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TOWARDS AN EFFECTIVE FIELD THEORY OF QEDJ. KijowskiCenter for Theoreti
al Physi
s, Polish A
ademy of S
ien
esLotników 32/46, 02-668 Warsaw, PolandG. Rudolph and M. RudolphInstitut für Theoretis
he Physik, Univ. LeipzigAugustusplatz 10/11, 04109 Leipzig, Germany(Re
eived De
ember 13, 1999)A pro
edure for redu
ing the fun
tional integral of QED to an integralover bosoni
 gauge invariant �elds is presented. Next, a 
ertain averagingmethod for this integral, giving a tra
table e�e
tive quantum �eld theory, isproposed. Finally, the 
urrent�
urrent propagator and the 
hiral anomalyare 
al
ulated within this new formulation. These results are part of ourprogramme of analyzing gauge theories with fermions in terms of lo
algauge invariants.PACS numbers: 11.15.�q, 11.10.Kk, 11.25.Sq, 11.30.Rd1. Introdu
tionThis paper is part of our programme of analyzing gauge theories in termsof physi
al observables (i.e. gauge invariants). For appli
ations of this pro-gramme to non-Abelian Higgs models we refer to [1℄. In re
ent years we haveapplied it to theories of gauge �elds intera
ting with fermioni
 matter �elds,see [2�4℄. In [2℄ we have proved that the 
lassi
al Dira
�Maxwell system 
anbe formulated in a spin-rotation 
ovariant way in terms of gauge invariantquantities. In [3℄ we have shown that similar 
onstru
tions work on the levelof the (formal) fun
tional integral of QED, where fermion �elds are treatedas anti
ommuting (Berezian) quantities, and in [4℄ we have applied our pro-
edure to the 2-dimensional S
hwinger model. As a result we obtained afun
tional integral 
ompletely reformulated in terms of lo
al gauge invari-ant quantities, whi
h di�ers essentially from the e�e
tive fun
tional integralobtained via the Faddeev�Popov pro
edure [5℄.(847)



848 J. Kijowski, G. Rudolph, M. RudolphThe present paper is a 
ontinuation of [3℄. It turns out that our generalpro
edure leads to a 
ompli
ated, singular fun
tional integral kernel. In or-der to make this model tra
table, we propose a 
ertain averaging pro
edureleading to an e�e
tive quantum �eld theory. This theory is 
hara
terizedby a 
ertain number of parameters, whi
h have to be �xed by 
omparisonwith experimental data. As an appli
ation we dis
uss � for the massless
ase � the 
urrent�
urrent propagator and the 
hiral anomaly within thisformulation. (In prin
iple, the massive 
ase 
an be also dealt with, usingan expansion in the mass parameter, but this problem will be not addressedin this paper.) A number of interesting phenomena and results 
omes out:A bosonization rule, similar to that in the S
hwinger model appears natu-rally. Moreover, we get a dynami
al mass generation leading to a massivespin-1 �eld. Physi
al quantities like the 
urrent�
urrent propagator andthe 
hiral anomaly are given as expe
tation values with respe
t to an e�e
-tive non-lo
al measure. This measure 
an be analyzed in terms of a powerseries expansion in the 
oupling 
onstant, whi
h, however, is 
ompletely dif-ferent from the ordinary perturbation expansion. This is due to the fa
tthat the above mentioned mass itself 
ontains the bare 
oupling 
onstant.Therefore, the formulae obtained suggest that automati
ally some resuma-tion of the ordinary perturbation series has taken pla
e. It is also remarkablethat our formulation leads to a 
ompletely new approa
h to 
al
ulate the
hiral (Adler�Bardeen) anomaly. In lowest order this quantity 
an be 
al
u-lated analyti
ally. Adjusting part of our free parameters yields the standardAdler�Bardeen anomaly with the 
orre
t 
oe�
ient. We underline that thispaper 
ontains only a �rst step towards a full e�e
tive theory. For that pur-pose one should adjust all free parameters, in
luding some 
onsisten
y 
he
ksby 
al
ulating di�erent physi
al quantities. Also a systemati
 perturbations
heme based upon the power series expansion of the above mentioned non-lo
al measure should be developed. Finally, it should be 
lari�ed, whetherquantities like the anomalous magneti
 moment 
an be 
al
ulated using ourapproa
h. (It is likely that for this purpose a di�erent set of gauge invariantquantities has to be used.)We stress, that our approa
h 
ir
umvents any gauge �xing and, therefore,also the Gribov problem [6℄. It leads naturally to bosonization and 
an beviewed as a general 
onstru
tion s
heme for e�e
tive quantum �eld theories.Due to the above remarks, it seems to be appropriate for the study of non-perturbative aspe
ts, even if the approa
h presented here is far from being
omplete (e.g. we do not know whether di�erent regularization methods usedfor our singular integral kernel preserve the essential features of the theory.)We also mention that a similar 
onstru
tion is possible for latti
e modelswithin the Hamiltonian framework. In this 
ontext we have dis
ussed the
harge supersele
tion stru
ture of QED [7℄.



