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STRUCTURES AND CORRELATIONS IN IDEALLYALIGNED POLAR GAY�BERNE SYSTEMS�Leh Longaa;b, Grzegorz Cholewiaka and Joahim StelzeraaInstitute of Physis, Jagellonian UniversityReymonta 4, 30-059 Kraków, PolandbInternational Centre of Condensed Matter Physis, Universidade de BrasiliaCampus Universitário Dary Ribeiro�CP 04513�CEP 70919-970Brasilia-DF, Brazil(Reeived January 24, 2000)We study an ideally oriented system of Gay�Berne partiles with em-bedded longitudinal dipole moments. While keeping the translational de-grees of freedom of the moleules unrestrited we assume that their dipolesan be oriented either parallel or antiparallel to the positive z axis of thelaboratory frame. At high temperatures, this frustrated Gay�Berne meso-gen exhibits an ideally oriented nemati phase, whih is the referene stateof the system. In the limit of vanishing dipole moment nemati, smeti-Aand smeti B phases are stable. Interestingly, by hanging the magni-tude and loation of the moleular dipole in the nemati referene state wefound dipole-indued smeti A, smeti B and tetragonal rystal phases,in addition to rystalline strutures with smeti Ad and A2-like dipolarorganization. Various singlet, pair and triplet distribution funtions wereevaluated to eluidate short and long range organization in these phases. Inpartiular, the importane of triplet orrelations for a proper understandingof the strutures and their loal, dipolar organization is demonstrated.PACS numbers: 61.30.Cz, 61.30.�v, 05.70.Ce, 02.70.Lq1. IntrodutionThe relationship between the moleular interations and the relative sta-bility of the orresponding liquid rystalline phases is very intriguing and notyet fully understood. While it is widely aepted that shape anisotropy isa primary moleular ingredient to the formation of liquid rystals, experi-ments and theory indiate that the presene of dipolar groups ould a�et� The work reported here was presented at the 17th International Liquid Crystal Con-ferene, Strasbourg, Frane, July 19-24, 1998.(801)



802 L. Longa, G. Cholewiak, J. Stelzernot only the relative stability and the range of the various liquid rystallinephases, but also their symmetry [1, 2℄. Evident examples are the smeti Aphases, whih are stabilized in systems with strong longitudinal dipole mo-ments [1�4℄. Their layer spaing ranges from l to 2l. The most frequentlyobserved among them is the Ad phase in whih the layer spaing is typially1:4 l, where l is the moleular length. Another one is the so alled bilayerA2 phase with layer spaing equal to 2l, where eah layer onsists of twopolarized sublayers with opposite diretion of the dipoles. Also very inter-esting is the ~A struture, often referred to as antiphase. It is built fromA2-like domains, whih are arranged in a 2D entered retangular lattie.The polarization of a single sublayer vanishes in this ase.The observation of the rih smeti A polymorphism inspired severaltheoretial studies whih sought to explain the preise r�le dipolar foresan play in stabilizing polar smetis [4℄ and, in general, liquid rystallinephases [5, 6℄. In spite of the valuable insights gained the progress has beenslow. This is, to a large extent, due to an oversimpli�ed treatment of theeletri dipole interation, espeially by density funtional theories, wheremost often only two-body ontributions have been onsidered [5℄. Suhapproah disregards the frustration e�et [4℄, whih ould only be aountedfor by inluding higher than binary orrelations (see e.g. disussion in [6,7℄).More spei�ally, two longitudinal dipole moments attain the energet-ially most stable on�guration in an antiparallel arrangement, whih isonsistent with two-body theories that support strong short-range antifer-roeletri orrelations in polar liquids. But when we onsider a third dipoleapproahing the other two dipoles, we note that it does not �nd any favor-able orientation. Namely, if it is antiparallel to one it must be parallel to theother, whih is the energetially least stable on�guration for two dipoles.We say that it beomes frustrated. Hene an ensemble of dipoles in a �uidstate seeks for an optimal arrangement, whih usually is di�erent from thatditated by a two-body analysis [4℄.A diret and reliable way to aount for many-body orrelations induedby dipolar fores are omputer simulations. They provide a valuable tool toinvestigate liquid rystalline ordering arriving from partiular moleular in-terations. To estimate the e�ets that an result from dipolar interationsit seems of partiular importane to study relatively simple models for whihthe ase of vanishing dipole is well understood. One suh model is repre-sented by dipolar spheroylinders, whih have been studied intensively byomputer simulations [8�13℄. In partiular, it was shown that the smeti Aphase is stabilized with respet to the nemati phase for the systems withentral dipoles, but that terminal dipoles enhane the stability of nematis.Shape anisotropy is only one of the two major moleular fators respon-sible for the existene of liquid rystals. The seond one are the attrative



Aligned Polar Gay�Berne Systems 803fores, whih always exist between real moleules. Hene, to study the e�etof dipole moments on the stability of liquid rystalline phases it seems es-sential that model interations are of the form where both these fators areavailable. One of the potentials ful�lling this ondition and being remark-ably suessful for the omputer modeling of liquid rystalline moleules isthe single site, anisotropi pair potential of Lennard-Jones type, developedby Gay and Berne (GB) [14℄. The potential ontains four parameters, twoof them measuring the anisotropy in shape and interation energy of a pairof uniaxial moleules (see Setion 2). Using moleular dynamis and MonteCarlo tehniques a rih phase behaviour of the four-parameter Gay�Bernehomologues has been found [15�21℄. For example, with its original set ofparameters the Gay�Berne system stabilizes isotropi, nemati and sme-ti B phases [17℄. The observed phases and the phase transitions betweenthem resemble those found for real mesogens. In view of this suess theoriginal Gey�Berne potential has been developed further to inlude biaxial-ity [22℄, �exibility [23℄, more omplex moleules omposed of a olletion ofGay�Berne sites [24℄ and dipolar fores [25�32℄.As onerning the polar GB potentials some numerial results have beeno�ered. Satoh et al. [25�27℄ have arried out Monte Carlo simulations of256 Gay�Berne moleules with entral and terminal, longitudinal dipole mo-ments. With anonial NV T ensemble (onstant number of partiles, vol-ume and temperature) and the reation �eld method [33,34℄ to treat dipolarinterations they observed the formation of isotropi, nemati, smeti andrystalline phases. For entral dipoles [25℄ they found that the isotropi�nemati transition temperature is not sensitive to the strength of the dipolemoment, whereas the nemati�smeti A phase transition is slightly shiftedto higher temperatures as the strength of dipole moment is inreased.For terminal dipoles [26℄ the transition temperature from the isotropito the nemati phase is shifted towards higher temperatures and the tem-perature range of the nemati phase is broadened with inreasing dipolemoment. Additionally, for strong dipole moments a tetragonal rystallinestruture is observed [27℄. In view of relatively small system size and lakof test on the r�le of boundary onditions these preditions, espeially forsmeti and solid phases, should be regarded as preliminary. Note that thesystem size dependene was seen for dipolar hard-ore systems when thenumber of partiles was less than 512 [35℄.Houssa et al. [28℄ have studied dipolar GB systems with original values ofthe GB parameters [14,17℄ at redued temperature T � = 1:25, again utilizingthe reation �eld method. The systems ontained 256 moleules with axialdipole moments loated at the entre of the moleule. Though the numberof moleules also was omparably small, they partly ompensated this byperforming onstant pressure NPT Monte Carlo simulations. They found



