªodowska Universitypl. M. Curie-Skªodowskiej 1, 20-031 Lublin, PolandS.G. Rohozi«ski and J. SrebrnyDepartment of Physi
s, Warsaw UniversityHo»a 69, 00-681 Warsaw, Poland(Re
eived O
tober 26, 1999)The role of pairing 
olle
tive degrees of freedom is investigated withinmi
ros
opi
 approa
h based on the general 
olle
tive Bohr model whi
hin
ludes the e�e
t of 
oupling with the pairing vibrations. The ex
itationenergies observed in transitional Gd and Er isotopes are reprodu
ed in theframe of the 
al
ulation 
ontaining no free parameters.PACS numbers: 21.60.Ev, 23.20.�g, 27.60.+jThe mi
ros
opi
 approa
h to the general 
olle
tive Bohr Hamiltonian(GBH) [1, 2℄ 
an be still su

essively used to interpret nu
lear 
olle
tivemodes dire
tly referring to single-parti
le degrees of freedom and thus in-trodu
ing no adjustable parameters ex
ept those �xed for all nu
lei: thesingle-parti
le potential parameters and the strength of the residual pairingintera
tion. However, in order to obtain in the frame of GBH (in its originalform as in [2℄) ex
itation energies 
omparable to the experimental data onehas to enlarge mass parameters provided by the model. This situation 
anbe improved by more 
areful treatment of residual for
es � it seems that therenormalization of pairing strength needed in many 
al
ulations 
on
erning
olle
tive nu
lear properties is due to the pairing dynami
s whi
h should bein
luded into des
ription [3℄.Re
ently we have proposed [4℄ the method of approximate treatment ofthe 
oupling between quadrupole and pairing vibrations whi
h allows us to� Presented at the XXVI Mazurian Lakes S
hool of Physi
s, Krzy»e, PolandSeptember 1�11, 1999.�� The work is supported in part by KBN 
ontra
t No. 2 P03B 06813.(459)
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 et al.get the proper s
ale of low-lying ex
itation energies and moreover, to des
ribealmost exa
tly 
olle
tive properties of some transitional nu
lei. The methodwas applied in the neutron de�
ient Te, Xe, Ba, Ce, and Nd region [4℄ aswell as in the region of neutron ri
h Ru and Pd isotopes where it o

urredespe
ially e�
ient. In 
ontinuation we would like to extend the dis
ussionto the rare-earth nu
lei aiming to 
on�rm the important or, at least, nonnegligible in�uen
e of the 
oupling with 
olle
tive pairing degrees of freedomon nu
lear movements.The pure dynami
al approa
h to su
h a 
oupling requires 9 dimensionalsolutions: we have to deal with two intrinsi
 variables � and 
 parametrizingthe nu
lear shape, three Euler angles for orientation in spa
e (denoted inshort as 
), two pairing gap parameters �p and�n for protons and neutronsand two 
orresponding gauge angles. In a given nu
leus the gauge anglesare 
onstant so the "
omplete" hamiltonian takes the formĤ
oll = ĤGBH(�; 
;
;�p;�n) + Ĥpair(�p;�n;�; 
) + Ĥint: (1)where (as in all following formulas) the variables pla
ed after a semi-
olondo not appear in di�erential operators. However, the diagonalization of (1)makes a problem be
ause of the dimension of the appropriate basis. Sowe assumed instead, that the intera
tion term Ĥint 
an be negle
ted and,moreover, that only the ground state of the 
olle
tive pairing hamiltonianĤpair 
omes into the fun
tion of a nu
lear state when low-lying ex
itationsare 
onsidered. It means that the 
oupling of quadrupole and pairing vibra-tions is realized through the inertial fun
tions appearing in both, GBH andpairing 
olle
tive Hamiltonians.At ea
h deformation point �; 
 we 
an easily solve the one-dimensionaleigen equation of ea
h independent term inĤpair = ĤZpair + ĤA�Zpair (2)whi
h reads as [6, 7℄:ĤNpair = � ~22pg(�) ��� pg(�)B��(�) ��� + Vpair(�); (3)where N = Z, � = �p for protons and, respe
tively, N = A� Z, � = �nfor neutrons and g(�) is the appropriate determinant of the metri
 tensor.The 
olle
tive pairing potential Vpair(�) (equal to the usual BCS energy
al
ulated for a given gap value) depends more-less paraboli
ally on � whileits minimum 
orresponds to the equilibrium pairing gap �eq obtained inthe BCS formalism. But the pairing mass parameter B��(�) determineda