Towards an E�e
tive Field Theory of QED 849Our method applies also to Yang�Mills theories, see [10℄, where the fun
-tional integral of one-�avour 
hromodynami
s is redu
ed to an integral overpurely bosoni
 invariants.2. QED in terms of lo
al gauge invariantsThe fun
tional integral of QED is given byZ = Z Y dAd d � ei R d4xL[A; ; �℄ ; (2.1)L = Lgauge + Lmat= �14F��F �� �m a� �ab  b � Imn a� �ab (
�)b
D� 
o ; (2.2)where F�� = ��A� � ��A� and D� a = �� a + ieA� a are the ele
tro-magneti
 �eld strength and the 
ovariant derivative, respe
tively. Herea; b; ::: = 1; 2; _1; _2 denote bispinor indi
es and �; �; ::: = 0; 1; 2; 3 spa
etimeindi
es, �ab denotes the Hermitean metri
 in bispinor spa
e and (
�)b
 arethe Dira
 matri
es. The anti
ommuting 
omponents of the bispinor �eld  a,whi
h 
an be represented by a pair of Weyl spinors  a = � �K' _K �, generatea Grassmann algebra of pointwise real dimension 8. The representation usedfor these quantities 
an be found in [2℄ and [3℄.In [3℄ we have proposed a pro
edure whi
h redu
es the fun
tional inte-gral (2.1) to an integral over gauge invariants. It is based upon the followingideas: First, one has to analyse the algebra of Grassmann algebra valuedgauge invariants, whi
h 
an be built from the gauge potential A� and the an-ti
ommuting matter �elds  a. Typi
ally, there o

urs a number of identitiesbetween the invariants whi
h, in general, 
annot be solved on the algebrai
level. In parti
ular, one �nds a relation whi
h expresses the Lagrangian,or the Lagrangian multiplied by some non-vanishing element of the abovealgebra, in terms of invariants. In a next step one has to implement thisrelation under the fun
tional integral and to redu
e the original fun
tionalintegral measure to a measure in terms of invariants. For that purpose wemake use of the following notion of the Æ-distribution on superspa
e (see [8℄and [9℄) Æ(u � U) = Z d� e2�i�(u�U) = 1Xn=0 (�1)nn! Æ(n)(u)Un: (2.3)Here u is a 
-number variable and U an element of the Grassmann algebrabuilt from matter �elds  and  �. From this de�nition we get immediately1 � Z du Æ(u � U) : (2.4)