804 L. Longa, G. Cholewiak, J. Stelzeronly an isotropi�smeti B transition, whereas in the absene of dipolarinterations the system has isotropi, nemati and smeti B phases at thesame temperature. In their most reent studies [29℄ they extended simu-lations to determine phase diagrams and the struture of the mesophases.The latter was inferred from a set of redued singlet and pair distributionfuntions.Very interesting strutures were found by Berardi et al. [30℄. They haveused NV T Monte Carlo simulations to study large polar GB systems (N =1000 and N = 8000 moleules), also with entral and terminal longitudinaldipole moments. The energy of dipolar interations has been alulatedwith the help of an alternative method, the Ewald summation tehnique [34,36℄. They showed that monolayer smeti A liquid rystals and modulatedsmeti ~A domains ould be stabilized in both ases. The moleules in thesmeti phases were almost perfetly aligned.In our alulations we performed anonial (NV T ) Monte Carlo simula-tions for relatively large systems of N = 648 GB moleules with embeddedlongitudinal dipole moments (some tests were performed for N = 2592).The dipolar energy was alulated with the help of very reliable, but timeonsuming Ewald summation tehnique. We investigated the in�uene ofthe dipole strength and the dipole loation in the moleule on the formationof smeti A and higher ordered phases, and studied dipolar orrelations inthese phases. In partiular, a very aurate information about the stru-ture of the mesophases and the way system deals with frustration has beenprovided by analysing triplet distribution funtions. These funtions werealulated together with singlet- and pair-distributions.As the Ewald tehnique requires enormous omputing time we simpli�edthe model by assuming an ideal nemati order. That is, we onsidered onlytranslational and dipole �ip MC moves, whih should be aurate enough toanalyze polar strutures that our on the bakground of nemati ordering.Indeed, for polar GB mesogens the orientational order in suh phases wasfound to be very high [30℄. This simpli�ation was also neessary to get alear piture of short range dipolar orrelations, espeially triplet ones.Summarizing, the objetives of the present studies are the following:First to onsider in detail the relation between the strength and position ofthe longitudinal dipole moment on the formation of mesophases. Not onlyentral and terminal, but also intermediate positions of the dipoles are on-sidered. Seondly, to take are of a possible dependene on system size andsimulation box geometry, and to use very aurate Ewald summation teh-nique for dipolar interations. Finally, to provide a detailed haraterizationof the phases in terms of singlet, pair and triplet distribution funtions.We should mention that due to the presene of frustration e�et thetriplet orrelations are of partiular importane for a proper understanding



Aligned Polar Gay�Berne Systems 805of dipolar organization in liquid rystals [6℄. Yet, they have not been studiedfor liquid rystals. The only papers dealing with triplet orrelations weare aware of are those by MNeil et al. [37℄ and Fushiki [38℄ for Lennard�Jones �uids of spherially symmetri partiles. While, in general, tripletorrelations are extremely di�ult to analyze, it will be demonstrated thatthe problem is feasible for the ase of ideal orientational order.The present paper is arranged as follows. In Setion 2, we de�ne themodel and give essential details of the Monte Carlo simulations. The distri-bution funtions are introdued in Setion 3, while the results of the sim-ulations and the struture analysis are presented in Setion 4. Setion 5 isdevoted to a summary and some �nal onlusions.2. Model and simulation methodWe onsider prolate uniaxial moleules with point dipole moments par-allel to the long moleular axis. The intermoleular pair potential is hosento take the form of an anisotropi single site ontinuous potential,V = VGB + Vdd; (1)where VGB is the Gay�Berne (GB) potential [14℄ and Vdd represents thedipole-dipole interation. The GB potential is a generalization of the stan-dard 12�6 Lennard-Jones potential to moleules of uniaxial symmetry. Itdepends on the unit vetors êi and êj desribing the orientations of a pair ofmoleules and on the separation vetor r = ri � rj of their enters of massri and rj . The detailed expressions areVGB(êi; êj; r) = 4 �(êi; êj ; r̂) �R�12 �R�6� ; (2)where R = [r � �(êi; êj ; r̂) + �0℄�0 : (3)Here r = jrj is the length of the separation vetor and r̂ = r=r is itsorientation.The orientation dependent moleular shape parameter � and the energyparameter � are de�ned by the following set of equations:�(êi; êj ; r̂) = �0 �1� 12 � �(r̂ � êi + r̂ � êj)21 + � (êi � êj) + (r̂ � êi � r̂ � êj)21� � (êi � êj) ���1=2 ;(4)�(êi; êj ; r̂) = ��(êi; êj) �0�(êi; êj ; r̂) ; (5)and �(êi; êj) = �0 �1� �2 (êi � êj)2��1=2 ; (6)



806 L. Longa, G. Cholewiak, J. Stelzer�0(êi; êj ; r̂) = 1� 12 �0 �(r̂ � êi + r̂ � êj)21 + �0 (êi � êj) + (r̂ � êi � r̂ � êj)21� �0 (êi � êj) � : (7)The parameters � and �0 are related to the length-to-breadth ratio � and po-tential well depths ratio �0 for the side-to-side and end-to-end arrangements.They read � = �2 � 1�2 + 1 ; �0 = �01=� � 1�01=� + 1 : (8)As already disussed in the previous setion this generi potential desribesquite well liquid rystal formation in thermotropi materials [15�21℄.Among the ases analysed the original GB model [14℄, de�ned by � = 3,�0 = 5, � = 2 and � = 1, is the one most thoroughly studied [15�17℄.Its potential energy ontours for the long moleular axes parallel to eahother are shown in Figure 1(a). Obviously, the potential prefers a side-to-side arrangement of the pair of moleules whih, in turn, promotes liquidrystallinity. The length-to-breadth ratio is 3:1, as the value of � suggests,and this seems to be the minimum value that is found experimentally formoleules forming liquid rystals. The omplete phase diagram for thismodel is found in [17℄. It is partiularly simple, revealing only vapour,isotropi liquid, nemati and smeti B phases.We have investigated a generalized version of this model by adding to theGB potential in Eq. (2) a point dipolar interation Vdd due to a permanentdipole moment �,Vdd(r;�i;�j) = �i ��j � 3(�i ��̂)(�j ��̂)�3 ; (9)where � = r + d (êi � êj) is the relative position of the dipole moments oftwo moleules. In the present studies the diretion of the dipole momentis assumed to oinide with the long moleular axis (�i = � êi), whereasits loation on the moleular axis is given by a parameter d, whih denotesthe distane of the dipole from the moleular enter. Modi�ations of thepotential energy ontours due to the presene of the dipole moments areshown in Figs. 1(b)�(d).We have performed extensive NV T Monte Carlo simulations [34℄ of asystem of N = 648 moleules on�ned to a tetragonal box and subjet toperiodi boundary onditions and minimum image onvention [34℄. Sometesting runs have been arried out for N = 2592 moleules. The parti-les were assumed to interat aording to the polar GB potential, Eq. (1),where the strength � and position d of the dipole moment were treated asparameters. The GB potential was ut at rut = 4:0�0 and shifted.Our primary objetive was to investigate in a systemati way the in-�uene of dipolar fores on the formation of orientationally and spatially
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Fig. 1. The potential energy ontours alulated for a pair of Gay�Berne partileswith embedded longitudinal dipole moments. The moleules are assumed to beparallel to the z axis of the laboratory frame. The ontours are parametrized bythe strength, the position and the orientation (indiated by arrows) of the dipolemoments: (a) � �� = 0; (b) � �� = 2:5, d� - arbitrary, "" dipole on�guration;() � �� = 2:5, d� = 0, "# dipole on�guration; (d) � �� = 2:5, d� = 0:75, "#dipole on�guration. The innermost ontours orrespond to potential energy 2.0and the other ontours are for values of the saled potential energy dereasing insteps of 0.25. In this �gure and in all �gures that follow quantities with asteriskare given in redued units introdued in the Appendix A.ordered liquid rystalline phases, like orthogonal smeti phases. As theorientational order parameter in the smeti phases of the polar GB systemis known to be lose to its saturation value of 1.0 [30℄, we assumed an idealnemati order approximation. This means that all moleular long axes were�xed parallel to the diretor, whih oinided with the ẑ axis. Althoughthe orientations were frozen, the moleules still preserved all translationaldegrees of freedom and their dipole moments were allowed to �ip, as in theIsing model. Therefore in our simulations a Monte Carlo attempted moveonsisted of shifting the enter of mass of a partile or �ipping its dipole.The step size [Æx; Æy; Æz℄ for the enter of mass move was �xed suh that



