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GAMOW�TELLER BETA-DECAY STRENGTHSOF NEUTRON-DEFICIENT TIN ISOTOPES:COMPARISON OF FFST AND pnBCS+QRPA RESULTSAndrzej Bobyk, Wiesªaw Kami«skiDepartment of Theoreti
al Physi
s, Maria Curie-Skªodowska Universitypl. Marii Curie-Skªodowskiej 1, 20-031 Lublin, Polandand Ivan N. BorzovInstitute d'Astrophysique, Universite Libre de Bruxelles, Belgiumy(Re
eived November 8, 1999)Mi
ros
opi
 analysis of re
ent data on beta-de
ay of even neutron-de�
ient nu
lides between 100Sn and 108Sn is performed within the self-
onsistent �nite Fermi-system theory and BCS plus Quasiparti
le RandomPhase Approximation with G-matrix intera
tion and proton�neutron pair-ing. Strength fun
tions of Gamow�Teller �-de
ay are 
al
ulated. Theme
hanisms of redu
tion of the GT strength are dis
ussed.PACS numbers: 21.30.Fe, 21.60.Jz, 23.40.H
1. Introdu
tionEvolution of shell stru
ture of exoti
 nu
lei near new double-shell 
lo-sures and its isospin dependen
e is an attra
tive problem. The interest inthis �eld is mainly related with the progress in radioa
tive beams experi-ments and the important role of the exoti
 nu
lei in explosive astrophysi
alpro
esses. Study of the �-de
ay modes is often the only way to extend ourknowledge of nu
lear properties to region far from stability. For the protonri
h nu
lei the �-de
ay is dominated by the Gamow�Teller (GT) transitions.This is the fastest 
hannel of the �-de
ay in the region of nu
lei where super-allowed Fermi de
ay is suppressed by isospin sele
tion rules. In the region ofdoubly-magi
 very neutron de�
ient 100Sn the Gamow�Teller �+ transitionis built on (1�g9=2,1�g7=2) shell-model 
on�guration. The simpli
ity of thede
ay mode and the sele
tivity of the GT-transitions with �L = 0, �S = 1,y On leave from Institute of Physi
s and Power Engineering, Obninsk, Russia.(953)
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hange is a good referen
e point for 
he
king various mi
ro-s
opi
 approa
hes to exoti
 nu
lei. The maint points of interest are studyingof GT-strength distribution and determining its magnitude. The a

urate
onsideration of the problem requires the self-
onsistent study of the groundand ex
ited states properties and pairing in the nu
lei with N � Z and thedes
ription of the splitting of the GT-strength over several �nal states indaughter nu
lei. 2. Finite Fermi-system theoryThe self-
onsistent �nite Fermi-system (FFS) theory [1℄ has mu
h in
ommon with the HFB method with e�e
tive for
es. The main problemof its pra
ti
al appli
ation is the 
hoi
e of the form and parametrization ofthe appropriate density fun
tional. In the present work we have used thedensity fun
tional by [2℄ whi
h was �tted to the ground state properties ofspin-zero nu
lei. As a 
onsequen
e, the s
heme is not fully self-
onsistent inthe 
ase of spin�isospin ex
itations, and one has some freedom in 
hoosingthe e�e
tive spin�isospin NN -intera
tion.In general, the method in
ludes the des
ription of the ground states ofsuper�uid nu
lei [2℄ and ex
ited states of even and odd-A nu
lei with pairing
orrelations [3, 4℄. It 
onsists of two steps:1) 
al
ulating the self-
onsistent potential and the quasiparti
le basis,taking into a