850 J. Kijowski, G. Rudolph, M. RudolphThus, by inserting identities of the form (2.4) under the fun
tional integral,we introdu
e for ea
h Grassmann algebra valued gauge invariant a 
-numbervariable, whi
h we 
all 
-number mate. These mates are by de�nition gaugeinvariant. This way we are able to solve the above mentioned relations be-tween invariants, leading to a theory reformulated in terms of gauge invariant�elds. For details we refer to [3℄ and [10℄.For QED we start with the following Grassmann algebra valued gaugeinvariants: H := '�K�K ; (2.5)B� := Im�H� �'�KD��K + �KD�'�K�	 ; (2.6)J� :=  a� �ab (
�)b
  
 ; (2.7)J�5 :=  a� �ab (
�)b
 (
5)
d  d : (2.8)Here H is a 
omplex s
alar �eld, whereas B� is a real-valued 
ove
tor �eld.J� and J�5 denote the ve
tor and axial-ve
tor 
urrent, respe
tively.We denote the 
orresponding 
-number mates by h, b�, j� and j�5 , andput v� := b�2e jhj2 as well as h = jhjei �. It was shown in [3℄ that our pro
edureyields the following fun
tional integral:Z = Z Yx fdv� dj� dj�5 djhj2 d�K[j�; j�5 ; jhj2℄g ei R d4xL[v�;j�;j�5 ;jhj;�℄; (2.9)whereK[j�; j�5 ; jhj2℄ = 116� ( Æ2Æj�Æj� Æ2Æj�Æj� + 2 Æ2Æj�Æj� Æ2Æj�5 Æj5� � 4 Æ2Æj�Æj5� Æ2Æj�Æj5�+ Æ2Æj�5 Æj5� Æ2Æj�5 Æj5� + 116 Æ4Æjhj4 + 18 jhj Æ3Æjhj3 � 116 jhj2 Æ2Æjhj2+ 116 jhj3 ÆÆjhj � 12 Æ2Æjhj2 Æ2Æj�Æj� � 12 jhj ÆÆjhj Æ2Æj�Æj�+12 Æ2Æjhj2 Æ2Æj�5 Æj5� + 12 jhj ÆÆjhj Æ2Æj�5 Æj5�) Æ(j�)Æ(j�5 )Æ(jhj2) ;(2.10)and L[v�; j�; j�5 ; jhj; �℄ = �14 ��[� v�℄�2 � e j�v� + 12 j�5 (���)+ 18 jhj2 "���
 j�j5�(��j
)� 2m jhj 
os � : (2.11)



Towards an E�e
tive Field Theory of QED 8513. E�e
tive bosonized QEDObserve that the integral kernel K [ j�; j�5 ; jhj2 ℄ has the form K =D �Æ(j�)Æ(j�5 )Æ(jhj2)	, where D is a di�erential operator 
ontaining fun
-tional derivatives with respe
t to j�; j�5 and jhj, multiplied by singular 
oef-�
ients. A priori, this expression does not make sense. In order to regularizeit, we repla
e it by a Gaussian measure with three free parameters, �j, �j5and �h, whi
h have to be �xed by physi
al requirements later. This way weget: Z = N Z Yx fdv� dj� dj�5 djhj2 d�g ei R d4xL[v�;j�;j�5 ;jhj;�℄ ; (3.12)where nowL[v�; j�; j�5 ; jhj; �℄ =�14(�[� v�℄)2�ej�v�+12j�5 (���)+ 18jhj2 "���
j�j5�(��j
)�2m jhj 
os�� 12�j j�j� � 12�j5 j�5 j5� � 12�h jhj4 :(3.13)It is interesting to note that this regularization 
an be a
hieved by ate
hni
al tri
k similar to that used in the Faddeev�Popov pro
edure: One
an average the singular kernel (2.10) with a fun
tional depending on threeauxiliary �elds 
orresponding to the variables j�; j�5 and jhj. It was shownin [11℄ that the requirement to obtain the above Gaussian measure after thisaveraging determines this fun
tional uniquely.We see that the Lagrangian (3.13) does not 
ontain derivatives of the
hiral 
urrent j5�, i.e. j5� enters the theory as a non-dynami
al �eld. Thus,we 
an 
arry out the simple Gaussian integral over the 
hiral 
urrent, whi
hyields Z = N Z Yx fdv� dj� djhj2 d�g ei R d4xL[v�;j�;jhj;�℄ ; (3.14)where the e�e
tive Lagrangian has taken the form:L[v�; j�; jhj; �℄ = �14(�[� v�℄)2 � e j�v� + �j516 jhj2 "���
 (���)j�(��j
)+ �j5128 jhj4 "���
 "Æ��� j�(��j
)jÆ(��j�)� 12�j j�j� + �j58 (���)(���)� 12�h jhj4 � 2m jhj 
os � :(3.15)