808 L. Longa, G. Cholewiak, J. Stelzeroverall aeptane ratio did not exeed 40%. The initial on�guration foreah run was taken to be (a) a hexagonal lattie of ideally oriented moleuleswith randomly distributed dipoles, (b) a translationally disordered ideal ne-mati on�guration and, most frequently, () the �nal on�guration of aMonte Carlo simulation at slightly di�erent values for the strength and lo-ation of the dipole moment. The system was relaxed to equilibrium untilthe on�gurational energy and distribution funtions showed no systematihanges with the MC steps (usually between 4�104 and 105 yles). Tests forabout 5 �105 yles were also performed oasionally. After the equilibrationproess the system was further simulated for an additional 105 MC yles,and every tenth yle the on�guration was saved for a subsequent analysisof distribution funtions.In simulations dipole-dipole interations require a speial treatment dueto their long range. Here the energy of the dipolar interations was al-ulated using the Ewald summation tehnique [34, 36℄ with tin foil bound-ary onditions haraterized by a dieletri onstant � = 1. This is thestandard hoie in this type of alulations and it represents a vauumsurrounding the system at large distanes. The hoie of the boundaryonditions may have signi�ant in�uene on the results (e.g. ondutingvs. vauum boundary onditions [11℄). Detailed expressions onerning theEwald sum are listed in Appendix B. The onvergene parameter  wastaken 5:75=Lmin, where Lmin = min(Lx; Ly; Lz) and Lx; Ly; Lz denote thedimensions of the simulation box. With this hoie of  the real spae partof the Ewald sum an be limited to the entral box and the Fourier spaepart may be restrited to vetors k = (2�nx=Lx; 2�ny=Ly; 2�nz=Lz) suhthat jnj =qn2x + n2y + n2z � 6.During the simulations the density and the temperature were �xed tothe values �� = 0:335 and T � = 2:8, respetively, where all quantities areexpressed in redued units de�ned in Appendix A. This hoie of the tem-perature orresponds in our model to a stable nemati state in the abseneof dipoles. Some additional runs have been performed for T � = 2.Calulations for various dipole strengths and loations were performed.We onsidered three di�erent values of the dipole moment: ��=1:5; 2:0; 2:5.In the �rst simulation, the dipole moments were assumed to vanish, thus pro-viding the nonpolar referene system. For nonzero values of �� the dipolewas positioned at d� = 0; 0:75 and 1, relative to the enter of the moleule.Thus, the �rst and the last ase orrespond to entral and (nearly) termi-nal dipoles, respetively. For the intermediate value of d� the dipole waspositioned half way between the enter and end of the moleule. However,please be aware of the fat that the moleular length is not preisely de�nedfor soft interations. Atually, if we de�ne the moleular shape as one orre-



Aligned Polar Gay�Berne Systems 809sponding to zero energy ontour for a pair of moleules with their long axesparallel to eah other then the moleules studied here are of length 3.Still a few omments onerning Monte Carlo simulations with dipolarinterations seems in plae. First of all, for relatively large systems theomputational requirements are enormous as ompared to the ase withshort range interations. This is due to the very reliable, but time onsumingEwald proedure [11, 36℄. Very reently Houssa et al. [28, 29℄ argued thatthe Ewald method ould safely be replaed by the reation �eld method,the latter being muh less omputer time demanding. They provided someheks for states with dipolar disorder. However, we are not aware of anysuh studies for strutures with long range dipolar ordering and thereforewe prefer to use the Ewald method.Finally, a onstant volume simulation is not the best hoie to studystrutures with translational order. It may happen, espeially for smallsystems, that the atual equilibrium struture does not �t to the assumedsimulation box [28℄. This problem an be avoided when allowing the boxvolume to �utuate, whih is realized in pratie in isothermal-isobari oronstant pressure (NPT ) Monte Carlo simulations. Although this ouldreadily be done the presene of the long-range potential auses that thek-vetors of the Ewald summation and the term exp(�k2=42)k2 entering theexpressions, (see Appendix B), must be realulated for eah new simulationbox, whih, in turn onsiderably extends the simulation time. For this reasonwe limited ourselves to the NV T MC sheme. In order to hek againstthe dependene of the results on the simulation box, some trial runs withN = 2592 moleules have been arried out. Additionally, the dimensions ofthe simulation box (with partiles inside) were resaled subjet to onstantdensity, whih guaranteed better adjustment of the resulting strutures.3. Struture of the phasesAll simulations were performed for those state points of the phase di-agram where the restrited GB potential stabilizes a nemati phase. Theremaining stable phase of the ideally oriented GB we have found for ourparameters is smeti B. Thus, any stabilization of other smeti or rys-tal phases must be attributed to the dipolar interations. The equilibriumstruture of the emerging phases an be quanti�ed by the probability den-sities for �nding one, two, three, or more moleules at spei�ed loationand orientation in phase spae. These probabilities an be extrated fromthe simulation data. Here we restrit ourselves to singlet, pair and tripletdistribution funtions.



810 L. Longa, G. Cholewiak, J. Stelzer3.1. Singlet distribution funtionThe simplest of the distribution funtions is the longitudinal singletdistribution [20℄. It allows to study smeti ordering along the diretor.More spei�ally, we de�ne the longitudinal one-partile distribution fun-tion P (s; z) for the ideal nemati order approximation asP (s; z) = LzN * NXi=1 Æs;si Æ(z � zi)+ = 12 hg(1)(z) + s �(1)(z)i ; (10)where s = �1, si = �1 (�i = � êi, ei = si ẑ).In the expression (10) we introdued the pro�le of the partile densityg(1)(z) and the pro�le of the dipole density �(1)(z), both measured along thesmeti layer normal, i.e., parallel to the ẑ axis. They readg(1)(z) = LzN * NXi=1 Æ(z � zi)+ ; (11)�(1)(z) = LzN * NXi=1 si Æ(z � zi)+ : (12)Additionally, we introdue smeti and dipolar order parameters. Theirde�nitions follow from the Fourier expansion of P (s; z) and are given byP (s; z) = 1 + 2 Xn=0 �2n+1 s os [(2n+ 1)qz℄ + 2 Xn=1 �2n os (2nqz) : (13)In (13) q = �l is the wavelength of the smeti struture, l being the layerspaing. The Fourier amplitudes �2n and �2n+1 are the smeti order param-eters and dipolar order parameters, respetively. For the strutures emergingfrom the simulations we evaluate only the leading, lowest order amplitudes�1 and �2. They are determined from the magnitude of the main peaks inthe Fourier transformations of partile density (11) and dipole density (12),respetively, and are evaluated as averages, independent of the system offrame, �1 = Maxflg jhs exp(�iz=l)ij ; (14)�2 = Maxflg jhexp(2�iz=l)ij : (15)The same proedure an be used to �nd higher order amplitudes of thesinglet distribution funtion (10).



