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CHIRAL RESTORATION IN EFFECTIVE QUARKMODELS WITH NON-LOCAL INTERACTIONS�Barbara Sz
zerbi«skay and Woj
ie
h BroniowskiH. Niewodni
za«ski Institute of Nu
lear Physi
sRadzikowskiego 152, 31-342 Kraków, Poland(Re
eived November 29, 1999)Chiral restoration at �nite temperatures is studied in 
hiral quark mod-els with non-lo
al regulators. At the leading-N
 level we �nd transitiontemperature of the order 100 MeV. Meson-loop 
ontributions are also ana-lyzed and found to have a very small e�e
t.PACS numbers: 12.39.�x, 12.39.Fe, 14.40.�nRe
ently, 
onsiderable a
tivity has been fo
used on 
hiral quark modelswith non-lo
al intera
tions [1�15℄. In this approa
h intera
tions depend onthe momenta 
arried by the quarks, whi
h leads to a momentum-dependentquark mass, generated by spontaneous breaking of the 
hiral symmetry.There are several important reasons why it is worthwhile to 
onsider su
hmodels:(1) Non-lo
ality arises naturally in the most sound and su

essful ap-proa
hes to low-energy quark dynami
s, namely the instanton-liquidmodel [16�18℄ and the S
hwinger-Dyson resummation te
hniques [19℄.Hen
e, we should deal with non-lo
al regulators from the outset andmodels with lo
al intera
tions (the Nambu�Jona-Lasinio model andits progeny) may be viewed as simpli�
ations to the non-lo
al models.(2) The non-lo
al regularization leads to preservation of anomalies [6, 20℄and to 
orre
t 
harge quantization [13, 14℄. With lo
al methods, su
has the proper-time regularization or the quark-loop momentum 
ut-o� [9,10,21,22℄ the mat
hing of anomalies 
an only be a
hieved if the� Supported by the State Committee for S
ienti�
 Resear
h, grant 2P03B-080-12.y Present address: Graduate S
hool, Department of Physi
s and Astronomy, Universityof South Carolina, Columbia, SC 29108, USA.(835)



836 B. Sz
zerbi«ska, W. Broniowski�nite (anomalous) part of the Eu
lidean a
tion is left unregularized,and the in�nite (non-anomalous) part is regularized. When both partsare regularized, anomalies are violated substantially [23, 24℄ and thetheory is not 
onsistent. The di�erent treatment of the anomalousand non-anomalous parts of the a
tion is rather arti�
ial and it isquite appealing that with non-lo
al regulators both parts of the a
tion
an be treated in a uni�ed way.(3) With non-lo
al intera
tions the e�e
tive a
tion is �nite to all orders inthe loop expansion (i.e. the 1=N
 expansion). In parti
ular, the mesonloops are �nite and it is not ne
essary to introdu
e additional 
ut-o�s,as was the 
ase of lo
al models [25�27℄. As a result, the non-lo
almodels have more predi
tive power.(4) In the baryoni
 se
tor the non-lo
al models are 
apable of produ
ingstable solitons [13℄ without the extra 
onstraint that for
es the � and� �elds to lie on the 
hiral 
ir
le. Su
h a 
onstraint is external to theknown derivations of e�e
tive 
hiral quark models.In view of the above-listed advantages of the non-lo
al models over the
onventional Nambu�Jona-Lasinio-like models it is desired to 
he
k otherappli
ations of non-lo
al e�e
tive 
hiral theories. In this paper we investi-gate the restoration of 
hiral symmetry at �nite temperatures and vanishingbaryon density. The basi
 quantity of our study is the quark 
ondensate,whi
h in the 
hiral limit of the vanishing 
urrent quark mass is the orderparameter of 
hiral symmetry. We show that 
hiral restoration is a se
ond-order phase transition, as in the lo
al models, and it o

urs at temperaturesT
 � 100 MeV, whi
h is somewhat less than in lo
al theories, where thetypi
al T
 is around 150 MeV. We also investigate the dependen
e of the
riti
al temperature T
 on the detailed shape of the non-lo
al regulator and�nd it to be weak. With a �nite 
urrent quark mass the 
hiral transition is,as usual, a smooth 
ross-over. In addition, we show that the e�e
ts of meson-loops (higher-order e�e
ts in the 1=N
 expansion) of the quark 
ondensateare very small in non-lo
al models.We begin with a brief review of the model. Our starting point is thetwo-�avor e�e
tive non-lo
al Eu
lidean a
tion in the bosonized formI = �Tr ln (�i
��� +m+ r���r) + a22 Z d4x(�20 +�2); (1)where 1=a2 has the meaning of the 
oupling 
onstant of the four-quark in-tera
tions, m is the 
urrent quark mass, � = (�0; �a) are the mean meson�elds with quantum numbers of the � meson and the pions, respe
tively.