852 J. Kijowski, G. Rudolph, M. RudolphComparing this Lagrangian with (3.13) we observe that j5� has been re-pla
ed by the gradient of �. More pre
isely, we have the remarkable relation��� = 2�j5 j5� : (3.16)This is the 4-dimensional analog of the bosonization rule in the 2-dimensionalS
hwinger model, see [12℄. (In [4℄ we have obtained this rule for the S
hwingermodel using our approa
h.)Observe that the �eld jhj2 enters (3.15) in a non-dynami
al way, too.Thus, in prin
iple, one should integrate it out. This, however, 
annot bedone expli
itly. In a �rst approximation, jhj2 
ould be repla
ed by a 
on-stant. We will 
ome to that point later.Finally, let us write down the generating fun
tional integral of our e�e
-tive theory (3.14), (3.15):Z[��; ��; ��℄ = N Z Yx fdv� dj� djhj2 d�g ei R d4xL[��;��;��;v�;j�;jhj;�℄ ;(3.17)with L[��; ��; ��; v�; j�; jhj; �℄= �14(�[� v�℄)2 � e j�v� + �j516 jhj2 "���
 (���)j�(��j
)+ �j5128 jhj4 "���
 "Æ��� j�(��j
)jÆ(��j�)� 12�j j�j� � 12�h jhj4+�j58 (���)(���)� 2m jhj 
os�+ ��(���) + ��j� + ��v� ; (3.18)where ��, �� and �� denote the sour
e 
urrents for (���), j� and v�, re-spe
tively. 4. The 
urrent�
urrent propagatorIn this se
tion we want to 
al
ulate the 
urrent�
urrent propagatorh0jTj�(y1)j�(y2)j0i using the e�e
tive theory obtained in the last se
tion.We restri
t ourselves to the massless 
ase, i.e. we put m = 0 in the generat-ing fun
tional integral (3.17).The 
urrent�
urrent propagator is given byh0jTj�(y1) j�(y2)j0i= 1Z[0; 0; 0℄ 1i2 ÆÆ��(y1) ÆÆ��(y2) Z[��; ��; ��℄�����;��;��=0= 1Z[0; 0; 0℄ 1i2 ÆÆ��(y1) ÆÆ��(y2) Z[0; ��; ��℄�����;��=0: (4.19)



Towards an E�e
tive Field Theory of QED 853To handle the non-linear (self-intera
tion) term�j5128 jhj4 "���
 "Æ��� j�(��j
)jÆ(��j�)o