Aligned Polar Gay�Berne Systems 811Long range positional order in smeti planes an be probed with thehelp of the in-plane one-partile distribution, de�ned asP?(s; r?) = 1 +X�k 1qN�k [�?(�k) + �?(�k) s ℄ Xk2�k eik � r?; (16)where the set �k of the two-dimensional wave vetors k of the same moduliis taken from the reiproal lattie representing in-plane symmetry (i.e. thesymmetry of a two-dimensional ut perpendiular to ẑ) and N�k denotesthe number of k vetors in �k. Note that some of the amplitudes �?(�k)may vanish. As an example, to be disussed in detail in the present pa-per, onsider the nonpolar rystalline smeti B struture. In this ase thein-plane symmetry is that of the triangular lattie and the leading order pa-rameter �?(�k) � �? is assoiated with the following set �k of six k vetors:k1= 1a h�x̂�p33 ŷi, k2= p33a ŷ, k3= 1a hx̂�p33 ŷi, k4 = �k1, k5=�k2and k6 = �k3. Here a is the lattie spaing, x̂ is the unit vetor along thex axis and ŷ is the unit vetor along the y axis. Again �? an be evaluatedas an average, independent of the system of frame,�? = Maxfa; g ������ 6X�=1hexp (ik��(R( )r?))i������ ; (17)where R( ) is a global rotation about the z axis by angle  .3.2. Pair distribution funtionThe general pair distribution funtion [39℄ of a liquid rystal phase om-posed of uniaxial rigid moleules is a omplex quantity, both to alulateand to represent graphially (see e.g. [20℄ and referenes therein). However,the situation is onsiderably simpli�ed for ideal nemati order. In this asethe pair distribution funtion g(2) of polar liquid rystals an be introduedin many equivalent ways asg(2) � g(2)(r; s1ẑ; s2ẑ) = VN2 *Xi Xj 6=i Æs1siÆs2sjÆ(r � ri + rj)+� g(2)(r?; �; z; s1s2) (18)



812 L. Longa, G. Cholewiak, J. Stelzer= VN2r?*Xi Xj 6=iÆs1siÆs2sjÆ(r?�jri�rj j?)Æ(� � j�i��j j)Æ(z � zi + zj)+= g(2)(r; r̂ � ẑ ; s1s2) =XL 2L+ 12 g(2)L (r; s1s2)PL(os �) ; (19)where PL are Legendre polynomials, � is the angle between the unit vetorr̂ � r̂12 = r12=r12 � r=r and where ẑ, and r?, �, z are the yllindri-al oordinates of r. It gives the probability that one partile with dipoleorientation s1 is separated by a distane r from another with dipole s2 (ir-respetive of their absolute positions), relative to the probability expetedfor a ompletely random distribution at the same density.This distribution gives the exat representation for pair orrelations oftranslationally invariant phases. Also note that the Legendre polynomialexpansion of g(2) is very simple as ompared to the general ase.There are two pair distribution funtions that an be derived from g(2),whih are of partiular importane in exploring the layer struture of a phase.One is the axial pair distribution funtions (APDF), g(2)k (z; s1s2), de�ned asg(2)k (z; s1s2) = LzV 2�Z0 d� 1Z0 r?dr? g(2)(r?; �; z; s1s2)= Lz2N2 *Xi Xj 6=i Æs1si Æs2sj Æ(z � jzi � zj j)+ : (20)It gives the probability of �nding two enters of mass of partiles at a re-solved, relative distane of z along the diretor, and with orientations s1; s2of the moleular dipoles relative to the same probability alulated for anideal gas of partiles at the same density. We alulate g(2)k (z; "") for pairsof moleules with the same dipolar orientations and g(2)k (z; "#) for pairs ofmoleules with their dipoles oriented in opposite diretions, where s = 1 �"and s = �1 �#. From these two funtions we then obtain g(2)k (z) for arbi-trary orientation of the dipoles using relationg(2)k (z) = Xs1;s2 g(2)k (z; s1s2) = 2 g(2)k (z; "") + 2 g(2)k (z; "#); (21)whih follows diretly from the �up-down� symmetry of the Hamiltonian.Similarly, the struture perpendiular to the diretor an be probed withthe Transversal Pair Distribution Funtion (TPDF), g(2)? (r?; s1s2), where r?



Aligned Polar Gay�Berne Systems 813is the separation between the enters of mass of partiles projeted onto aplane orthogonal to ẑ. It is de�ned byg(2)? (r?; s1s2) = 14�D 2�Z0 d� DZ�D dz g(2)(r?; �; z; s1s2)= V4�r?DN2 *Xi Xj 6=i Æs1si Æs2sj Æ(r? � jri � rj j?)�(D � jzi � zj j)+ ;(22)where �(x) denotes the Heaviside step funtion, and where D is a smallparameter (D� � 0:5). Note that we may also regard ri and rj in theEq. (18) as positions of the dipole moments. In this ase we get anotherinteresting TPDF, whih shows the tendeny for the dipoles to gather inplane. So de�ned TPDF is also of interest for polar systems and will bealulated in our simulations.Again, we evaluate g(2)? (r?; "") and g(2)? (r?; "#), for parallel and oppositedipolar orientations, respetively, and g(2)? (r?), for arbitrary orientation ofthe dipoles. The latter funtion is de�ned asg(2)? (r?) = Xs1;s2 g(2)? (r?; s1s2) = 2 g(2)? (r?; "") + 2 g(2)? (r?; "#): (23)Also we have alulated the degree of hexati order by expanding the generalg?(r?) in an angular Fourier seriesg(2)? (r?) � 12DXs1s2 DZ�D g(2)(r; s1ẑ; s2ẑ) = g?(r?)Xn 	6n(r?) exp (i 6n�jk);(24)where r? is equal to the average in-plane nearest neighbour separation and�jk is the angle that the separation vetor rj � rk between neighbouringmoleules j and k makes with the x axis. Then, the leading hexati orderparameter is given by	6 = ������* 1NnnXj X(k;j) exp (i 6�jk)+������ ; (25)where (k; j) denotes summation over moleules j that are the nearest neigh-bours of the moleule k and where Nnn = PjP(k;j) 1. In seleting the



814 L. Longa, G. Cholewiak, J. Stelzernearest neighbours we onsidered moleules separated by r? � Æ with Æ be-ing the distane from r?, where the magnitude g?(r?) of the leading peakof g?(r?) halves. Normalization in (25) is suh that for an ideal triangularlattie 	6 = 1. 3.3. Triplet distribution funtionThe thermodynami properties usually depend not only on singlet andpair distribution funtions but also on higher distributions, in partiular, ontriplet one [39℄, even when the model potential does not ontain diret threebody interations. As argued in Setion 1, the Triplet Distribution (TD)should be of partiular importane for strongly polar liquid rystals, wherefrustration plays an important r�le. Although the TD is straightforwardto evaluate in simulations [39℄ it has not been analysed for liquid rystalsso far. Also results for simpler, spherially symmetri systems, are sare.Atually the only work on ab initio alulation of triplet distributions weare aware of is that of MNeil et al. [37℄, where results for an ordinaryLennard-Jones �uid are reported. This is probably due to the fat thatthe general spherial expansion for the triplet distribution is quite involvedand the alulation of averages is time onsuming. Even for relatively smallsystems the number of triplet on�gurations to be analysed in one yle isquite large. For example, in simulations with N = 648 the number of tripletsequals N(N � 1)(N � 2)=6 = 45139896 (!). Also the visualization of tripletorrelations, even if we manage to ount triplets, is a nontrivial task.For ideally oriented dipolar systems the triplet distribution funtion g(3)is de�ned asg(3) � g(3)(r; r0; s1s2s3) = V 2N3*Xi Xj 6=i Xk 6=j 6=i Æs1siÆs2sjÆs3sk�Æ(r � rj + ri)Æ(r0 � rk + ri)+= V 2r?r0?N3*Xi Xj 6=i Xk 6=j 6=i Æs1siÆs2sjÆs3skÆ(r? � jrj + rij?)�Æ(�� �j + �i)Æ(z � zj + zi)�Æ(r0? � jrk + rij?)Æ(�0 � �k + �i)Æ(z0 � zk + zi)+; (26)where the last part of the formula (26) is given in ylindrial oordinates.Next, we introdue the in-plane part g(3)? of g(3), whih ounts only these



