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ENTROPY IN CLUSTER ANALYSISOF SINGLE EVENTS IN HEAVY ION COLLISIONSK. Fiaªkowski and R. WitM. Smolu
howski Institute of Physi
s, Jagellonian UniversityReymonta 4, 30-059 Kraków, Polande-mail: uffialko�thris
.if.uj.edu.ple-mail: wit�thris
.if.uj.edu.pl(Re
eived January 13, 2000)We analyse the 
luster stru
ture of the �nal multihadron states resultingfrom heavy ion 
ollisions using the 
on
ept of Jaynes�Shannon entropy.Further eviden
e for an interesting di�erentiation of events is provided.PACS numbers: 13.90.+i, 25.70.�z1. Introdu
tionThe analysis of the KLM 
ollaboration data [1℄ for Pb(158 GeV/nu
leon)�Ag/Br 
ollisions indi
ated the existen
e of events with �strong dynami
al�u
tuations�. The use of fa
torial moments as a tool for preliminary sele
tionof events was suggested. In our previous paper [2℄ we analyzed the 
lusterstru
ture of events resulting from the heavy ion 
ollision data and fromthe Monte Carlo (MC) generators. We investigated the dependen
e of the
luster distributions on the parameter de�ning a 
luster size. The quantitywe worked with was the se
ond s
aled fa
torial moment as a fun
tion ofaveraged multipli
ity n with �two subtra
ted� (i.e. n� 2):~F2 = (n� 2)(n� 3)(n� 2)2 : (1)We gave also a motivation for the 
hoi
e of su
h a dis
rimination tool.In full agreement with the suggestions following from Ref. [1℄ we have foundtwo di�erent patterns in the �rst four published experimental events.
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682 K. Fiaªkowski, R. WitIn this note we would like to present some further analysis 
on
erning thesame subje
t. We again employ the 
luster de�nition used in the pro
edureimplementing the Bose�Einstein (BE) e�e
t in MC [3℄ and in what followsonly 
lusters 
ontaining at least two hadrons are taken into a

ount.As before, we work in a two-dimensional momentum spa
e (�� �) sin
ein the data set [1℄ only the pseudorapidity � and the azimuthal angle � aregiven. As a distan
e measure for 
lustering we useÆ2 = (��)2 + (��)2 (2)whi
h provides also rather stable results under some 
oe�
ient 
hange infront of these two terms de�ning Æ2.In our pro
edure originally ea
h parti
le is 
onsidered as a single 
luster.We �x the value of a �
luster size parameter� " (the upper limit of Æ2, forwhi
h two parti
les are joined into one 
luster) and perform the 
lusteringpro
edure for all pairs of parti
les.Our pro
edure is di�erent from the 
lustering pro
edure applied in [1℄.Details are given in [2℄. Here we would only like to point out that our resultsare signi�
ant if we have a su�
iently large number of 
lusters (with at leasttwo parti
les). This limits the possible range of " values, whi
h must neitherbe too small nor too large. Twenty values of " ("i = 0:002 � i) were takenfor ea
h of the events under 
onsideration.Thus for ea
h value of " for a given event we have:� a number of parti
les in ea
h 
luster nk ;� a number of 
lusters with nk > 1, N(") � N(i).Obviously in the following k = 1; . . . ; N("). With this information we mayalso 
al
ulate for subsequent values of " the entropy [4℄S(") = �Xk pk ln(pk) ; (3)where the summation runs over all 
lusters in an event (leaving aside oneparti
le 
lusters). The quantity pk = nk=Pk nk is a probability to �nd aparti
le in the k-th 
luster.As well known, the Jaynes�Shannon entropy introdu
ed in this wayis a good measure of the �amount of un
ertainty� represented by a dis-
rete probability distribution. Therefore one may expe
t that it will help(in a natural way) to distinguish between di�erent heavy ion 
ollision events.Here we do not use in our 
lustering pro
edure the prin
iple of event entropymaximization. A further study of this interesting subje
t is in progress.



Entropy in Cluster Analysis of Single Events : : : 6832. AnalysisWe performed the 
lustering pro
edure for:� the �random events� of similar multipli
ities obtained by using a plainuniform random generator of (�; �) points (SERENE events);� the four KLM events presented in [1℄;� the events obtained from the VENUS generator [5℄.We have 
hosen randomly for presentation 5 out of 20 events generatedfor both the SERENE and VENUS 
lasses. The results for 
luster distribu-tion are presented in Figs. 1(a)�3(a).The number of 
lusters for all the SERENE events has a rather broadmaximum for i between 5 and 10 (0:01 < " < 0:02) with the value around200. For VENUS events the maximum o