ount the e�e
ts of pairing 
orrelations. We use thedensity fun
tional method and the quasiparti
le Hamiltonian with afree kineti
 energy operator1. Quasiparti
le spe
trum and wave fun
-tions are 
al
ulated in a self-
onsistent mean �eld whi
h is the �rstfun
tional derivative of the intera
tion energy with respe
t to nor-mal density, the pairing potential being obtained as the fun
tionalderivative of the pairing energy with respe
t to the anomalous density(see e.g. [1℄);2) solving the QRPA2-type FFS theory equations and 
al
ulating thestrength fun
tions of nu
lear 
harge-ex
hange ex
itations in sper�uidnu
lei [3, 4℄.The strength fun
tion determining the response of a super�uid nu
leus tothe 
harge-ex
hange external �eld V 0 / �� is given in the FFS theory by [5℄S(!) = �Z êqV0(~r)�tr(~r;!)d~r�2 ; (1)1 The quasiparti
le e�e
tive mass m� being equal to the bare nu
leon mass m.2 Quasiparti
le Random Phase Approximation.
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ient Tin Isotopes: : : 955where êq is the quasiparti
le lo
al 
harge with respe
t to the external �eldV0 and the transition density �tr of a nu
lear ex
itation with a frequen
y !sis 
al
ulated in the FFS theory as�tr(~r;!s) = C ImZ d~r 0 hL(~r; ~r 0;!s)Vpn(~r 0;!s) +M(~r; ~r 0;!s)V hpn(~r 0;!s)+N1(~r; ~r 0;!s)d1(~r 0;!s) +N2(~r; ~r 0;!s)d2(~r 0;!s)� ; (2)where the normalization 
onstant C is 
al
ulated through matrix element ofthe nu
lear transition from the ground state to the ex
ited one:M20!s = �Z d~reqV0(~r)�tr(~r; !s)�2 = Z�! S(!)d! : (3)Here �! is an energy interval in whi
h the 
ontribution of some spe
i�
maximum (or resonan
e) in S(!) at ! = !s 
an be extra
ted.In Eq. (2), Vpn and V hpn are the e�e
tive �elds for parti
les and holes,respe
tively, arising due to the a
tion of an external 
harge-ex
hange �eldV 0 / �� (V 0hpn = 0) and d1 and d2 are the e�e
tive 
hanges of the 
orre-sponding pairing �elds. These e�e
tive �elds have to be found by solvingthe system of the FFS theory QRPA-like equations [5℄ for 
harge-
hangingex
itations in non-magi
 nu
lei. In (1)�(3) ! = ~! � Æ� with Æ� = �p � �nbeing di�eren
e between the proton and neutron 
hemi
al potentials, and ~!the ex
itation energy in daughter nu
leus. The propagators L;M;N1; N2are obtained by integrating various produ
ts of the normal and abnormalGreen's fun
tions G and F (see [5℄).In pra
ti
e one often uses an ordinary expansion over single-parti
le wavefun
tions '�� 3. It is impossible to solve the e�e
tive �eld equation in the�-representation without basis trun
ation be
ause of single-parti
le 
ontin-uum. To over
ome this di�
ulty we are using a method of 
oordinate repre-sentation of the single-parti
le Green fun
tion allowing to in
lude the wholeph-
ontinuum in the FFS theory equations (see e.g. [6℄ and Refs. therein).For the 
harge-ex
hange ex
itations of super�uid nu
lei a s
heme for in-
lusion the ph-
ontinuum has been developed [3, 4℄ whi
h is similar to themethod of mixed (r; �)-representation used in [7℄ for the neutral-
hannel ex-
itations. Note that for nu
lei near the drip lines the 
orre
t des
ription ofpairing should allow for the intera
tion between the bound nu
leon statesand 
ontinuum [4, 8℄.3 The so-
alled �-representation with �n(p) = nljm� is the standard set of single-parti
le quantum numbers of the neutron (� = �) or proton (� = �) level withenergy "��.
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urate des
ription of the single-parti
le 
hara
teristi
s it is veryimportant to 
hoose an appropriate form and parametrization of the densityfun
tional. Here we have used the density fun
tional as suggested in [2℄,where a dependen
e on � is simulated by simple fra
tional-linear fun
tionsand the surfa
e 
ontribution is related to the �nite-range for
es whi
h arealso density-dependent [9℄. The total intera
tion energy of super�uid nu-
leus, Eint[�; �℄ = R d~r "int(~r) is a fun
tional of two densities, the normal,�(~r), and the anomalous, �(~r). Self-
onsistent 
al
ulation with su
h a fun
-tional looks like the standard variational HFB pro
edure in whi
h the single-parti
le Hamiltonian takes the formH = �h� � ���� �� h� ; (4)where h = p22m + ÆEint[�; �℄Æ� ; � = �ÆEint[�; �℄Æ� : (5)These equations were solved iteratively. The intera
tion energy density isrepresented as "int = "main + "
oul + "sl + "pair ; (6)where "main 
ontains the volume isos
alar and isove
tor parts and these
orrespond to the surfa
e isos
alar and isove
tor potential energies generatedby the density-dependent �nite-range for
es [2℄. The energy density of theCoulomb intera
tion "
oul takes the usual form and in
ludes the ex
hangepart in the Slater approximation, while the spin-orbit term "sl in Eq. (6)
omes from spin-orbit / (� + �0~�1 � ~�2)[~r1Æ(~r1 � ~r2)� (~p1 � ~p2)℄ � (~�1 + ~�2)and velo
ity spin-dependent / (g1 + g01~�1 � ~�2)(~�1 � ~�2)(~p1 � ~p2) intera
tions(for details see [2℄). The last term in (6) is the pairing energy density"pair = 12�F �� , where � is the anomalous nu
leon density and F � playsthe role of the e�e
tive for
e in the parti
le�parti
le 
hannel and has been
hosen for simpli
ity as:F �(~r; ~r 0) = �C0f �Æ(~r � ~r 0) : (7)Here C0 is the inverse density of states at the Fermi surfa
e in equilib-rium nu
lear matter (305 MeV�fm3) and f � is a dimensionless intera
tion
onstant of the FFS theory [5℄. The supers
ript � refers to the energy 
ut-o� parameter whi
h de�nes the number of single-parti
le levels taken intoa