urring in (3.18) we introdu
e the ve
tor �eldk�[j�; jhj℄ := 1jhj2 "���
 j�(��j
) ; (4.20)and de
ompose it into its longitudinal and transversal parts:k�[j�; jhj℄ = ��k[j�; jhj℄ + k�?[j�; jhj℄ ; (4.21)where ��k�?[j�; jhj℄ = 0. This yieldsL[��; ��; ��; v�; j�; jhj; �℄= �14 (�[�v�℄)2 � e j�v� + �j516 (���) (��k[j�; jhj℄)+�j5128(��k[j�; jhj℄)(��k[j�; jhj℄)+ �j5128k�?[j�; jhj℄ k?� [j�; jhj℄� 12�j j�j�� 12�h jhj4 + �j58 (���)(���) + ��(���) + ��j� + ��v� : (4.22)The term �j516 (���) k�?[j�; jhj℄ vanishes by partial integration.Transforming �0 = �+ 14�j5 k[j�; jhj℄ ; (4.23)we obtain L[0; ��; ��; v�; j�; jhj; �0℄= �14 (�[�v�℄)2 � e j�v� + �j5128 k�?[j�; jhj℄ k?� [j�; jhj℄� 12�j j�j� � 12�h jhj4 + �j58 (���0)(���0) + ��j� + ��v�: (4.24)Observe that the transformation (4.23) leaves the integral measure d� in-variant. Thus, �0 
an be integrated out trivially and we geth0jTj�(y1) j�(y2)j0i= 1Z[0; 0; 0℄ Z Yx fdv� dj� djhj2g� 1i2 ÆÆ��(y1) ÆÆ��(y2) ei R d4xL[0;��;��;v�;j�;jhj℄�����;��=0 ; (4.25)



854 J. Kijowski, G. Rudolph, M. Rudolphwhere L[0; ��; ��; v�; j�; jhj℄= �14 (�[�v�℄)2 � e j�v� + �j5128 k�?[j�; jhj℄ k?� [j�; jhj℄� 12�j j�j� � 12�h jhj4 + ��j� + ��v� : (4.26)The further analysis of the term �j5128 k�?[j�; jhj℄ k?� [j�; jhj℄ needs some
are, due to its non-linear (and non-lo
al) 
hara
ter. Expanding the expo-nential of this term in a series, we obtainh0jTj�(y1) j�(y2)j0i= 1Z[0; 0; 0℄ Z Yx ndv� dj� djhj2� 1Xn=0 1n! ��j5128�n �k�?[j�; jhj℄ k?� [j�; jhj℄�n o� 1i2 ÆÆ��(y1) ÆÆ��(y2) ei R d4xL0[0;��;��;v�;j�;jhj℄�����;��=0= 1Z[0; 0; 0℄ Z Yx ndv� dj� djhj2� 1Xn=0 1n! ��j5128�n �k�?[ Æi Æ�� ; jhj℄ k?� [ Æi Æ�� ; jhj℄�n o� 1i2 ÆÆ��(y1) ÆÆ��(y2) ei R d4xL0[0;��;��;v�;j�;jhj℄�����;��=0 ;whereZ[0; 0; 0℄ =ZYx (dv�dj�djhj2 1Xn=0 1n! ��j5128�n�k�? � ÆiÆ�� ; jhj�k?� � ÆiÆ�� ; jhj��n)� ei R d4xL0[0;��;��;v�;j�;jhj℄�����;��=0and L0[0; ��; ��; v�; j�; jhj℄= �14 (�[�v�℄)2 � e j�v� � 12�j j�j� � 12�h jhj4 + ��j� + ��v� :



