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INFLUENCE OF THE STARK SHIFTAND KERR-LIKE MEDIUM ON THE EVOLUTIONOF FIELD ENTROPY AND ENTANGLEMENTIN TWO-PHOTON PROCESSESA.-S.F. Obada and M. Abdel-AtyMathemati
s Department, Fa
ulty of S
ien
e, Al-Azhar UniversityNasr City, Cairo, Egypte-mail: abdelaty�sohag.jwnet.eun.eg(Re
eived August 30, 1999; revised version re
eived De
ember 12, 1999)We have investigated the evolution of the �eld quantum entropy andthe entanglement of the atom-�eld in the two-photon pro
ess, taking intoa

ount the level shifts produ
ed by Stark e�e
t with an additional Kerr-likemedium for one mode. The exa
t results are employed to perform a 
arefulinvestigation of the temporal evolution of the entropy. A fa
torizationof the initial density operator is assumed, with the privileged �eld modebeing in a 
oherent state. We invoke the mathemati
al notion of maximumvariation of a fun
tion to 
onstru
t a measure for entropy �u
tuations. Thee�e
t of both the Stark shift and the presen
e of a Kerr-like medium onthe entropy is analyzed. It is shown that the addition of the Kerr mediumand the Stark shift has an important e�e
t on the properties of the entropyand entanglement. The results show that, the e�e
t of the Kerr mediumand the Stark shift 
hanges the quasiperiod of the �eld entropy evolutionand entanglement between the atom and the �eld. The general 
on
lusionsrea
hed are illustrated by numeri
al results.PACS numbers: 03.65.Ge, 42.50.Vk, 32.80.�t1. Introdu
tionOne of the 
urious features of quantum me
hani
s is that it is a theoryin whi
h probabilities play a most 
entral role and yet, from a foundationalpoint of view, the 
on
ept of entropy is 
onspi
uously absent. Entropyappears only later as an auxiliary quantity to be used only when a problemis su�
iently 
ompli
ated that 
lean dedu
tive methods have failed and oneis for
ed to use inferen
e methods. This is 
urious indeed be
ause on
e theuse of the notion of probability has been a

epted, the issue of whetheror not quantum me
hani
s is a theory of inferen
e has been unequivo
ally(589)



590 A.-S.F. Obada, M. Abdel-Atysettled. Quantum theory should be regarded as a set of rules for reasoning insituations where even under optimal 
onditions the information available topredi
t the out
ome of an experiment may still turn out to be insu�
ient.In su
h a theory entropy, as a measure of the amount of information [1℄,should play a 
entral role.In re
ent years mu
h attention has been fo
used on the properties of theentanglement between the �eld and the atom and in parti
ular the entropyof the system [2�11℄. The authors in [2�4℄ have shown that entropy is avery useful operational measure of the purity of the quantum state, whi
hautomati
ally in
ludes all moments of the density operator. The time evo-lution of the �eld (atomi
) entropy re�e
ts the time evolution of the degreeof entanglement between the atom and the �eld. The higher the entropy,the greater the entanglement. An expression for the �eld entropy for theentangled state of a single two-level atom intera
ting with a single ele
tro-magneti
 �eld mode in an ideal 
avity with the atom undergoing either aone or a two-photon transition has been studied [10℄. However, these resultsare obtained for the 
ase where the Stark shift is ignored. To make thetwo-photon pro
esses 
loser to the experimental realization, the e�e
t of thedynami
 Stark shift in the evolution of the �eld entropy, whi
h is ne
essaryand interesting is added [11℄. Furthermore, we examine the e�e
t of the dy-nami
 Stark shift in the evolution of the �eld entropy and entanglement inthe presen
e of a Kerr-like medium. This model 
onsists of a single two-levelatom undergoing a two-photon pro
esses in a single-mode �eld surroundedby a nonlinear Kerr-like medium 
ontained inside a very good quality 
avity.The 
avity mode is 
oupled to the Kerr medium as well as to the two-levelatom. The Kerr medium 
an be modeled as an anharmoni
 os
illator withfrequen
y !. Physi
ally this model may be realized as if the 
avity 
ontainstwo di�erent spe
ies of Rydberg atoms, of whi
h one behaves like a two-level atom undergoing two-photon transition and the other behaves like ananharmoni
 os
illator in the single-mode �eld of frequen
y !Æ [12,13℄. Su
ha model is interesting by itself as another exa
tly solvable quantum model[14℄ that gives nontrivial results, but we 
an also think of its possible appli-
ations. This Hamiltonian is natural for lo
al modes in mole
ular physi
sor for a nonlinear Jahn�Teller e�e
t, although long-time behavior in either
ase might be obs
ured by omnipresent damping. There may also be opti
alappli
ations, sin
e this type of nonlinearity may be realized by letting theele
tromagneti
 radiation pass through a nonlinear Kerr medium [15℄. One
an think of an experiment with a Rydberg atom in a nonlinear Kerr-like
avity. We will keep in mind this last situation throughout this paper.The material of this paper is arranged as follows: In Se
tion 2, we intro-du
e the model and write the expressions for the �nal state ve
tor at anytime t > 0 and the �eld entropy 
al
ulation when the Stark shift and the