Chiral Restoration in E�e
tive Quark Models : : : 837The �elds � are lo
al in 
oordinate spa
e. Matri
es �� = (��0 ; ��a) are a
t-ing in spin and �avor spa
es, with ��0 = 1 and ��a = i
5�a. The regulatoroperator r is lo
al in momentum spa
e, i.e. hpjrjp0i = Æ(p�p0)r(p). It intro-du
es a 
ut-o� s
ale �, limiting appropriately momenta of the quarks. Thesymbol Tr denotes the full tra
e, i.e. the fun
tional tra
e and the matrixtra
es over the Dira
, �avor and 
olor degrees of freedom.Through the use of the Euler�Lagrange equations for the � �eld it isstraightforward to show that the a
tion (1) is equivalent to the model wherethe four-quark intera
tion has a separable form [7, 8℄, namelyLint = � 12a2 Z d4p1(2�)4 Z d4p2(2�)4 Z d4p3(2�)4 Z d4p4(2�)4�Æ4(p1 + p2 + p3 + p4) (p1)r(p1)��r(p2) (p2) (p3)r(p3)��r(p4) (p4) :(2)This form has a very 
lear interpretation via Feynman diagrams: the quarkverti
es 
arry a regulator on ea
h quark line entering the vertex.In the instanton-liquid model the regulator 
an be evaluated for lowEu
lidean momenta. It has the form [16�18℄r �p2� = �z2 ddz (I0 (z)K0 (z)� I1 (z)K1 (z)) ; z = pp2�2 ; (3)where I and K are the modi�ed Bessel fun
tions, and � is the averageinstanton size, of the order of (600 MeV)�1. We introdu
e � = 2=�, whi
his therefore of the order of 1:2 GeV. We will also study an approximateformula for the regulator [7, 8℄, given by the Gaussian fun
tion:r �p2� = exp�� p22�2� : (4)We �rst analyze the model at the one-quark-loop level. In the va
uumthe values of the �elds �0 and �a are obtained from the stationary-point
onditions: ÆI=Æ�a = 0 and ÆI=Æ�0 = 0. The �rst 
ondition is triviallyful�lled for �a = 0, and the se
ond one has a nontrivial solution �0 = S0,whi
h satis�es the equationa2 = 2� �g (S0) + mS0 g0 (S0)� ; (5)with g (S0) and g0 (S0) given by the following integrals:g (S0) = Z d4k(2�)4 R2(k2)D(k2) ; (6)g0 (S0) = Z d4k(2�)4 R(k2)D(k2) : (7)



838 B. Sz
zerbi«ska, W. BroniowskiAbove, we have used the notation� = 2N
Nf ; D(k2) = k2 +M2(k2);M(k2) = R(k2)S0 +m; R(k2) = r2(k2) ; (8)where N
 = 3 is the number of 
olors and Nf = 2 is the number of �avors.The quark 
ondensate (for a single �avor) is de�ned as hqqi � 1Nf ÆIÆm , whi
hexpli
itly gives hqqi = �4N
 Z d4k(2�)4 M(k2)D(k2) : (9)Ifm 6= 0, the above expression is ultraviolet divergent. However, in this 
aseone should subtra
t the perturbative va
uum part from (9), i.e. the pie
ewith S0 = 0. The result is well-de�ned:hqqi ! hqqi � hqqiS0=0 = �4N
 Z d4k(2�)4 � M(k2)k2 +M2(k2) � mk2 +m2�= �4N
S0g0 (S0) + 4N
mZ d4k(2�)4 �2m+R(k2)S0�R(k2)S0D(k2) (k2 +m2)= �4N
S0g0 (S0) +O (m) : (10)The model has three parameters: the 
ut-o� �, the 
urrent quark mass mand the 
oupling 
onstant 1=a2. Two 
onditions for parameters are obtainedby demanding that the pion de
ay 
onstant, F�, and the pion mass, m�,assume their physi
al values: F� = 93 MeV, andm� = 139 MeV. To leadingorder in m the expressions for these quantities in our model are [7, 8℄:F�2 = �S20 Z d4k(2�)4 R2(k2)� k2R(k2)dR(k2)d(k2) + k4 � dR(k2)d(k2) �2D2(k2) ; (11)m2� = 2�S0mg0(S0)F 2� : (12)We note that the elimination of g0(S0) from r.h.s of the expression (12), withhelp of the equation (10), leads tom2� = �m hqqiF 2� ; (13)in whi
h we re
ognize as the Gell-Mann�Oakes�Renner relation. One pa-rameter of the model is left free. Through the use of the stationary-point
ondition we 
an trade it for the value of S0, whi
h now is treated as the