Aligned Polar Gay�Berne Systems 815triplets that lie in planes perpendiular to the diretor and form triangleswhere two of the three sides are r and r0 with � being the angle betweenthem. It readsg(3)? (r?; r0?; �; s1s2s3) = 18�D2 DZ�D dz DZ�D dz0 2�Z0 d� 2�Z0 d�0�Æ(� �Min(j�� �0j; 2� � j�� �0j)) g(3)(r; r0; s1s2s3)= V 28�r?r0?D2N3�Xi Xj 6=i Xk 6=j 6=i Æs1siÆs2sjÆs3sk�Æ(r? � jrj + rij?)Æ(r0? � jrk + rij?)��(D � jzj � zij)�(D � jzk � zij)Æ(� �Min(j�j � �kj; 2� � j�j � �kj))�:(27)To simplify the analysis further we restrit ourselves to triplets formingisoseles triangles. That is, we study the ase when r = r0 in Eq. (27) andintrodue notation g(3)? � g(3)? (r?; r?; �; s1s2s3) � g(3)? (r?; �; s1s2s3). Owingto the nature of the model studied we think that other on�gurations donot ontribute in an essential way to quantitative understanding of tripletorrelations. As for TPDF two ases are onsidered. The �rst one assumesthat the vetors ri, rj, and rk in (26) refer to the enters of mass of themoleules. In the seond ase these vetors are assumed to parametrizepositions of the dipole moments. Thus g(3)? aounts for tendeny of thethree enters of mass or, in the seond ase, of the three dipole momentsto gather in planes perpendiular to the diretor. Also please note thatg(3)? averaged over � is proportional to [g(2)? ℄2, whih ould be used to hekonsisteny of the alulations.Now we turn to tehnial aspets of the alulations. First of all we needto identify the isoseles on�gurations. This is done with the help of thealgorithm used in work [37℄. Namely, for a given moleule i we alulatethe minimum image separations rij � jrij j = jri � rjj from the N � 1remaining moleules, disretize it and store the results in the distij table.For the same i we also evaluate the minimum image vetors rij and savetheir omponents in arrays distijx, distijy and distijz. If pairs i, jdo not belong to the same plane normal to the diretor, the orrespondingmatrix element distij[j℄ is set to zero. By de�nition, partiles i, j areassoiated with a plane provided that jzi � zj j < D.Searh for isoseles triangles starts by sorting the distij array in as-ending order. This is done in pratie by introduing a permutation matrix



816 L. Longa, G. Cholewiak, J. Stelzerperm of partile indies j suh that distij[perm[j℄℄ gives a sorted ma-trix. The identi�ation of the triangles starts from the �rst index m forwhih distij[perm[m℄℄> 0. The triangle is found when the two elementsdistij[perm[n℄℄ and distij[perm[n+1℄℄ (n � m) are equal (up to �D).Finally, we ompute the angle � between rij and rik, where j=perm[n℄ andk=perm[n+1℄ and r? = rij = rik. The proedure desribed above must beapplied to all moleules of the system.As already indiated before, the triplet distribution g(3)? is parametrizedby (r?; �). Moreover we will distinguish three nonequivalent dipole on�g-urations: s1s2s3 = """, ""# and "##, and ompute separately three dis-tribution funtions g(3)? (r?; �; s1s2s3): g(3)? (r?; �; """), g(3)? (r?; �; ""#) andg(3)? (r?; �; "##), where the dipole moment s1 refers to the nonequivalent ver-tex of isoseles triangle. They are onneted by the relation:g(3)? (r?; �) � Xs1;s2;s3 g(3)? (r?; �; s1s2s3) = 2g(3)? (r?; �; """) + 4g(3)? (r?; �; ""#)+2g(3)? (r?; �; "##); (28)whih results from global up-down symmetry of pair interations and sym-metry with respet to exhange of s2 and s3 in Eq. (26). Please note thatthe exhange symmetry is not obeyed by the dipole moment s1.Applying the same proedure to an ideal gas of moleules with density� yields normalization N idealr� = 2�Æ�N(2rDÆr�)2; where N idealr� is assoiatedwith the histogram element (r; r + Ær), (�; � + Æ�). We ompute g(3)? (r?; �)as Nr�=N idealr� . 4. Results and disussionMost of the simulations were arried out for an ensemble of 648 moleulesbut some runs with N = 2592 were performed to ensure that the results ob-tained were not signi�antly dependent on system size. The temperatureand density were �xed to T � = 2:8 and �� = 0:335, respetively. In dis-ussing the results we shall also refer to the parameter � = hEddi=hEtoti,where hEtoti is the average potential energy of the system and hEddi is theaverage energy of the dipolar interations.The simulations start with the nonpolar ase (�� = 0) for whih weobtained an ideally oriented nemati phase. In this phase the smeti orderparameter �2, Eq. (15), should vanish. But due to system size �2 is notpreisely zero (�2 = 0:025).The pair distribution funtions g(2)L (r�; s1s2) (Fig. 2) and g(2)? (Fig. 3) alsodo not reveal any long range order and they have the harateristi features
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Fig. 2. The pair distribution funtions g(2)L (r�) for L = 2 in the nemati phase ofnonpolar moleules (ontinuous line) and g(2)L (r�; s1s2) in the smeti A phase ofmoleules with entral dipole moment �� = 1:5. The dotted line represents thes1s2 ="# ase while the dashed one orresponds to s1s2 ="" dipole on�gurations.The inset shows the same ases, but for L = 4.
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Fig. 3. The transversal pair distribution funtions g(2)? (r�?) in the nemati phase ofnonpolar moleules (ontinuous line) and g(2)? (r�?; s1; s2) in the smeti A phase ofmoleules with entral dipole moment �� = 1:5. The dash-dotted line representsthe total distribution funtion, g(2)? (r�?), while dotted and dashed ases orrespondto s1s2 ="# and s1s2 ="" on�gurations, respetively.



818 L. Longa, G. Cholewiak, J. Stelzerof liquid struture. As expeted, the orrelations are the strongest when thedistane vetor between moleular enters is perpendiular to ẑ (negativevalues of g(2)2 and positive values of g(2)4 at short distanes in Fig. 2). Thisorresponds to the �rst peak of g(2)? (Fig. 3). Short range harater of the pairorrelations, as displayed in Figs. 2 and 3, agrees qualitatively with what weobserve for unonstrained nematis (see e.g. [20℄ and referenes therein). Butneither orientational orrelation oe�ients fg(2)L ; L = 0; 2; 4; :::g, Eq. (18),nor g(2)? ompare diretly with analogous funtions determined for unon-strained nematis [20℄. The reason is that in the latter ase usually allinformation about the relative orientation between the diretor and othervetors involved is averaged out.
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Fig. 4. The triplet distribution funtion g(3)? (r�?; �) of the nonpolar, ideally orientedGay�Berne system in the nemati phase. Note that the angle � is given in degrees.That is why g(3)? tends to �=180 at large distanes.The triplet distribution funtion (Fig. 4) provides a deeper insight intoshort range organization, espeially into the `�ne struture' of the leadingpeak of g(2)? . It shows that the major ontribution to this peak omes fromtriplets forming equilateral triangles (maximum of g(3)? at � = 60Æ), andfrom triplets of partiles plaed equally along a straight line (seond, broadmaximum of g(3)? at � = 180Æ). Also there exists a third weak maximum ofg(3)? at � = 120Æ. These maxima suggest that the nonpolar system understudy loally supports a weak hexagonal ordering and linear orrelations oftriplets in the nemati state. As we shall see these loal orrelations willbe strenthened or onverted into tetragonal ones depending on the positionand value of the dipole moment.