ording to known formulas [7℄ goes up so rapidly for small� values that the



The Quadrupole and Pairing Vibrations : : : 461resulting pairing vibrational ground state fun
tion is shifted towards smallergaps. The ratio of the most probable gap value �vib to the equilibrium one isof about 0.7 on average (it grows slightly with the number of parti
les). Thisrelatively small e�e
t appears su�
ient to obtain mass parameters of GBH2�3 times larger then used to be. Assuming the�-shift as the main e�e
t dueto the 
oupling of quadrupole and pairing vibrations (at least on average)we should expe
t that low-lying (and low-spin) nu
lear 
olle
tive ex
itations
ould be quite 
orre
tly des
ribed by means of the hamiltonian [4, 5℄:Ĥ
oll � ĤGBH(�; 
;
;�p = �pvib(�; 
);�n = �nvib(�; 
)) +Epair; (4)where Epair is the pairing vibrational ground state energy. The hamiltonian(4) has the same form as the 
lassi
 one: it 
omposes of the 
olle
tive poten-tial V
oll evaluated within the standard Strutinski ma
ros
opi
-mi
ros
opi
method and of kineti
 vibrational T̂vib and rotational T̂rot terms depend-ing on the set of inertial fun
tions derived mi
ros
opi
ally in the frame ofstandard 
ranking method.ĤGBH = T̂vib(�; 
;�pvib;�nvib)+T̂rot(�; 
;
;�pvib;�nvib) + V
oll(�; 
;�pvib;�nvib); (5)The inertial fun
tions appearing in (5) i.e. mass parameters and momentsof inertia depend, in general, on intrinsi
 variables �; 
 and pairing gapvalues. Thus approa
h to GBH di�ers from the standard one be
ause hereall inertial fun
tions as well as the 
olle
tive potential at ea
h deformationpoint are 
al
ulated using the most probable values of proton and neutrongap parameters �pvib;�nvib instead of the BCS equilibrium ones �peq;�neq.We should mention that in all our 
al
ulations the Nilsson single-parti
lepotential with the shell-dependent Seo parametrisation [8℄ and the standardestimations for the monopole pairing strength [4℄ were adopted.The simple method briefed above works quite well in all nu
lei 
onsideredup to now and it appears espe
ially su

essful in des
ribing 
olle
tive prop-erties of transitional triaxially deformed and/or soft nu
lei [5℄. Intensivelystudied isotopes from the rare-earth region exhibit a very ri
h spe
tros
opi
stru
ture: 
olle
tive ex
itations of higher multipolarities as well as singleparti
le modes should be taken into a

ount in the 
omplex des
ription oftheir spe
tra. Nevertheless, in the frame of our approximation we are ableto reprodu
e ground state and 
 bands in 152�166Er and 148�162Gd isotopes(Fig. 1 and Fig. 2). Our results agree well with the experiment in spite ofsome dis
repan
ies o

urring mostly for nu
lei with 84 neutrons only. As itis exempli�ed in Fig. 3 positions of levels built on the se
ond 0+ state arealso situated rather 
orre
tly regarding the la
k of hexade
apole mode inthe des
ription.
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Fig. 1. The experimental [10℄ and the theoreti
al (
onne
ted with the straight lines)energies of the ground state band levels in Gd and Er isotopes.
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Fig. 2. The experimental [10℄ and the theoreti
al (
onne
ted with the straight line)energies of the 
 band levels Er isotopes.It should be pointed out that nu
lei (Er isotopes) from the 
onsidered re-gion were lately studied in the frame of the Triaxial Proje
ted Shell Model [9℄with the 
omparable su

ess in resulting ground- and 
 band positions. How-
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Fig. 3. The 
omparison of experimental [10℄ and the theoreti
al (
onne
ted withthe straight lines) low-lying bands in 158Er.ever, the mentioned 
al
ulation needs some �tting pro
edure in order to de-termine the appropriate value of a triaxiality parameter while in our approx-imation there are no �xed shape deformations and no adjusted parametersat all.Summarizing we 
an say that also in rare earths the role of 
oupling be-tween quadrupole and pairing vibrations seems to be de
iding for the properbalan
e of di�erent 
olle
tive modes. Adopting the simple approximation weare able to des
ribe the main properties of low-lying 
olle
tive ex
itations inmost of even�even transitional nu
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