Chiral Restoration in E�e
tive Quark Models : : : 839only remaining parameter. In prin
iple we 
ould still �t it, making use an-other helpful quantity, namely the gluon 
ondensate. In our model it 
an bewritten as [28℄ ��sG��G��� � = 8Nf a2S20 �mhqqi: (14)However, the dependen
e of the gluon 
ondensate on S0 (with F� and m��xed at physi
al values) is very weak, whi
h makes the �t impossible inpra
ti
e due to a large un
ertainty in our knowledge of h�s=� G��G��i.Reasonable parameters yield the value of the quark 
ondensate hqqi �(250 MeV)3, the 
urrent quark mass m � 5 MeV and the gluon 
onden-sate h�s=� G��G��i � (330 � 30 MeV)4. This favors S0=� in the range0.2�0.5.Now we pass to the analysis of the temperature dependen
e of the quark
ondensate. For this purpose we use the Matsubara formalism, whi
h leadsto the following simple thermalization rule for one-quark-loop integralsZ d4k(2�)4 f(k) = Z dk02� Z d3k(2�)3 f(k0; ~k) �! T 1Xj=�1Z d3k(2�)3 f(Ej; ~k);(15)where T is the temperature, f is the integrand of the quark loop, and kdenotes the momentum running around the loop. The summation runs overthe appropriate fermioni
 Matsubara frequen
ies, Ej = (2j + 1)�T . Afterthermalization and integration of the angular dependen
e, the equations (6)and (7 ) a
quire the following �nite-temperature form:gT (S0) = 1�2T 1Xn=0Z dk k2R2(k2 +E2n)k2 +E2n +M2(k2 +E2n) ; (16)g0T (S0) = 1�2T 1Xn=0Z dk k2R(k2 +E2n)k2 +E2n +M2(k2 +E2n) ; (17)where now k denotes the length of the 3-momentum ~k. Of 
ourse, the valueof S0 depends on T via the �nite-temperature stationary-point 
ondition:a2 = 2� �gT (S0) + mS0 g0T (S0)� : (18)The �nite-temperature expression for the quark 
ondensate ishqqiT = �4N
S0g0T (S0)+ 4N
m�2 T 1Xn=0Z dk k2 �2m+R(k2 +E2n)S0�R(k2 +E2n)S0(k2 +E2n +M(k2 +E2n)2) (k2 +E2n +m2) : (19)



840 B. Sz
zerbi«ska, W. Broniowski TABLE IResults for the two regulators 
onsidered, and various parameter sets. The �rst
olumn is the ratio S0=�, the next three 
olumns display the values of the modelparameters �, a, and m, adjusted in su
h a way that F� = 93 MeV and m� =139 MeV for the given S0=�. The next two 
olumns show the 
al
ulated valuesof S0 and h�qqi1=3 at T = 0. The last three 
olumns give the results obtainedin the stri
t 
hiral limit, with m set to 0, and � and a from 
olumns (2�3). Thequantities S0;m=0 and h�qqi1=3m=0 denote the values of the s
alar �eld and the quark
ondensate for this 
ase and for T = 0, and T
rit denotes the 
riti
al temperatureof the se
ond-order 
hiral phase transition.S0� � a m S0 h�qqi1=3 S0;m=0 h�qqi1=3m=0 T
ritMeV MeV MeV MeV MeV MeV MeV MeVInstanton-model regulator0.2 1506 219 3.5 301 287 256 274 1020.3 1191 165 4.9 357 256 310 246 1010.4 1019 134 6.2 408 238 358 229 1000.5 907 115 7.3 454 225 401 218 99Gaussian regulator0.2 1155 296 3.9 231 290 192 278 1060.3 894 218 5.9 268 250 230 243 1050.4 754 176 7.7 302 227 263 221 1040.5 666 149 9.4 333 211 295 207 103There is an important remark to be made in this pla
e. The des
ribedway of thermalization, typi
ally done in e�e
tive 
hiral quark models, ta
itlyassumes that the model parameters (here a and �) do not expli
itly dependon T . There is no sound reason for this assumption in our e�e
tive theory,ex
ept for simpli
ity. Allowing temperature dependen
e of model parametersin�uen
es the values of T
. We will return to this question shortly. Resultsof our 
al
ulation for a typi
al parameter set are presented in Fig. 1. Thetemperature behavior of S0 and the quark 
ondensate is similar to resultsof other 
hiral quark models, with the se
ond-order phase transition in the
hiral limit, and smooth 
ross-over for �nite values of m.Table I shows our numeri
al results, with the meaning of various quanti-ties given in the 
aption. The striking feature here is the very weak depen-den
e of the 
riti
al temperature T
 on the model parameters and on the reg-ulator used. We �nd T
 � 100 MeV, whi
h is somewhat less than in 
onven-tional Nambu�Jona-Lasinio model, where it is of the order of 120�150 MeV.