In�uen
e of the Stark Shift and... 591Kerr-like medium e�e
ts are in
luded. By a numeri
al 
omputation, we ex-amine the in�uen
e of the Stark shift and the Kerr-like medium on the �eldentropy evolution and entanglement of the atom and the �eld for a 
oherent�eld input in Se
tion 3. Finally, 
on
lusions are presented in Se
tion 4.2. Basi
 equationThe model 
onsidered here 
onsists of a single-mode with an e�e
tivetwo-level atom when the dipole forbidden transition is repla
ed by a two-photon one. We 
onsider the degenerate 
ase, in whi
h pairs of photons withthe same frequen
y are 
reated or absorbed and the quantized radiation �eldin the rotating wave approximation in an ideal 
avity (Q =1) �lled with anonlinear Kerr-like medium. We also assume that the 
avity mode intera
tswith both the atom and the Kerr-like medium. However, a real 
avity 
annotbe ideal. But in Ref. [16℄ the in�uen
e of a 
avity with �nite bandwidth atnonzero temperature T was studied and it was shown that for new availableexperimental values of Q = 210 and T = 0:5K the e�e
t of the bandwidthand the temperature are negligible until the time t � 10�3(�t = 30) from thestart of the intera
tion. The ex
ited and ground states of the atom will bedesignated by j ei and j gi, respe
tively. We assume that these states haveidenti
al parity, whereas the intermediate states, labeled j ji(j = 3; 4; :::), are
oupled to j ei and j gi by a dire
t dipole transition and so lo
ated as to giverise to a signi�
ant Stark shift. The intensity dependent Stark e�e
t 
an beemployed in quantum nondemolition measurements [17�19℄. Kerr e�e
ts 
anbe observed by surrounding the atom by a non-linear medium inside a highQ-
avity [20℄. The e�e
tive Hamiltonian of the model under 
onsiderationin this paper in the rotating-wave approximation 
an be written as [21℄,Ĥe� = !
âyâ+ 12!a�̂z + âyâ(�2 j eihe j+�1 j gihg j) + �ây2â2 + �(ây2�̂� + â2�̂+) ; (1)where !
 is the �eld frequen
y and !a is the transition frequen
y betweenthe ex
ited and ground states of the atom, â and ây; are the annihilationand the 
reation operators of the 
avity �eld respe
tively, �1 and �2 areparameters des
ribing the intensity-dependent Stark shifts of the two levelsthat are due to the virtual transitions to the intermediate relay level, � is thee�e
tive 
oupling 
onstant, �z and �� are the atomi
 pseudo-spin operators.We denote by � the dispersive part of the third-order nonlinearity of theKerr-like medium, with the detuning parameter � = !a � 2!
.The initial state of the total atom-�eld system 
an be written asj  AF(0)i = 1Xn qn j n; ei ; (2)



592 A.-S.F. Obada, M. Abdel-Atywhere the �eld is assumed to be initially in a 
oherent state where qn =e(��n=2)�n=pn!; � =j � j ei� and �n =j � j2 is the mean photon numberof the 
oherent �eld. However, at any time t > 0 the atom-�eld state isdes
ribed by the entangled statej  (t)i = 1Xn �An(t) j n; ei+Bn(t) j n+ 2; gi� ; (3)where the 
oe�
ients An(t) and Bn(t) are given byAn(t) = qne�i�tGn�
os �tFn � iWn sin�tFnFn � ; (4)Bn(t) = �iqnVne�i�tGn sin�tFnFn ; (5)Gn = [n+ r2(n+ 2)℄=2r + �n2=� ; (6)Fn = pW 2n + V 2n ; (7)Wn = �=2�+ [n� r2(n+ 2)℄=2r � �n=� ; (8)r = p�1=�2; Vn =p(n+ 1)(n+ 2) : (9)With the wave fun
tion j  (t)i 
al
ulated, any property related to theatom or the �eld 
an be 
al
ulated. The redu
ed density matrix of the �eldof the system 
an be written as �f (t) = Tratomj  (t)ih (t) j,�f (t) = 1Xn;m=0[An(t)A�m(t) j nihm j +Bn(t)B�m(t)� j n+ 2ihm+ 2 j=j CihC j + j SihS j ; (10)where j Ci = 1Xn=0An(t) j ni; j Si = 1Xn=0Bn(t) j n+ 2i :Employing the redu
ed �eld density operator given by Eq. (10), we in-vestigate the properties of the entropy. The quantum dynami
s des
ribedby the Hamiltonian (1) leads to an entanglement between the �eld and theatom. In this paper, we use the �eld entropy as a measurement of the degreeof entanglement between the �eld and the atom of the system under 
on-sideration. In order to derive a 
al
ulation formalism of the �eld entropy,we must obtain the eigenvalues and eigenstates of the redu
ed �eld densityoperator given by Eq. (10). Knight and 
o-workers [4℄ have developed ageneral method to 
al
ulate the various �eld eigenstates in a simple way. By