Towards an E�e
tive Field Theory of QED 855In the last step we used the fa
t that the integral kernel 
onsists of a poly-nomial fun
tion in j�. Thus, j� 
an be repla
ed by the 
orresponding fun
-tional derivative with respe
t to the sour
e 
urrent ��. Now we are left witha Gaussian integral with respe
t to j�, whi
h yieldsh0jTj�(y1) j�(y2)j0i= 1Z[0; 0; 0℄Z Yx (dv�djhj2 1Xn=0 1n!��j5128�n�k�? � ÆiÆ�� ; jhj�k?� � ÆiÆ�� ; jhj��n)� 1i2 ÆÆ��(y1) ÆÆ��(y2) ei R d4xL0[0;��;��;v�;jhj℄�����;��=0 (4.27)withZ[0; 0; 0℄ =Z Yx (dv�djhj2 1Xn=0 1n!��j5128�n�k�? � ÆiÆ�� ; jhj�k?� � ÆiÆ�� ; jhj��n)� ei R d4xL0[0;��;��;v�;jhj℄�����;��=0and L0[0; ��; ��; v�; jhj℄= �14(�[�v�℄)2+ e2�j2 v�v�+�j2 ����� 12�h jhj4��jev���+��v� : (4.28)We remark, that the 
ove
tor �eld v� has a
quired a mass m2v = �je2.Thus, in our e�e
tive �eld theory, the original gauge potential A� has beenrepla
ed by a massive spin-1 �eld v�. Now, observe that due to (4.28) thefun
tional derivative with respe
t to �� produ
es the term ��jev�. There-fore, the non-linear (and non-lo
al) term �k�?[ Æi Æ�� ; jhj℄ k?� [ Æi Æ�� ; jhj℄� is ef-fe
tively of the order e4, and we 
an treat it as a perturbation. Performingthe fun
tional derivatives in (4.27) with respe
t to �� yields a 
ompli
atednon-lo
al measure, whi
h in full generality 
annot be handled analyti
ally.Limiting ourselves to lowest order we get:h0jTj�(y1) j�(y2)j0i0 = 1Z[0℄ Z Yx �dv� djhj2	� ��j ��� Æ4(y1 � y2) +m2v�j v�(y1)v�(y2)� ei R d4xL0[��;v�;jhj℄j��=0:(4.29)Here we have denotedZ[0℄ = Z Yx �dv� djhj2	 ei R d4xL0[0;v�;jhj℄



856 J. Kijowski, G. Rudolph, M. Rudolphand L0[��; v�; jhj℄ = �14 (�[�v�℄)2 + m2v2 v�v� � 12�h jhj4 + ��v� : (4.30)Next, observe that the integration over jhj de
ouples, givingh0jTj�(y1) j�(y2)j0i0= 1Z[0℄ZYx fdv�g��j���Æ4(y1�y2)+m2v�jv�(y1)v�(y2)�ei R d4xL0[��;v�℄�����=0� h�j ��� Æ4(y1 � y2) +m2v�j v�(y1)v�(y2)i ;where now Z[0℄ = Z Yx fdv�g ei R d4xL0[0;v�℄and L0[��; v�℄ = �14 (�[�v�℄)2 + m2v2 v�v� + ��v� :This way we obtain:Proposition 1 In lowest order, the 
urrent�
urrent propagatorh0jTj�(x)j�(y)j0iof massless QED is given by the va
uum expe
tation valueh0jTj�(y1) j�(y2)j0i0 = h�j ��� Æ4(y1 � y2) +m2v�j v�(y1)v�(y2)i (4.31)with respe
t to the fun
tional measureQxfdv�gei R d4xL[v�℄ and the LagrangianL[v�℄ = �14 (�[�v�℄)2 + m2v2 v�v� : (4.32)Thus, in the lowest order, we are left with a simple Gaussian integration.We haveL0[��; v�℄ = �14 (�[�v�℄)2 + m2v2 v�v� + ��v� = �12 v�D��v� + ��v� ;with D�� := ���� � Æ������ �m2v Æ��. We introdu
e the new �eldv�0(x) := v�(x) + Z d4y��(y)(D�1)��(x� y) ;



