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INFLUENCE OF THE STARK SHIFTAND KERR-LIKE MEDIUM ON THE EVOLUTIONOF FIELD ENTROPY AND ENTANGLEMENTIN TWO-PHOTON PROCESSESA.-S.F. Obada and M. Abdel-AtyMathematis Department, Faulty of Siene, Al-Azhar UniversityNasr City, Cairo, Egypte-mail: abdelaty�sohag.jwnet.eun.eg(Reeived August 30, 1999; revised version reeived Deember 12, 1999)We have investigated the evolution of the �eld quantum entropy andthe entanglement of the atom-�eld in the two-photon proess, taking intoaount the level shifts produed by Stark e�et with an additional Kerr-likemedium for one mode. The exat results are employed to perform a arefulinvestigation of the temporal evolution of the entropy. A fatorizationof the initial density operator is assumed, with the privileged �eld modebeing in a oherent state. We invoke the mathematial notion of maximumvariation of a funtion to onstrut a measure for entropy �utuations. Thee�et of both the Stark shift and the presene of a Kerr-like medium onthe entropy is analyzed. It is shown that the addition of the Kerr mediumand the Stark shift has an important e�et on the properties of the entropyand entanglement. The results show that, the e�et of the Kerr mediumand the Stark shift hanges the quasiperiod of the �eld entropy evolutionand entanglement between the atom and the �eld. The general onlusionsreahed are illustrated by numerial results.PACS numbers: 03.65.Ge, 42.50.Vk, 32.80.�t1. IntrodutionOne of the urious features of quantum mehanis is that it is a theoryin whih probabilities play a most entral role and yet, from a foundationalpoint of view, the onept of entropy is onspiuously absent. Entropyappears only later as an auxiliary quantity to be used only when a problemis su�iently ompliated that lean dedutive methods have failed and oneis fored to use inferene methods. This is urious indeed beause one theuse of the notion of probability has been aepted, the issue of whetheror not quantum mehanis is a theory of inferene has been unequivoally(589)



590 A.-S.F. Obada, M. Abdel-Atysettled. Quantum theory should be regarded as a set of rules for reasoning insituations where even under optimal onditions the information available topredit the outome of an experiment may still turn out to be insu�ient.In suh a theory entropy, as a measure of the amount of information [1℄,should play a entral role.In reent years muh attention has been foused on the properties of theentanglement between the �eld and the atom and in partiular the entropyof the system [2�11℄. The authors in [2�4℄ have shown that entropy is avery useful operational measure of the purity of the quantum state, whihautomatially inludes all moments of the density operator. The time evo-lution of the �eld (atomi) entropy re�ets the time evolution of the degreeof entanglement between the atom and the �eld. The higher the entropy,the greater the entanglement. An expression for the �eld entropy for theentangled state of a single two-level atom interating with a single eletro-magneti �eld mode in an ideal avity with the atom undergoing either aone or a two-photon transition has been studied [10℄. However, these resultsare obtained for the ase where the Stark shift is ignored. To make thetwo-photon proesses loser to the experimental realization, the e�et of thedynami Stark shift in the evolution of the �eld entropy, whih is neessaryand interesting is added [11℄. Furthermore, we examine the e�et of the dy-nami Stark shift in the evolution of the �eld entropy and entanglement inthe presene of a Kerr-like medium. This model onsists of a single two-levelatom undergoing a two-photon proesses in a single-mode �eld surroundedby a nonlinear Kerr-like medium ontained inside a very good quality avity.The avity mode is oupled to the Kerr medium as well as to the two-levelatom. The Kerr medium an be modeled as an anharmoni osillator withfrequeny !. Physially this model may be realized as if the avity ontainstwo di�erent speies of Rydberg atoms, of whih one behaves like a two-level atom undergoing two-photon transition and the other behaves like ananharmoni osillator in the single-mode �eld of frequeny !Æ [12,13℄. Suha model is interesting by itself as another exatly solvable quantum model[14℄ that gives nontrivial results, but we an also think of its possible appli-ations. This Hamiltonian is natural for loal modes in moleular physisor for a nonlinear Jahn�Teller e�et, although long-time behavior in eitherase might be obsured by omnipresent damping. There may also be optialappliations, sine this type of nonlinearity may be realized by letting theeletromagneti radiation pass through a nonlinear Kerr medium [15℄. Onean think of an experiment with a Rydberg atom in a nonlinear Kerr-likeavity. We will keep in mind this last situation throughout this paper.The material of this paper is arranged as follows: In Setion 2, we intro-due the model and write the expressions for the �nal state vetor at anytime t > 0 and the �eld entropy alulation when the Stark shift and the