Aligned Polar Gay�Berne Systems 819Given this haraterization of the referene phase we now turn to thesystems with nonzero dipole moment. We start with the dipoles loalized atthe moleular enter (d� = 0). For �� = 1:5 the ratio of the average dipole-dipole energy to the total energy yields � = 23%. The density modulationalong the diretor is now learly established, giving �2 = 0:11. We attributethis to a (weak) dipole-indued smeti A struture. The layer spaing, l�,is about 2.7, indiating that the layers are slightly interdigitated. As in thenemati phase, the pair distributions, Figs. 2 and 3, are �uid-like. Withinthe layers the dipoles are distributed randomly as in the smeti A phaseand they show no long-range ordering. This ould again be dedued fromFigs. 2 and 3. At short distanes, however, the in-plane orrelations aredominated by up�down on�gurations (Fig. 3). The `�ne struture' of theseorrelations an again be studied with the help of the triplet in-plane distri-bution funtion. First, the dipole averaged distribution funtion, Eq. (23),appears similar to the nemati one (Fig. 4), again displaying loal hexagonalstruture and linear orrelations of the triplets. A good approximation forthis funtion an be obtained from the nemati one (Fig. 4) by multiplyingthe latter by the fator of 1.5. The leading peak of these orrelations isagain dominated by the triplets oupying equilateral triangles and, hene,it belongs to frustrated on�gurations. Indeed, this observation is supportedby dipole dependent triplet orrelations, Figs. 5a and 5b, whih show thatthe peak at 60Æ is due to the triplets where one dipole moment is orientedin the opposite diretion of the two others. Interestingly, the ontributionfrom non-frustrated triplets, where the middle dipole has di�erent orienta-tion than the terminal ones, beomes equally important (see peaks at 120Æand 180Æ in Fig. 5(b)). The distribution funtion where all three dipolesare oriented in the same diretion shows the same struture of the peaks asFig. 5(b), but is approximately six times smaller.An inrease of magnitude of the entral dipole to �� = 2:0 auses a newstruture to appear. The density pro�le now reveals distint, well organizedsmeti layers, yielding a smeti order parameter of �2 = 0:8 (see Table I),whih is lose to its saturation value of 1. Even though � exeeds 37% inthis ase, no long-range dipolar order along the layers is stabilized. This islear from the APDFs, (Fig. 6), whih show strong axial orrelations. Theseorrelations are independent on the relative dipolar orientations of the pairsof the moleules, rendering the funtions g(2)k (z�; "") (dashed urve in Fig. 6)and g(2)k (z�; "#) (dotted urve in Fig. 6) almost idential.Inspetion of g(2)? (r�?) (Fig. 7) and g(3)? (r�?; �; s1s2s3) (Figs. 8(a), 8(b)and 8()) shows that the system has developed positional orrelations withineah layer. This is espeially lear from the dipole-dependent g(3)? funtions,Figs. 8(a), 8(b) and 8(), where these orrelations are shown to be of the
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Fig. 5. The triplet distribution funtion g(3)? (r�?; �; s1s2s3) of polar, ideally orientedGay�Berne system in the smeti A phase for (a) � s1s2s3 =""# and (b) �s1s2s3 ="##. The dipolar strength and the dipole loation are �� = 1:5 andd� = 0, respetively.

0 2 4 6 8 10 12
0

0.5

1

1.5

2

2.5

3

z*

g(2
)

||

Fig. 6. The axial pair distribution funtion g(2)jj (z�; s1s2) in the smeti B phase.The dipolar strength and the dipole loation are �� = 2 and d� = 0, respetively.The solid line represents dipole-averaged total distribution funtion g(2)jj (z�) andthe dashed line is for the s1s2 ="" distribution. The dotted line gives the s1s2 ="#distribution.hexagonal type. Hene, we have strong indiation that this new phase is amesogeni smeti B (SB) phase. It is known that SB an exist as a rys-talline B phase (SrB) with AAA and ABC staking as well as the moreommon ABAB, or as a hexati ShexB phase [40℄. All these phases are builtfrom in-plane hexagons formed by the enters of mass of the moleules. Thehexagons are, on average, parallel to eah other, giving a nonzero value ofthe hexati order parameter (24). In the ase of the SrB phase they addi-tionally oupy the sites of a two-dimensional, hexagonal lattie, resulting in
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Fig. 8. The triplet distribution funtion g(3)? (r�?; �; s1s2s3) of polar, ideally orientedGay�Berne system in the smeti B phase: (a) � the s1s2s3 =""# ase; (b) � thes1s2s3 ="## ase, and () � the s1s2s3 =""" ase. The dipolar strength and thedipole loation are �� = 2 and d� = 0, respetively.smeti B. Note also that g(2)? (Fig. 7) and g(3)? , Figs. 8a, 8b and 8, aredominated by the nearest neighbour peaks at r�? � 1:1. The seond and thethird peak of the TPDF are approximately of the same height, but weak andbroad in omparison to the �rst one. Atually eah of them is omposed oftwo peaks, although they annot be resolved at T � = 2:8. Their existenebeomes obvious at T � = 2, whih is shown as inset in Fig. 7.While hexagonal in-plane arrangement annot be justi�ed by looking atg(2)? it beomes apparent when we swith to triplet orrelations (see Figs. 8a,8b and 8). In partiular, we observe that all three �rst-order peaks our-ring at saled separations, r�?, of approximately 1.1 and angles, �, of 60Æ,120Æ and 180Æ are now well-resolved. Qualitatively they follow the sametrends as previously observed peaks for �� = 1:5. Interestingly, the se-ondary peaks at r�? between 2 and 3 are also better resolved, but theiramplitudes are more than four times smaller than those of the leading one.The qualitative di�erene between the orrelations for the system with�� = 0; 1:5 and 2 prompt us to onlude that the phase for �� = 2 is most



