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SPIN-ORBIT PENDULUM(RELATIVISTIC EXTENSION)�M. Turek, P. RozmejInstytut Fizyki, Uniwersytet Marii Curie-SkªodowskiejPl. M. Curie-Skªodowskiej 1, 20-031 Lublin, Polandand R. ArvieuInstitut des S
ien
es Nu
léairesF-38026 Grenoble-Cedex, Fran
e(Re
eived O
tober 26, 1999)We dis
uss an extension of the theory of spin-orbit pendulum phe-nomenon to relativisti
 approa
h. It is done within the so 
alled Dira
Os
illator. Our �rst results, fo
using on 
ir
ular wave pa
ket motion havebeen published re
ently. The s
ope of this paper is motion of a linearwave pa
ket. In relativisti
 approa
h we found Zitterbewegung in spin-orbitmotion (in Dira
 representation) due to 
oupling to negative energy states.This e�e
t is washed out in the Foldy-Wouthuysen representation. Anotherimportant 
hange with respe
t to non-relativisti
 
ase is the loss of period-i
ity. The phenomenon reminds the time evolution of population inversionin Jaynes-Cummings model.PACS numbers: 03.65.Sq, 03.65.Ge1. Introdu
tionFew years ago we investigated motion of a wave pa
ket (WP) represent-ing a fermion in the harmoni
 os
illator potential with spin-orbit 
oupling.In this model (and non-relativisti
 approa
h) we have found the spin-orbitpendulum phenomenon [1℄. We predi
ted there that spin-orbit for
es 
reatesinteresting os
illations of expe
tation values of spin 
omponents if parti
lestate is prepared as a well lo
alized wave pa
ket. Then expe
tation values ofthe spin and angular momentum 
omponents os
illate periodi
ally. During� Presented by M. Turek at the XXVI Mazurian Lakes S
hool of Physi
s, Krzy»e,Poland, September 1�11, 1999. (517)



518 M. Turek, P. Rozmej, R. Arvieuone period of this time evolution, the spin 
ollapses (at the same time thewave fun
tion initially pure in both subspa
es gets maximum entanglement)then (almost) restores in the opposite dire
tion, 
ollapses again and restoresexa
tly.The aim of this paper is to extend the model to relativisti
 WPs, fo-
using on 
ases 
orresponding to linear 
lassi
al traje
tories of a parti
le(the other interesting 
ase of 
ir
ular traje
tories is dis
ussed elsewhere [2℄).The relativisti
 harmoni
 os
illator has been introdu
ed many years ago inparti
le physi
s [3℄ and then refreshed [4℄ under the name Dira
 Os
illator(DO). More re
ently the behavior of the WPs in DO was studied in bothDira
 and Foldy-Wouthuysen (F-W) representations in 1+1 dimensions [5℄.2. Dira
 Os
illatorDO is des
ribed by the time dependent equation:i~�	�t = HDO	 = 
 [� � (p� im!r�) +m
�℄ ; (1)where �, � are usual Dira
 matri
es. One 
an show that both the large andsmall 
omponent of an DO eigenstate are proportional to jN(ls)jmji � aneigenstate of the 3d-HO with a spin-orbit 
oupling. The energy spe
trumhas the form ofENlj = �m
2p1 + r ANlj ANlj = � 2(N � j) + 1 for j = l + 122(N + j) + 3 for j = l � 12 (2)The parameter r = ~!=m
2 enables, if it is small enough, a transition to thenon-relativisti
 limit. 3. Initial form of the WPWe study the evolution of a Gaussian WP whi
h is initially 
entered at r0and has the average momentum p0 (i.e. a 3d-HO 
oherent state). Moreover,the initial WP is an eigenstate of the spin pointed at some arbitrary dire
tionde�ned by two numbers � and �:	(r; t = 0) = 1(2�) 34� 32 exp �(r � r0)22�2 + ip0 � r~ � 0B���001CA ; (3)where � =p~=m!. In the following we present the time evolution of linearWP (3) 
orresponding to the following initial 
onditions: r0 = z0 ẑ and
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 Extension 519p0 = p0 ẑ. It is possible thanks to de
omposition [1℄ :	lin(t = 0) = 1XN NXl=0(1) �Nl jN; l; 0i0B���001CA : (4)4. Time evolutionFig. 1 shows the behavior of spin averages for the linear WP in the Dira
representation. The transition from the pure state of the spin in a well-de�ned dire
tion to the entangled state is parti
ularly 
lear in the 
ase of(�� = 0). The initial 
onditions are su
h that WP is laun
hed along Oz axisfrom the 
enter with spin parallel to p0. Noti
e the Zitterbewegung and anddeviation from periodi
ity for the relativisti
 
ase.
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relativistic case Fig. 1. Dependen
e of the spin averages time evolution for the linear WP on theinitial spin dire
tion. Two 
ases of r values are presented (r = 0:0001 and r = 0:01),h�ni is an average value of the spin proje
tion on the initial spin dire
tion.An example of the spatial WP motion is shown in Fig. 2. The probabilitydensity is shown on zOy plane (there is 
ylindri
al symmetry with respe
tto Oz axis). Sub-pa
kets 
orresponding to states of positive and negativeenergies are well seen in Dira
 representation, whereas only positive energystates are present in the F-W representation.
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 r =0.1  zo=0 pzo=1.5 α=1  Dirac rep.  F-W rep. 
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Fig. 2. Comparison of the evolution of the linear WP (r = 0:5) in Dira
 and F-Wrepresentations. Initial spin dire
tion is parallel to p0.M.T. and P.R. thank for support of Polish State Committee for S
ienti�
Resear
h (KBN) under the grant 2 P03B 143 14.
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