urs at smaller i and the subsequentde
rease is mu
h faster. Two of the experimental events resemble VENUSevents, the other two are more similar to SERENE events.The striking stru
ture seen in Figs. 1(a)�3(a) appears again if we nowplot (for the same range of ") the entropy de�ned in Eq. (3), as shown inFigs. 1(b)�3(b).The maximum for all the SERENE events is very �at, whereas for all theVENUS events the values of entropy de
rease rather fast for higher valuesof ". The experimental events are again mu
h more di�erentiated. Morequantitative 
omparison of the events is possible if we de�ne for ea
h event� the ratio �
 of the maximal number of 
lusters in ea
h event to the num-ber of 
lusters for the last `bin' in " in this event, 
f. Figs. 1(a)�3(a);� the ratio �s of the maximal value of the entropy in ea
h event to its�last bin� value, 
f. Figs. 1(b)�3(b).The values of these ratios are given in Table I. We 
he
ked that omitting
lusters with only two parti
les we get similar results as shown in Table II,although the number of 
lusters and the values of entropy (espe
ially forsmall values of ") are strongly redu
ed.The values of 
onsidered ratios for all SERENE events are very similar.For VENUS events the values are mu
h bigger and more di�erentiated. Fortwo experimental events we �nd the values similar to those of SERENEevents and for two others the values are more similar to VENUS events.
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Fig. 1. (a) Number of 
lusters for i = 1� 20 ("i = 0:002 � i) for 5 SERENE events.Ea
h symbol 
orresponds to one event. (b) Entropy for 5 SERENE events.
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Fig. 2. (a) Number of 
lusters for 4 experimental events. (b) Entropy for 4 experi-mental events.
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Fig. 3. (a) Number of 
lusters for 5 VENUS events. (b) Entropy for 5 VENUSevents.



Entropy in Cluster Analysis of Single Events : : : 685TABLE IValues of �
 and �s. Number of parti
les in a 
luster > 1SERENE Exper. VENUS�
 �s �
 �s �
 �s2.29 1.37 2.27 1.47 4.27 3.472.32 1.36 2.64 1.52 6.69 5.902.35 1.36 4.12 3.27 4.40 3.402.34 1.38 3.73 2.06 4.47 4.122.69 1.39 7.83 7.01TABLE IIValues of �
 and �s. Number of parti
les in a 
luster > 2SERENE Exper. VENUS�
 �s �
 �s �
 �s1.63 1.27 1.66 1.33 3.20 3.461.73 1.26 1.86 1.37 4.53 5.941.63 1.25 3.48 3.26 3.52 3.401.65 1.27 2.82 1.93 3.81 4.501.95 1.28 7.00 7.543. Con
lusionsComparing the results presented in Fig. 1 and Fig. 2 and the numbersgiven in Table I and Table II we may 
on
lude that:� all the SERENE events follow one (�quiet�) pattern, where the fall ofthe number of 
lusters and entropy from its maximal value is ratherslow; the broad entropy distribution re�e
ts the randomness of theseevents' stru
ture;� on the 
ontrary, all the VENUS events exhibit a 
ompletely di�erentbehaviour; the majority of parti
les goes into one or a few 
lusters forlarger values of ", whi
h results in a fast fall of the number of 
lustersand entropy;� two of the experimental events (the same as in Ref. [1℄ and Ref. [2℄) areSERENE like, the other two resemble more the VENUS like pattern.Thus, using a slightly di�erent language, we 
on�rmed our previous re-sults [2℄. The events from data seem to be more di�erentiated than those



686 K. Fiaªkowski, R. Witfrom the generators. Data with full momentum measurements and parti-
le identi�
ation would be of great help in further analysis, improving ourunderstanding of multiple produ
tion in heavy ion 
ollisions.We used the data kindly provided to us by B. Wosiek (Ref. [1℄) and thedata prepared from the �VENUS� generator. An interesting 
onversationwith P. Bogu± 
on
erning the appli
ation of the J�S entropy in medi
al databases should be noti
ed. The �nan
ial support of KBN grants # 2 P03B086 14 and # 2P03B 010 15 is gratefully a
knowledged. One of us (RW) isgrateful for a partial �nan
ial support by the KBN grant # 2 P03B 019 17.REFERENCES[1℄ M.L. Cherry et al. (KLM Collaboration), A
ta Phys. Pol. B29, 2129 (1998).[2℄ K. Fiaªkowski, R. Wit, A
ta Phys. Pol. B30, 2759 (1999).[3℄ K. Fiaªkowski, R. Wit, J. Wosiek, Phys. Rev. D58, 094013 (1998).[4℄ E.T. Jaynes, Phys. Rev. 106, 620 (1957).[5℄ K. Werner, Phys. Rep. 232, 87 (1995).