Towards an E�e
tive Field Theory of QED 857where the propagator (D�1)��(x� y) of the massive free �eld v� is de�nedby D�� (D�1)��(x� y) = � Æ4(x� y) Æ�� :Thus, (D�1)��(x� y) = ���� +m2v Æ��m2v (m2v +2) Æ4(x� y) : (4.33)Performing the above transformation, the resulting integration over v0� de-
ouples and we obtainh0jTj�(y1) j�(y2)j0i0= ��j��� Æ4(y1 � y2) +m2v�j 1i2 ÆÆ��(y1) ÆÆ��(y2)�� ei R d4xd4y f���(x) (D�1)��(x�y) ��(y)g�����=0 : (4.34)Finally, performing the remaining fun
tional derivatives, we geth0jTj�(y1)j�(y2)j0i0 = �j���Æ4(y1 � y2)� �j ���� +m2v���m2v +2 Æ4(y1 � y2)= �j ���2� ����m2v +2 Æ4(y1 � y2) : (4.35)Fourier transforming to momentum spa
e leads to the following expressionin lowest order:���0 (p) = F < 0jTj�(y1) j�(y2)j0 >0= (p�p� � ���p2)T (p2) (4.36)with T (p2) := �jm2v�p2 . This result has the expe
ted Lorentz stru
ture. More-over, we obtain the identity p����0 (p) = 0, whi
h is nothing but the ve
torWard identity. Thus, in lowest order of the above de�ned perturbation series,our result obeys the ve
tor Ward identity.However, a dire
t 
omparison with the well known perturbation seriesof QED is not possible. This is due to the fa
t that the mass m2v = �je2 ofthe spin-1 �eld v� o

urring in (4.35) 
ontains the bare 
oupling 
onstant e.Thus, expanding this result around m2v = 0, whi
h 
orresponds to a powerexpansion in e2, we obtain non-vanishing 
ontributions to all orders in e2.Therefore, formula (4.35) 
an be interpreted as a resumation of parti
ularquantum 
orre
tions, whi
h results in an e�e
tive (�dynami
al�) mass forthe �eld v�. Unfortunately, higher order 
ontributions (in the sense of ourexpansion) 
annot be 
al
ulated analyti
ally.



858 J. Kijowski, G. Rudolph, M. Rudolph5. The 
hiral anomalyIn this se
tion we show that within our approa
h the 
orre
t Adler�Bardeen anomaly [14℄ is obtained in the lowest order approximation dis-
ussed in the previous se
tion. Again we restri
t ourselves to the massless
ase.Due to the bosonization rule (3.16) the 
hiral anomaly h��j�5 i is givenby the va
uum expe
tation valueh��j�5 i � D�j52 (�����(y))E= 1Z[0; 0; 0℄ �j52i ��� ÆÆ��(y)� Z[��; ��; ��℄�����;��;��=0 ; (5.37)where Z[��; ��; ��℄ is given by (3.17) and L[��; ��; ��; v�; j�; jhj; �℄ by (3.18),or in terms of k�[j�; jhj℄, by (4.22). Choosing a longitudinal sour
e 
urrent�� := (���) and transforming�00 = �+ 4�j5 � + 14�j5 k[j�; jhj℄ (5.38)yields the Lagrangian in the following form:L[��; ��; ��; v�; j�; jhj; �00℄= �14 ��[� v�℄�2 � e j�v� � 14�j5 ��k�k[j�; jhj℄ + �j5128 k�?[j�; jhj℄k?� [j�; jhj℄� 12�j j�j� � 12�h jhj4 � 2�j5 ���� + �j58 (���00)(���00) + ��j� + ��v�:Now �00 
an be integrated out trivially. Performing the fun
tional derivativewith respe
t to �� we obtainD�j52 (�����(y))E= 1Z[0; 0; 0℄ Z Yx �dv� dj� djhj2	 �� 18 ��(��k[j�(y); jh(y)j℄ + 4 ��(y))�� ei R d4xL[��;��;0;v�;j�;jhj℄�����;��=0= 1Z[0; 0; 0℄ Z Yx �dv� dj� djhj2	 �� 18 ��k�[j�(y); jh(y)j℄�� ei R d4xL[0;��;0;v�;j�;jhj℄�����=0 ;