In�uene of the Stark Shift and... 591Kerr-like medium e�ets are inluded. By a numerial omputation, we ex-amine the in�uene of the Stark shift and the Kerr-like medium on the �eldentropy evolution and entanglement of the atom and the �eld for a oherent�eld input in Setion 3. Finally, onlusions are presented in Setion 4.2. Basi equationThe model onsidered here onsists of a single-mode with an e�etivetwo-level atom when the dipole forbidden transition is replaed by a two-photon one. We onsider the degenerate ase, in whih pairs of photons withthe same frequeny are reated or absorbed and the quantized radiation �eldin the rotating wave approximation in an ideal avity (Q =1) �lled with anonlinear Kerr-like medium. We also assume that the avity mode interatswith both the atom and the Kerr-like medium. However, a real avity annotbe ideal. But in Ref. [16℄ the in�uene of a avity with �nite bandwidth atnonzero temperature T was studied and it was shown that for new availableexperimental values of Q = 210 and T = 0:5K the e�et of the bandwidthand the temperature are negligible until the time t � 10�3(�t = 30) from thestart of the interation. The exited and ground states of the atom will bedesignated by j ei and j gi, respetively. We assume that these states haveidential parity, whereas the intermediate states, labeled j ji(j = 3; 4; :::), areoupled to j ei and j gi by a diret dipole transition and so loated as to giverise to a signi�ant Stark shift. The intensity dependent Stark e�et an beemployed in quantum nondemolition measurements [17�19℄. Kerr e�ets anbe observed by surrounding the atom by a non-linear medium inside a highQ-avity [20℄. The e�etive Hamiltonian of the model under onsiderationin this paper in the rotating-wave approximation an be written as [21℄,Ĥe� = !âyâ+ 12!a�̂z + âyâ(�2 j eihe j+�1 j gihg j) + �ây2â2 + �(ây2�̂� + â2�̂+) ; (1)where ! is the �eld frequeny and !a is the transition frequeny betweenthe exited and ground states of the atom, â and ây; are the annihilationand the reation operators of the avity �eld respetively, �1 and �2 areparameters desribing the intensity-dependent Stark shifts of the two levelsthat are due to the virtual transitions to the intermediate relay level, � is thee�etive oupling onstant, �z and �� are the atomi pseudo-spin operators.We denote by � the dispersive part of the third-order nonlinearity of theKerr-like medium, with the detuning parameter � = !a � 2!.The initial state of the total atom-�eld system an be written asj  AF(0)i = 1Xn qn j n; ei ; (2)



592 A.-S.F. Obada, M. Abdel-Atywhere the �eld is assumed to be initially in a oherent state where qn =e(��n=2)�n=pn!; � =j � j ei� and �n =j � j2 is the mean photon numberof the oherent �eld. However, at any time t > 0 the atom-�eld state isdesribed by the entangled statej  (t)i = 1Xn �An(t) j n; ei+Bn(t) j n+ 2; gi� ; (3)where the oe�ients An(t) and Bn(t) are given byAn(t) = qne�i�tGn�os �tFn � iWn sin�tFnFn � ; (4)Bn(t) = �iqnVne�i�tGn sin�tFnFn ; (5)Gn = [n+ r2(n+ 2)℄=2r + �n2=� ; (6)Fn = pW 2n + V 2n ; (7)Wn = �=2�+ [n� r2(n+ 2)℄=2r � �n=� ; (8)r = p�1=�2; Vn =p(n+ 1)(n+ 2) : (9)With the wave funtion j  (t)i alulated, any property related to theatom or the �eld an be alulated. The redued density matrix of the �eldof the system an be written as �f (t) = Tratomj  (t)ih (t) j,�f (t) = 1Xn;m=0[An(t)A�m(t) j nihm j +Bn(t)B�m(t)� j n+ 2ihm+ 2 j=j CihC j + j SihS j ; (10)where j Ci = 1Xn=0An(t) j ni; j Si = 1Xn=0Bn(t) j n+ 2i :Employing the redued �eld density operator given by Eq. (10), we in-vestigate the properties of the entropy. The quantum dynamis desribedby the Hamiltonian (1) leads to an entanglement between the �eld and theatom. In this paper, we use the �eld entropy as a measurement of the degreeof entanglement between the �eld and the atom of the system under on-sideration. In order to derive a alulation formalism of the �eld entropy,we must obtain the eigenvalues and eigenstates of the redued �eld densityoperator given by Eq. (10). Knight and o-workers [4℄ have developed ageneral method to alulate the various �eld eigenstates in a simple way. By