Aligned Polar Gay�Berne Systems 823probably a smeti B although it is rather di�ult to hoose between hexatiand rystalline smeti B ordering. The existene of the ABAB staking andof a similar struture for even higher entral dipole moment (�� = 2:5) orlower temperature, T � = 2:0, (see inset in Fig. 7 ) makes, in our opinion,the rystalline ase more likely. This is in line with the very reent studiesby Satoh et al. [27℄, who also laim to have stable dipolar SB phase, mostprobably of AA or AB staking, although this aspet of the ordering has notbeen studied.On the other hand the frustration mehanism seems to be in favour ofthe hexati arrangement. More spei�ally, a triangular lattie of dipolemoments is ompletely frustrated and hene energetially unfavourable. In-trodution of in-plane defets or imperfetions, whih destroy long-rangehexagonal order, ould help in overoming this di�ulty, espeially for strongdipole moments.We now analyse the systems where the dipole is shifted by d� = 0:75.For moleules with dipole moments of magnitude �� = 1:5 (� = 36%) thelayered struture is stabilized without long-range dipolar order along thez axis. The small value of the translational order parameter (�2 � 0:35)would indiate that this struture is probably smeti A. But the situationseems more subtle. First of all, the most probable relative distane betweenthe positions of the moleular enters along the z diretion is found to be1.7, whih means that the layers are strongly interdigitated. Clearly, this isaided by the presene of the dipole moments as the dipole-dipole interationfor a pair of moleules is minimized for antiparallel on�guration when theredued distane between the moleular enters is of 1.5. To understandthe averaged moleular arrangement more thoroughly, it would be neessaryto examine the transversal distributions of the moleules within a singlelayer and within the planes of the dipole moments, whih we have done.The results are somewhat surprising beause we found that the strongesttransversal pair orrelations (and hene also the triplet ones) are not forin-plane enters of mass but for in-plane antiparallel dipole moments withthe orresponding enters of mass of the moleules being loated in theneighbouring layers (see Fig. 9). Interestingly, the leading peak of g(2)? atr�? � 0:9 is exlusively built from moleular units (pairs, triplets, et.) thatyield better, loal ompensation of the dipolar interations. This should beontrasted with the muh weaker peak at r�? � 1:06 of the in-layer orrela-tions (inset in Fig. 9). The probability of �nding in-plane parallel dipolesat short separations is smaller by a fator of 7. To larify the origin ofthe leading peak of g(2)? in Fig. 9, the strongest (s1s2s3 ="##) and totaltriplet dipole orrelations, alulated in the plane of dipoles, are shown inFigs. 10(a) and 10(b), respetively. These orrelations are essentially domi-nated by two broad peaks at 90Æ and 180Æ. For omparison we showed the
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Fig. 9. The transversal pair distribution funtion, g(2)? (r�?; s1s2), in the smetiA phase of polar moleules with dipole moment �� = 1:5 positioned at d� =0:75. The distribution is shown for the ase when the dipole moments lay in planeperpendiular to diretor. The moleular enters are loalized in the neighbouringlayers. The ontinuous line represents the total distribution funtion, g(2)? (r�?);dotted and dashed lines orrespond to s1s2 ="# and s1s2 ="" ases, respetively.The inset shows the transversal distribution in the same phase but viewed fromthe smeti plane of moleular enters. Note that the dashed lines representingparallel orientations of the dipole moments are the same in both ases.triplet s1s2s3 =""" orrelations in Fig. 10(). They again appear weakerby a fator of 7 than the leading s1s2s3 ="## orrelations. The remainings1s2s3 =""# triplet distribution funtion is about 5 times smaller than thatfor s1s2s3 ="## on�gurations.Combining these results with the in-layer enter of mass triplet distribu-tion, Fig. 10(d), we see that there may be two possible senarios explainingthe results. The �rst possibility is that the phase is a (weak) rystallinesmeti with interdigitated, tetragonal layers (SrT ). The layer spaing andthe dipolar ordering between the neighbouring layers is suh that the dipo-lar energy is minimized due to weak polymer-like on�gurations. But theapparently very small probability to have in-plane moleules with paralleldipole moments at redued distane of 0:9 � p2 (see Fig. 10()) and thestruture of orrelations shown in Figs. 9 and 10a suggests that the phaseould also be rystalline one of a smeti Ad-type. Then the layers wouldbe supported by in-plane `branhed polymer-like strutures' with the layerspaing being 2l� � 3:4. Interestingly, for d� = 0:75 the loal hexagonalordering of entral dipoles is transformed into an unfrustrated tetragonalone.
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Fig. 10. The triplet distribution funtion g(3)? (r�?; �; s1s2s3) of polar, ideally ori-ented Gay�Berne system in the smeti phase of loal tetragonal symmetry withinlayers: (a) in the plane of "##-oriented dipole moments (this ase shows thestrongest dipolar orrelations between the dipoles; note that the enters of mass ofthe moleules with oppositely oriented dipole moments belong to the neighbouringlayers); (b) total distribution funtion for the ase (a); () in-layer, s1s2s3 =""" dis-tribution funtion, and (d) in-layer enter of mass total distribution funtion. Thedipolar strength and the dipole loation are �� = 1:5 and d� = 0:75, respetively.For dipole moments of magnitude �� = 2 the peaks of the distributionfuntions beome sharper and their �ne struture ould be resolved (see e.g.Figs. 11a and 11b). The order parameter �2 is now of 0:55. This we attributeto rystalline smeti ordering of tetragonal symmetry, similar to that onereported very reently by Satoh [27℄. The square base lies within the smetilayers (Fig. 12). Though the in�uene of the dipolar interations is muhstronger now (� = 56%), still no long-range dipolar order has been foundfor this ase. But enhanement of the """ triplet orrelations by a fatorof 2.5 (ompare Figs. 10 and 11b) indiates that further inrease of thedipole strength may yield a rystalline phase with polarized layers.Indeed, for very strong dipoles shifted towards the end (�� = 2:5, d� =0:75, � = 76%) a bilayer rystalline struture with tetragonal in-plane or-dering is ahieved (Fig. 13). Now both order parameters �1 and �2 are
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Fig. 11. The in-layer enter of mass triplet distribution funtion g(3)? (r�?; �; s1s2s3)of polar, ideally oriented Gay�Berne system in the rystalline smeti phase oftetragonal symmetry: (a) � the total distribution funtion; (b) � the s1s2s3 ="""distribution funtion. The dipolar strength and the dipole loation are �� = 2 andd� = 0:75, respetively.

Fig. 12. Snapshot of the moleular on�guration in rystalline smeti phase oftetragonal symmetry for �� = 2:0 and d� = 0:75. Dark moleules represent uporientation (s = +1) of the dipole moment; light ones are for s = �1.nonzero and high, yielding �1 = 0:89 and �2 = 0:75, whih indiates thatthe antiferroeletri dipolar order is even stronger than the smeti ordering(see Table I). Thus, the rystalline struture that we disovered has similardipolar ordering as the antiferroeletri smeti A2.