In�uen
e of the Stark Shift and... 593using this method we obtain the eigenvalues and eigenstates of the redu
eddensity operator, ��f (t) = hC j Ci � exp[��℄ j hC j Si j= hS j Si � exp[��℄ j hC j Si j ; (11)j  �f (t)i = 1q2��f (t) 
osh(�)fexp[(i�� �)=2℄ j Ci� exp[�(i�� �)=2℄ j Sig ; (12)where � = sinh�1�hC j Ci � hS j Si2 j hC j Si j �: (13)We 
an express the �eld entropy Sf (t) in terms of the eigenvalue ��f (t) ofthe redu
ed �eld density operator,Sf (t) = �[�+f (t) ln�+f (t) + ��f (t) ln��f (t)℄: (14)It does not appear possible to express the sums in equation (10) in 
losedform, but for not too large �n, dire
t numeri
al evaluations 
an be performed.In what follows we shall 
onsider the e�e
t of both Kerr and Stark shift ondynami
al behavior of the �eld entropy and entanglement of the system fortwo-photon pro
esses. 3. Results of 
al
ulationsOn the basis of the analyti
al solution presented in the previous se
tion,we shall examine the temporal evolution of the �eld entropy. It should beemphasized that in 
omputing all in�nite series for the atomi
 wave fun
tion (t), we have invoked mathemati
ally sound trun
ation 
riteria. To ensurean ex
ellent a