In�uene of the Stark Shift and... 593using this method we obtain the eigenvalues and eigenstates of the redueddensity operator, ��f (t) = hC j Ci � exp[��℄ j hC j Si j= hS j Si � exp[��℄ j hC j Si j ; (11)j  �f (t)i = 1q2��f (t) osh(�)fexp[(i�� �)=2℄ j Ci� exp[�(i�� �)=2℄ j Sig ; (12)where � = sinh�1�hC j Ci � hS j Si2 j hC j Si j �: (13)We an express the �eld entropy Sf (t) in terms of the eigenvalue ��f (t) ofthe redued �eld density operator,Sf (t) = �[�+f (t) ln�+f (t) + ��f (t) ln��f (t)℄: (14)It does not appear possible to express the sums in equation (10) in losedform, but for not too large �n, diret numerial evaluations an be performed.In what follows we shall onsider the e�et of both Kerr and Stark shift ondynamial behavior of the �eld entropy and entanglement of the system fortwo-photon proesses. 3. Results of alulationsOn the basis of the analytial solution presented in the previous setion,we shall examine the temporal evolution of the �eld entropy. It should beemphasized that in omputing all in�nite series for the atomi wave funtion (t), we have invoked mathematially sound trunation riteria. To ensurean exellent auray the behavior of the �eld entropy funtion Sf (t) hasbeen determined with great preision. For regions exhibiting strong �utu-ation a resolution of 103 point per unit of time has been employed. For allour plots the initial ondition has been hosen, with oherene parameter �real. Its square is equal to the mean photon number. We reall that timet has been saled; one unit of time is given by the inverse of the ouplingonstant �.We display the evolution of the �eld entropy for the initial oherent �eldwith the absene of both Stark and Kerr-like medium. In our omputations,
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Fig. 1. The evolution of the �eld entropy in the two-photon proess with the inten-sity of the initial oherent �eld equal to �n = 25, and for di�erent values of Starkshift parameter r =p�1=�2; where (a) � r = 0, (b) � r = 1 and () � r = 5.we have taken �n = 25. It is remarkable that the �eld entropy evolves periodi-ally and in this ase for the two-photon proess is rather di�erent omparedwith the one-photon ase [4℄. As seen from Fig. 1(a) in two-photon proessentropy is a periodi funtion of time and the half of the revival time the�eld entropy reahes its maximum(in the ase of the one-photon entropy is



In�uene of the Stark Shift and... 595minimized at the half of the revival time and its behavior is rather irreg-ular). Also, we show that the �eld entropy Sf (t) evolved at periods �=�,when �t = n�(n = 0; 1; 2; 3; :::), the �eld entropy evolves to the minimumvalues and the �eld is ompletely disentangled from the atom, while when�t = (n+ 12)� the �eld entropy evolves to the maximum value and the �eld isstrongly entangled with the atom. From Fig. 1(b) we show the e�et of Starkshift parameter r = 1(�1 = �2), whih orresponds to the ase in whih thetwo levels of the atom are equally strongly oupled with the intermediaterelay level. By omparing Fig. 1(a) and Fig. 1(b), we see that the evolutionof the entropy is almost similar for both ases. This may be interpreted asfollows. First, physially, this result orresponds to the fat that the Starkshift reates an e�etive intensity dependent detuning �N = �2 � �1[22℄.When r = 1; i :e: �N = 0, in this ase, the Stark shift does not a�et thetime evolution of the �eld entropy. Seond, using an algebrai analysis inthe high-�eld limit �n >> 1 (here �n = 25 ), the Poissonian distribution ofthe oherent state in the j ni representation means that the dominant on-tributions from qn arise from n ' �n >> 1, and we an expand Fn whihappears in Eq. (7) in powers of n�1, thus, to order n0, Fn = �(n + 32). Onthe other hand, if the Stark shift is ignored, we will get the same expressionfor Fn = �(n + 32). In Fig. 1(), we show the ase in whih the two levelshave unequal Stark shifts (r > 1, in Fig. 1(), r = 5). We see that the Starkshift leads to a dereasing of the values of the maximum �eld entropy andthe evolution period of the �eld entropy dereases with the parameter r.To visualize the in�uene of the Kerr-like medium in the �eld entropywe set di�erent values of �=�, and all the other parameters are the sameas in Fig. 1. The outome is presented in Fig. 2. One an distinguishbetween two stages of evolution, eah of whih has been pitured separately.We show that weak nonlinear interation of the Kerr-like medium with the�eld mode leads to inreasing values of the minimum entropy and of thesustainment time of the maximum entropy. In this ase, the �eld and theatom almost retain a strong entanglement in the time evolution proess.With the inrease of the nonlinear interation of the Kerr-like medium with�eld mode, the value of the maximum �eld entropy begins to derease. Inthis ase the degree of entanglement between the �eld and the atom redues.We note that the amplitude of the �eld entropy derease as �=� inrease. Itis evident that the �eld and the atom are in pure states when the Kerr-likee�et inreases. This result orresponds to the fat that in the limit forthe very strong nonlinear interation of the Kerr-like medium with the �eldmode, the �eld and the atom are almost deoupled and the time evolutionof the �eld is governed by the Hamiltonian He� ' �ây2â2, whih preservesthe �eld entropy's tending to zero.