Towards an E�e
tive Field Theory of QED 859whereL[0; ��; 0; v�; j�; jhj℄= �14(�[�v�℄)2�ej�v�+ �j5128k�?[j�; jhj℄k?� [j�; jhj℄� 12�j j�j�� 12�h jhj4+��j� :Due to the expli
it dependen
e of k� [j�(y); jh(y)j℄ on jhj, a further ex-a
t analyti
al treatment of this formula is impossible. But, as outlined inSe
tion 3, jhj enters our e�e
tive theory in a non-dynami
al way and, there-fore, in prin
iple it 
an be �averaged� out. In the simplest approximation werepla
e jhj by its mean value �0. This way we are led toD�j52 (�����(y))E= 1Z[0; 0; 0℄ Z Yx fdv� dj�g �� 18 ��k�[j�(y); �0℄�� ei R d4xL[0;��;0;v�;j�℄�����=0= 1Z[0; 0; 0℄ Z Yx fdv� dj�g�� 18�20 "Æ���(��jÆ(y))(��j�(y))�� ei R d4xL[0;��;0;v�;j�℄�����=0; (5.39)with L[0; ��; 0; v�; j�℄= �14 (�[�v�℄)2 � e j�v� + �j5128 k�?[j�; �0℄k?� [j�; �0℄� 12�j j�j� + ��j�:Now the non-trivial 
oupling term �j5128 k�?[j�; �0℄ k?� [j�; �0℄ will be treat-ed similarly as in the previous se
tion. In the lowest order we getD�j52 (�����(y))E0= 1Z[0; 0; 0℄ Z Yx ndv�dj�o�� 18�20 "Æ��� (��jÆ(y)) (��j�(y))��ei R d4xL0[0;��;0;v�;j�℄�����=0= 1Z[0; 0; 0℄ Z Yx ndv� dj�o�� 18i2 �20 "Æ��� ��� ÆÆ�Æ(y)���� ÆÆ��(y)���ei R d4xL0[0;��;0;v�;j�℄�����=0;



860 J. Kijowski, G. Rudolph, M. Rudolphwhere Z[0; 0; 0℄ = Z Yx ndv� dj�o ei R d4xL0[0;0;0;v�;j�℄and L0[0; ��; 0; v�; j�℄ = �14 (�[�v�℄)2 � e j�v� � 12�j j�j� + ��j�:Performing the Gaussian integration over j� and the fun
tional deriva-tives with respe
t to ��, we �nally obtainD�j52 (�����(y))E0= e2�2j8�20 "���� 1Z[0℄ Z Yx fdv�g (�[�v�℄(y))(�[�v�℄(y)) ei R d4xL[v�℄= e2�2j8�20 "���� h(�[�v�℄(y))(�[�v�℄(y))i (5.40)with Z[0℄ = R Qx fdv�g ei R d4xL[v�℄ andL[v�℄ = �14 ��[�v�℄�2 + m2v2 v�v� : (5.41)Thus, bearing in mind that F�� = �[�v�℄ we 
an formulate the followingresult:Proposition 2 In lowest order, the 
hiral anomaly of massless QED in(3 + 1) dimensions is given by the va
uum expe
tation valueD�j52 (�����(y))E0 = e2�2j8�20 "���� hF�� F��i (5.42)with respe
t to the fun
tional measure Qx fdv�g ei R d4xL[v�℄ , whereL[v�℄ = �14 ��[�v�℄�2 + m2v2 v�v� : (5.43)If we start with an external ele
tromagneti
 �eld, v� be
omes external,too. In that 
ase we getD�j52 (�����(y))Ev = e2�2j8�20 "���� F�� F�� ; (5.44)where F�� = �[�v�℄ denotes the external ele
tromagneti
 �eld strength.



Towards an E�e
tive Field Theory of QED 861Observe that we get the 
orre
t 
oe�
ient, see [13, 14℄, for the 
hiralanomaly if we require the following relation between our parameters:�2j�20 = 12�2 : (5.45)This yieldsh��j5�(y))iv � D�j52 (�����(y))Ev = e216�2 "���� F�� F�� : (5.46)Thus, the anomaly 
an be used to �x one of the parameters of our e�e
tivetheory as dis
ussed in the Introdu
tion.The resear
h was supported by the Polish resear
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