ura
y the behavior of the �eld entropy fun
tion Sf (t) hasbeen determined with great pre
ision. For regions exhibiting strong �u
tu-ation a resolution of 103 point per unit of time has been employed. For allour plots the initial 
ondition has been 
hosen, with 
oheren
e parameter �real. Its square is equal to the mean photon number. We re
all that timet has been s
aled; one unit of time is given by the inverse of the 
oupling
onstant �.We display the evolution of the �eld entropy for the initial 
oherent �eldwith the absen
e of both Stark and Kerr-like medium. In our 
omputations,
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Fig. 1. The evolution of the �eld entropy in the two-photon pro
ess with the inten-sity of the initial 
oherent �eld equal to �n = 25, and for di�erent values of Starkshift parameter r =p�1=�2; where (a) � r = 0, (b) � r = 1 and (
) � r = 5.we have taken �n = 25. It is remarkable that the �eld entropy evolves periodi-
ally and in this 
ase for the two-photon pro
ess is rather di�erent 
omparedwith the one-photon 
ase [4℄. As seen from Fig. 1(a) in two-photon pro
essentropy is a periodi
 fun
tion of time and the half of the revival time the�eld entropy rea
hes its maximum(in the 
ase of the one-photon entropy is
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e of the Stark Shift and... 595minimized at the half of the revival time and its behavior is rather irreg-ular). Also, we show that the �eld entropy Sf (t) evolved at periods �=�,when �t = n�(n = 0; 1; 2; 3; :::), the �eld entropy evolves to the minimumvalues and the �eld is 
ompletely disentangled from the atom, while when�t = (n+ 12)� the �eld entropy evolves to the maximum value and the �eld isstrongly entangled with the atom. From Fig. 1(b) we show the e�e
t of Starkshift parameter r = 1(�1 = �2), whi
h 
orresponds to the 
ase in whi
h thetwo levels of the atom are equally strongly 
oupled with the intermediaterelay level. By 
omparing Fig. 1(a) and Fig. 1(b), we see that the evolutionof the entropy is almost similar for both 
ases. This may be interpreted asfollows. First, physi
ally, this result 
orresponds to the fa
t that the Starkshift 
reates an e�e
tive intensity dependent detuning �N = �2 � �1[22℄.When r = 1; i :e: �N = 0, in this 
ase, the Stark shift does not a�e
t thetime evolution of the �eld entropy. Se
ond, using an algebrai
 analysis inthe high-�eld limit �n >> 1 (here �n = 25 ), the Poissonian distribution ofthe 
oherent state in the j ni representation means that the dominant 
on-tributions from qn arise from n ' �n >> 1, and we 
an expand Fn whi
happears in Eq. (7) in powers of n�1, thus, to order n0, Fn = �(n + 32). Onthe other hand, if the Stark shift is ignored, we will get the same expressionfor Fn = �(n + 32). In Fig. 1(
), we show the 
ase in whi
h the two levelshave unequal Stark shifts (r > 1, in Fig. 1(
), r = 5). We see that the Starkshift leads to a de
reasing of the values of the maximum �eld entropy andthe evolution period of the �eld entropy de
reases with the parameter r.To visualize the in�uen
e of the Kerr-like medium in the �eld entropywe set di�erent values of �=�, and all the other parameters are the sameas in Fig. 1. The out
ome is presented in Fig. 2. One 
an distinguishbetween two stages of evolution, ea
h of whi
h has been pi
tured separately.We show that weak nonlinear intera
tion of the Kerr-like medium with the�eld mode leads to in
reasing values of the minimum entropy and of thesustainment time of the maximum entropy. In this 
ase, the �eld and theatom almost retain a strong entanglement in the time evolution pro
ess.With the in
rease of the nonlinear intera
tion of the Kerr-like medium with�eld mode, the value of the maximum �eld entropy begins to de
rease. Inthis 
ase the degree of entanglement between the �eld and the atom redu
es.We note that the amplitude of the �eld entropy de
rease as �=� in
rease. Itis evident that the �eld and the atom are in pure states when the Kerr-likee�e
t in
reases. This result 
orresponds to the fa
t that in the limit forthe very strong nonlinear intera
tion of the Kerr-like medium with the �eldmode, the �eld and the atom are almost de
oupled and the time evolutionof the �eld is governed by the Hamiltonian He� ' �ây2â2, whi
h preservesthe �eld entropy's tending to zero.
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Fig. 2. The evolution of the �eld entropy in the two-photon pro
ess with the inten-sity of the initial 
oherent �eld equal to �n = 25, r = 0 and for di�erent values of theKerr-like medium parameter �=�; where (a) � �=� = 0:01, (b) � �� �=� = 0:1,and (
)��� �=� = 0:5.
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Fig. 3. The evolution of the �eld entropy in the two-photon pro
ess with the in-tensity of the initial 
oherent �eld equal to �n = 25, �=� = 0:01; and for di�erentvalues of Stark shift parameter (a) � r = 0:2, (b) � r = 1 and (
) � r = 5.It is to be remarked that Stark intera
tion behaves like the limiting
ase of the Kerr intera
tion. This may be understood in the following way:the Kerr intera
tion produ
es two separate e�e
ts, (a) a Kerr one, whi
hsplits the �eld in phase spa
e, produ
ing a S
hrödinger 
at [21℄, and (b) aStark intera
tion with the �eld in a 
at state. The atom-�eld intera
tionwhen the �eld is initially in a 
at state has been shown to be less pure
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oherent state. It has been shown that taking intoa

ount Stark shifts in the atom-�eld intera
tion agress with experimentalresults of mi
romasers [24℄. Su
h as shifted transition lineshapes and thoseasymmetri
ally distorted. When we further take the Kerr-like medium e�e
tthrough the parameter �=�, it is to be remarked that the amplitude of the�eld entropy Sf (t) de
reases as the Stark shift parameter r in
rease. Theexisten
e of the Kerr nonlinearity adds irregularity to the �eld entropy. It isevident that the �eld and the atom are in the disentangled pure state whenr in
rease further see Fig. 3.In 
on
lusion, we have studied the �eld entropy and the entanglement ofa 
oherent �eld intera
ting with a two-level atom when the dipole forbiddentransition is repla
ed by a two-photon one. We 
onsider the degenerate 
ase,in whi
h pairs of photons with the same frequen
y are 
reated or absorbedtaking into a

ount the presen
e of the Stark shift and the Kerr-like medium.For small values of the Kerr-like medium, an in
rease of the sustainment timeof the maximum �eld entropy, and strong entanglement of the �eld with theatom, while for large values, it results in a de
rease of the �eld entropy, andthe �eld is disentangled from the atom during the time evolution. On theother hand, the maximum �eld entropy and the atom-�eld entanglement areredu
ed as the Stark shift parameter r is de
reased. The periodi
ity shownin the �eld entropy with Stark shift is no longer present on
e Kerr e�e
t isadded.One of us (M. A.) would like to thank Professor P. Lambropoulos forthe hospitality extended to him at the Max-Plank-Institut für Quantenoptikand for valuable 
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