Aligned Polar Gay�Berne Systems 827TABLE IVarious phases resulting from Monte Carlo simulations in dependene on the lo-ation d� and strength �� of the moleular dipole moments for T � = 2:8 and�� = 0:335. The meaning of symbols is: N (ideal nemati phase), A (sme-ti A phase), SCrT (rystalline smeti phase with dipolar disorder and transver-sal tetragonal lattie struture), CrA2 (rystalline bilayer phase with transversaltetragonal lattie struture), ~A (smeti ~A phase, transversal domain struture).Also are given: dipolar order parameter �1, smeti order parameter �1, hexagonalorder parameter �? and hexagonal leading bond order parameter 	6. Note that allquantities with asterisk are given in redued units introdued in the appendix A.(d�; ��) phase �1 �2 �? 	6(0, 0) N � 0.025 � 0.017(0, 1.5) SA 0 0.11 � �(0, 2) SB1 0 0.8 0.382, 0.233 0.69, 0.784(0.75, 1.5) SA1 0.065 0.35 � �(0.75, 2) SCrT 0.14 0.55 � 0.08(0.75, 2.5) CrA2 0.89 0.75 � �(1, 2) ~A � � � �1 See text for more details.2 In-layer value.3 Bulk value for ABAB staking of layers.4 Value for T � = 2.The APDF (Fig. 14) also learly reveals the bilayer struture: the peaksof g(2)k (z; "") and g(2)k (z; "#) are shifted with respet to eah other by oneperiod. Interestingly, the axial up�up orrelation are stronger than theup�down orrelations. Also note that up�down orrelations (g(2)? (r?; "#) inFig. 15) are almost negligible within one smeti layer.The rystalline struture is learly of tetragonal symmetry, whih is ob-vious from a snapshot of the moleular on�guration, Fig. 13, and from thetotal in-layer triplet distribution funtion (Fig. 16).For large shifts in the dipole loation (d� = 1:0) and �� = 2 we reov-ered planar domains very similar to those reported by Berardi et al. [30℄(Table II). As the present systems were too small to analyse quantitativelythe S ~A on�gurations we postpone the analysis of these ases to our futurepubliation.
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Fig. 13. Snapshot of the moleular on�guration in rystalline smeti phase oftetragonal symmetry with polarized layers. Dark moleules represent up orientation(s = +1) of the dipole moment; light ones are for s = �1. The dipolar strengthand the dipole loation are �� = 2:0 and d� = 0:75, respetively.
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Fig. 14. The axial pair distribution funtion, g(2)jj (z�; s1s2), in the rystalline bilayersmeti phase. The solid line represents the dipole-averaged total distributionfuntion g(2)jj (z�), dashed line is for s1s2 ="", and dotted for s1s2 ="#. The dipolarstrength and the dipole loation are �� = 2:5 and d� = 0:75, respetively.
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Fig. 15. The transversal pair distribution funtion, g(2)? (r�?; s1s2), in the rystallinebilayer smeti phase of polar moleules with �� = 2:5 and d� = 0:75. The ontinu-ous line represents the total distribution funtion g(2)? (r�?) while dotted and dashedlines orrespond to s1s2 ="# and s1s2 ="" ases, respetively.
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Fig. 16. The total in-layer enter of mass triplet distribution funtion g(3)? (r�?; �)in the rystalline bilayer smeti phase of polar moleules with �� = 2:5 and d� =0:75. 5. Summary and onlusionsIn this paper Monte Carlo simulations were performed for an ideally ori-ented dipolar Gay�Berne system, whih models uniaxial ellipsoidal moleuleswith longitudinal, point dipole moment. The method employed in treatingdipolar interations was the Ewald summation tehnique [34,36℄. The inves-tigation has been direted towards the ful�llment of the three goals: (i) seekfor new dipole-indued strutures in the limit where nemati ordering is wellestablished, i.e., smeti and rystalline phases. To that aim we extended



830 L. Longa, G. Cholewiak, J. Stelzerearlier works [25�31℄ by studying a Gay�Berne system with a di�erent set ofparameters. More spei�ally, we supplemented the simulations with entraland terminal longitudinal dipole moments with those where the dipoles werepositioned half way between the enter and end of the moleule. Also we on-sidered more possibilities for the dipole strength; (ii) study of large systemsto gain more information about the struture of possible ordered phases andto avoid dependene on system size. Contrary to previous work [25�29℄ em-ploying the reation �eld method to treat dipolar interations we used morereliable, but time onsuming Ewald summation tehnique. Please note thatsimulations of liquid rystals using Evald method are sare [30,31℄ and apri-ori it is not lear whether reation �eld method is aurate for strutureswith long-range dipolar ordering, like the A2 ordering; (ii) alulate andanalyse various distribution funtions, in partiular the triplet ones, whih,as far as we are aware of, have not been studied for polar liquid rystalsso far. To make the analysis of the triplet distribution feasible we assumedthe ideal nemati order approximation. This does not seem to be a severeapproximation for strutures where the nemati order is well established [17℄.Our analysis learly demonstrates the importane of triplet distributionfuntions for a proper understanding of dipolar organization in strongly po-lar liquid rystals. A restrition only to singlet and pair orrelations missesstrutures derived from geometries representing frustration of dipolar inter-ations. This, in partiular, is seen on going from entral dipole moments(d� = 0) to o�-enter dipoles positioned at d� = 0:75, where the transfor-mation from in-plane hexagonal to tetragonal ordering with indiation onpolymer-like orrelations is observed.By studying pair and triplet orrelations we showed that the loationand the strength of the dipole moment in the moleule has a profound e�eton the short range in-layer moleular ordering and, onsequently, also onthe resulting phase behaviour. For example, the entral dipoles (d� = 0)may enhane loal hexagonal order and the tendeny of the system to formfrustration-free polymer-like orrelations. This, in turn, may stabilize thesmeti A ordering (whih is onsistent with earlier results [7, 25, 26, 35℄),smeti strutures with nonvanishing hexati order parameters and tetrag-onal strutures with polarized layers.For dipoles plaed o�-enter (d� = 0:75) the loal hexagonal struture ofthe d� = 0 ase is abandoned by the system in favour of the tetragonal one.The latter seems muh better suited to overome the frustration e�et byforming interdigitating layers. The level of interdigitation is suh that thedipolar interations of the neighbouring layers tend to minimize (and loallyompensate). Again this ould be visualized and quanti�ed with the help oftriplet orrelation funtions as shown in Figs. 10(a) and 10(b).



Aligned Polar Gay�Berne Systems 831Upon systemati inrease of the magnitude of the dipole moment atd� = 0:75 we an observe an enhanement of short-range parallel dipolarorrelations (see Figs. 10() and 11(b)). This indiates on the possibilityof onverting nonpolar layers into a polar bilayer rystalline struture oftetragonal symmetry, whih we indeed observe for �� = 2:5 (see Fig. 13).The dipolar organization in this struture appears very similar to that onefound for the smeti A2 phase. The last observation seems to hold ingeneral. Namely, the loal orrelations of the triplet in-plane distributionfuntion that enhane with inreasing dipole moment usually orrespond tolong-range in-plane ordering found for stronger dipolar ases.In onlusion, the striking hanges in the loal moleular organizationas displayed by triplet orrelations provide a wealth of information aboutthe interplay between dipole position and its strength on liquid rystallinestrutures. The way in whih the system deals with frustration also beomesapparent.J.S. gratefully aknowlegdes his individual grant from the Alexander-von-Humboldt Stiftung. This researh was supported by the EC PECO-Nis grantERBCIPDCT940607 and by the Polish projet KBN No. 2P03B21008. We alsogratefully aknowledge the KBN omputing grants (KBN/S2000/UJ/017/1998,KBN/SPP/UJ/003/1997) towards the ost of the ACK Cyfronet (Kraków) HP Ex-emplar S2000 and SPP1600/XA omputers used to perform the Monte Carlo sim-ulations. Appendix ARedued unitsThe onstants �0 and �0 of the GB potential (2) provide a natural lengthand energy sale for our problem. In terms of these onstants all relevantphysial quantities studied in this paper an be rendered dimensionless. Themost often used redued quantities (denoted by a star) are listed below:� length: l� = l=�0� density: �� = � �30� energy: E� = E=�0� temperature: T � = kT=�0� dipole moment: �� = � (�0�30)�1=2



832 L. Longa, G. Cholewiak, J. StelzerAppendix BEwald sumAording to [11℄ the total dipolar energy an be expressed asE = 12 Xi 6=j (�i ��j)B(rij)� (�i �rij) (�j �rij)C(rij)+2�V Xk 6=0 exp(�k2=42)k2 jF (k)j2 � 2�3 p� NXi=1 �2i2�3V �����Xi=1 �i�����2 :In the expression above k denotes the reiproal lattie vetors k=(2�nx=Lx;2�ny=Ly; 2�nz=Lz) (with nx, ny, nz = 0; ::; nmax) and  is a onvergeneparameter.The funtions B(rij) and C(rij) are de�ned asB(rij) def= erf(rij)r3ij + 2 p� exp(�2 r2ij)r2ijand C(rij) def= 3 erf(rij)r5ij + 2 p�  22 + 3r2ij! exp(�2 r2ij)r2ij ;whereas F (k) def= NXi=1 (�i �k) exp(ik�ri):erf(x) is the omplementary error funtion:erf(x) = 2p� 1Zx dt e�t2 :
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