Chiral Restoration in E�e
tive Quark Models : : : 841The reason for this lower value is the following. The integrand of the expres-sion for gT in lo
al models is simply k2=(k2+E2n+M2), whereM is the quarkmass, instead of our expression k2R2(k2+E2n)=(k2+E2n+M2R2(k2+E2n)).The presen
e of the regulator fun
tion R 
auses the mu
h more rapid de-
rease of the integrand with the temperature T , whi
h enters through theMatsubara energies En. The more rapid de
rease of gT with T leads di-re
tly to a lower 
riti
al temperature T
 as 
ompared to the lo
al models.One should bare in mind here that any expli
it dependen
e of a on T , not
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Fig. 1. The temperature dependen
e of S0 and h�qqi1=3 for the instanton-liquid-model regulator with a = 134 MeV, � = 1019 MeV and m = 6:19 MeV or m = 0.The meaning if the 
urves is as follows: S0 � solid line, h�qqi1=3 � long-dashline, S0;m=0 � medium-dash line, h�qqi1=3m=0 � short-dash line. Note 
onsiderabledi�eren
e between the stri
t 
hiral limit and the �nite-m 
ase.
onsidered here, would in�uen
e the values of T
. For instan
e, an in
reaseof a by 20% (equivalent to de
reasing the 
oupling 
onstant of the four-quarkintera
tion) leads to an in
rease of T
 to values around 120 MeV. We notethat 
al
ulations in instanton-based models of the QCD va
uum [17,29�31℄yield values of T
 in the range 125�175 MeV.To summarize this part, we note that at the one-quark-loop level thebehavior of the non-lo
al model is qualitatively not di�erent from the lo
almodels. We �nd the 
hiral phase transition, whi
h is se
ond-order in thestri
t 
hiral limit, and the 
orresponding 
riti
al temperature is very weaklydependent on the details of the model.In the remaining part of this paper we 
onsider meson loops e�e
ts. Su
he�e
ts, although suppressed by 1=N
, are expe
ted to be important due tothe low mass of the pion. We follow the method des
ribed in Refs. [25, 26℄,where the meson loops have been introdu
ed in e�e
tive 
hiral models in a
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onsistent (i.e. symmetry-
onserving) way. As mentioned in the introdu
-tion, 
onventional Nambu�Jona-Lasinio models require an extra regulatorfor the meson loop � making the quark loop �nite via momentum 
ut-o�,the proper-time or Pauli�Villars method, still leaves the momentum in themeson loop un
onstrained. With non-lo
al regulators this is no longer 
ase.The intera
tions (2) 
ut-o� any momentum �owing through a quark vertex.As a result, 
al
ulation of a diagram with any number of loops is �nite.In parti
ular, meson loops are �nite, and we now in
orporate them in ourstudy. First we analyze the problem at T = 0. The meson-loop 
ontributionin the e�e
tive a
tion 
an be obtained in a standard way by integrating outmeson �u
tuations around the stationary-point 
on�guration [26℄. The newstationary-point 
ondition for S0 assumes the formS0�a2 � 2�g(S0)� 2� mS0 g0(S0)�+ 12 Z d4p(2�)4 (V�(p)K�(p) +NBV�(p)K�(p)) = 0 ; (20)where NB = N2f � 1 = 3 is the number of pions, K� and K� are mesonpropagators at the quark-loop level and the 3-point quark loops (see Fig. 2)are equal to:V�(p) = �2� Z d4k(2�)4 R2(p)R(k + p)D2(k)D(k + p)(�2M(k) k � (k + p)�M(k + p)(k2 +M2(k))) ; (21)V�(p) = �2� Z d4k(2�)4 R2(k)R(k + p)D2(k)D(k + p)(�2M(k) k � (k + p)+M(k + p)(k2 �M2(k))) : (22)The inverse meson propagators 
an be written as:K�1� (p) = �p2f�(p) + mS0 2�g0(S0) ;K�1� (p) = K�1� (p) + 4�S20f�(p) ; (23)where we have introdu
edf�(p)=� 2p2Z d4k(2�)4�R(k)R(k + p)(k � (k + p) +M(k)M(k + p))D(k)D(k + p) � R2(k)D(k)�(24)and f�(p) = 1S20 Z d4k(2�)4 R(k)R(k + p)M(k)M(k + p)D(k)D(k + p) : (25)