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Fig. 2. The evolution of the �eld entropy in the two-photon proess with the inten-sity of the initial oherent �eld equal to �n = 25, r = 0 and for di�erent values of theKerr-like medium parameter �=�; where (a) � �=� = 0:01, (b) � �� �=� = 0:1,and ()��� �=� = 0:5.
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Fig. 3. The evolution of the �eld entropy in the two-photon proess with the in-tensity of the initial oherent �eld equal to �n = 25, �=� = 0:01; and for di�erentvalues of Stark shift parameter (a) � r = 0:2, (b) � r = 1 and () � r = 5.It is to be remarked that Stark interation behaves like the limitingase of the Kerr interation. This may be understood in the following way:the Kerr interation produes two separate e�ets, (a) a Kerr one, whihsplits the �eld in phase spae, produing a Shrödinger at [21℄, and (b) aStark interation with the �eld in a at state. The atom-�eld interationwhen the �eld is initially in a at state has been shown to be less pure



598 A.-S.F. Obada, M. Abdel-Atythan for the �eld in a oherent state. It has been shown that taking intoaount Stark shifts in the atom-�eld interation agress with experimentalresults of miromasers [24℄. Suh as shifted transition lineshapes and thoseasymmetrially distorted. When we further take the Kerr-like medium e�etthrough the parameter �=�, it is to be remarked that the amplitude of the�eld entropy Sf (t) dereases as the Stark shift parameter r inrease. Theexistene of the Kerr nonlinearity adds irregularity to the �eld entropy. It isevident that the �eld and the atom are in the disentangled pure state whenr inrease further see Fig. 3.In onlusion, we have studied the �eld entropy and the entanglement ofa oherent �eld interating with a two-level atom when the dipole forbiddentransition is replaed by a two-photon one. We onsider the degenerate ase,in whih pairs of photons with the same frequeny are reated or absorbedtaking into aount the presene of the Stark shift and the Kerr-like medium.For small values of the Kerr-like medium, an inrease of the sustainment timeof the maximum �eld entropy, and strong entanglement of the �eld with theatom, while for large values, it results in a derease of the �eld entropy, andthe �eld is disentangled from the atom during the time evolution. On theother hand, the maximum �eld entropy and the atom-�eld entanglement areredued as the Stark shift parameter r is dereased. The periodiity shownin the �eld entropy with Stark shift is no longer present one Kerr e�et isadded.One of us (M. A.) would like to thank Professor P. Lambropoulos forthe hospitality extended to him at the Max-Plank-Institut für Quantenoptikand for valuable omments. We are indebted to Professors G.S. Agrawal andH. Walther for many valuable disussions.REFERENCES[1℄ A. Catiha, Phys. Lett. A244, 13 (1998); Phys. Rev. A57, 1572 (1998).[2℄ S.J.D. Phoenix, P.L. Knight, Phys. Rev. A44, 6023 (1991).[3℄ S.J.D. Phoenix, P.L. Knight, Phys. Rev. Lett. 66, 2833 (1991).[4℄ S.J.D. Phoenix, P.L. Knight, Ann. Phys. (NY) 186, 381 (1988).[5℄ J. Gea-Banalohe, Phys. Rev. Lett. 65, 3385 (1990); Phys. Rev. A44, 5913(1991); Opt. Commun. 88, 531 (1992).[6℄ M. Orszag, J.C. Retamal, C. Savedra, Phys. Rev. A45, 2118 (1992).[7℄ P. Sarkar, S. Adhikari, S.P. Bhattabaryya, Chem. Phys. 215, 309 (1997).[8℄ F. Farhadmotamed, A.J. van Wonderen, K. Lendi, J. Phys. A 31, 3395 (1998).[9℄ M.F. Fang, H.E. Liu, Phys. Lett. A200, 250 (1995).
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