ount when evaluating the anomalous Green's fun
tions and, 
orrespond-ingly, when solving equations for pairing �elds�� (~r) and 
hemi
al potentials�� as well as the dynami
al FFS equations for ex
ited states. In the present
al
ulations pairing was treated in a diagonal approximation on the basis
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ient Tin Isotopes: : : 957of all bound single-parti
le levels and quasi-bound levels within the 
ut o�energy interval of 15 MeV with f �nn = f �pp= 0.28, as we have used in [10℄ .Parameters of the density fun
tional (6) were 
hosen in [9℄ by �ttingbinding energies, 
harge distributions and single-parti
le spe
tra for magi
nu
lei 40Ca, 48Ca, 208Pb and for non-magi
 ones both with weak super-�uidity (90Zr, 146Gd) and developed pairing (even�even stable Sn and Pbisotopes). As for the des
ription of the pairing properties with the intera
-tion (7), the pairing potential � is found to be a smooth fun
tion of ~r andits non-diagonal matrix elements ���0 are small, i.e. ���0 � ��Æ��0 . Foreven�even nu
lei the level-dependent matrix elements �� are obtained fromthe standard gap equation, whi
h is solved toghether with the 
ondition onthe 
hemi
al potential �� . This pro
edure gives the parti
le number in anu
leus and thus de�nes the quasiparti
le energy E� =q("� � �)2 +�2�.It is worth to note, that for spe
i�
 