Chiral Restoration in E�e
tive Quark Models : : : 843All terms in
luded in the stationary-point 
ondition are shown in Fig. 2. Asimilar expression 
an be obtained for the quark 
ondensate. The results
= 0++Fig. 2. The diagrams 
ontributing to the stationary-point equation (20) with mesonloops in
luded. The dashed line 
orresponds to the meson propagatorsK� and K�de�ned in Eq. (23). The 
ross denotes the term a2S0.are somewhat surprising. We have found large 
an
ellations in the meson-loop 
ontribution, su
h that the net 
orre
tion to the value of S0 is lessthan 1%, and to h�qqi of the order of 3�4% on top of the quark-loop value.To be more pre
ise, for the Gaussian regulator with the parameters � =754 MeV, a = 176 MeV, and m = 0 we �nd h�qqi = (0:0505 + 0:0021 �0:0041) GeV3, where we have de
omposed in the quark-loop, �-loop, andthe pion-loop 
ontribution, respe
tively. We note the 
an
ellation betweenthe �- and pion-loop 
ontributions. The phenomenon o

urs for variousregulators and parameter sets. It is also instru
tive to look at the integrandof the p-integration in Eq. (20). After 
arrying the angular integration, weare left with a radial integration over j~pj. The integrand in the pion-loop 
ase
hanges sign as we in
rease j~pj, and this results in an additional 
an
ellation.At large values of j~pj the integrand drops to zero. This behavior is quitedi�erent from the 
al
ulations in the lo
al model, as in Ref. [26℄. There theanalogous integrands in the meson-loop 
ontributions in
rease with j~pj, andthe results depend strongly on the value of the momentum 
ut-o� in themeson loop.Having found small meson-loop e�e
ts for T = 0 we expe
t them toremain small at �nite T . This is indeed the 
ase. The expression (20) andthe similar expression for the quark 
ondensate 
an be thermalized by thepres
ription (15). The only di�eren
e now is that in the mesoni
 loop wehave to use bosoni
 Matsubara frequen
ies, i.e. in the meson-loop we repla
eZ d4p(2�)4 f(p) = Z dp02� Z d3p(2�)3 f(p0; ~p) �! T 1Xj=�1Z d3p(2�)3 f(!j; ~p); (26)with !j = 2�jT . The numeri
al 
al
ulations show that the e�e
t of themeson loops for �nite temperatures is tiny, and the quark loop is dominant.



844 B. Sz
zerbi«ska, W. BroniowskiThe 
riti
al temperatures are pra
ti
ally un
hanged. This is di�erent than inlo
al models, where the meson loops have a substantial e�e
t on the �nite-Tbehavior of the model [27℄.Our main 
on
lusions are as follows: the restoration of 
hiral symme-try in non-lo
al 
hiral quark models pro
eeds similarly to the 
onventionalNambu�Jona-Lasinio models. In the stri
t 
hiral limit the transition is se
-ond order, however the 
riti
al temperatures are lower, around 100 MeV.For �nite 
urrent quark masses we �nd a smooth 
ross-over to the restoredphase. An interesting result is a very small 
ontribution of meson loops tothe quark 
ondensate, whi
h is in 
ontrast to the 
al
ulations within theNambu�Jona-Lasinio model. The e�e
t o

urs for a variety of regulatorsused. It is en
ouraging, sin
e it indi
ates that we 
an rely on the simple-to-do one-quark-loop 
al
ulations. It remains to be seen whether in non-lo
almodels the meson loop e�e
ts are also negligible for meson 
orrelators andother Green's fun
tions.One of us (WB) is grateful to Georges Ripka for many dis
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