ase of the spin�isospin ex
itationsthe 
orresponding e�e
tive NN -intera
tion has not been obtained as these
ond fun
tional derivative of the density fun
tional with respe
t to normalspin�isospin density but was de�ned independently. The e�e
tive intera
tionF!�� in the parti
le�hole spin�isospin 
hannel is 
hosen as in [11℄. It 
ontainslo
al Æ-part with Landau�Migdal parameter g0 and renormalized one-pionex
hange amplitude. In the momentum representation it readsF!�� = 2C0 "g0~�1~�2 � g�(1� 2��s )2 (~�1~k)(~�2~k)k2 +m2� + P�(k2)# ; (8)where g� = �4� (f2�=m2�)=C0 = �1:45 and P�(k2) is the pion irredu
iblepolarization operator in nu
lear medium with allowan
e for virtual produ
-tion of the � isobar. The 
onstant g0=1.0�1.1 has been extra
ted frompositions of the GT and M1 resonan
es [11℄. The parameter ��s 
hara
ter-izes the suppression of spin�isospin verti
es in nu
lei due to the quasiparti
lelo
al 
harge eq[�� ℄ = 1 � 2�s [5℄. The value of �s = 0:1 was determined bya �t to the observed GT and M1 strength distributions [11℄.The e�e
tive spin�isospin intera
tion in the parti
le�parti
le 
hannel en-tering FFS theory equations for the 
harge-ex
hange ex
itations was 
hosenin the simplest form:F ��� (~r1; ~r2) = �C0g0�Æ(~r1 � ~r2) ; (J� = 0�; 1+; : : :) : (9)The value of g0� for the spin�isospin strength 
onstant in the pp-
hannel asdedu
ed from the �-de
ay data and (p; n)/(n; p) rea
tions spe
tra in [3℄ wasfound to be 0.2�0.5 (in the present 
al
ulations the value of 0.2 has beenused).
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le Random Phase Approximationand ex
ited statesTo 
al
ulate the matrix elements of beta transitions one needs to knownot only the stru
ture of the ground state but of the ex
ited states of the �nalnu
leus as well. Also their energy has to be 
al
ulated if one is interested inthe dis
rimination of the individual transition. Here the QRPA formalismproves to be useful. It a

ounts not only for the parti
le�hole diagrams butfor parti
le�parti
le ones as well [18℄. The ex
ited states are 
onstru
tedas one-phonon ex
itations generated from the ground state of the initialnu
leus: jm;J�Mi = Xa��b� 1p1 + ÆabÆ�� hXa�;b�m;J�Ay(a�; b� ;JM)�Y a�;b�m;J� ~A(a�; b� ;JM)i jQRPAi ; (10)where Ay(a�; b� ;JM) are the angular-momentum 
oupled two-quasiparti
le
reation operators. The usual proton�neutron QRPA formalism has beenextended to a full form, taking into a

ount the possibility of mixing betweenprotons and neutrons [19℄. Treating X and Y amplitudes as independentvariational parameters one gets a matrix equation for them and for theex
itation energy of the mth ex
ited state ~!m;J� � Em;J� �E0:� AJ� BJ��BJ� �AJ� �� XJ�YJ� �m = ~!m;J� � XJ�YJ� �m : (11)Matri
es A i B are de�ned in the following way:Aa0�0;b0� 0;a�;b�J� � hpnBCSjA(a0�0; b0� 0;JM)[Ĥ; Ay(a�; b� ;JM)℄jpnBCSip(1 + ÆabÆ�� )(1 + Æa0b0Æ�0� 0) ;Ba0�0;b0� 0;a�;b�J� � hpnBCSjA(a0�0; b0� 0;JM) ~A(a�; b� ;JM)Ĥ jpnBCSip(1 + ÆabÆ�� )(1 + Æa0b0Æ�0� 0) : (12)The expli
it forms of A i B matri
es are quite lengthy and will not be quotedhere � they 
an be found e.g. in [19℄.In the QRPA formalism the Gamow�Teller transition matrix elementsare expressed as follows:B(GT) � ���hm; 1+jj�̂+jjQRPAi���2= ����� Xa��b� hajj�jjbip1 + ÆabÆ�� [Xa�;b�m0;1+(va�pub�n � ua�nvb�p)
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ient Tin Isotopes: : : 959+Y a�;b�m0;1+(ua�pvb�n � va�nub�p)℄�����2: (13)The u and v 
oe�
ients are the 2�2matri
es, being the solutions of the gen-eralized BCS problem with proton�neutron pairing taken into a

ount [19℄.4. Details of the 
al
ulations and results4.1. FFST approa
hThe results of the 
al
ulations within the FFST are given in Fig. 1 andTable I, where the GT-strength fun
tions and the total GT-strength withinthe QEC window for the �+-de
ay of even 100�108Sn are presented. Forall available 
ases the experimental distributions are also given (for reviewsee [20℄). The qualitative features of the �+-strength distributions in FFSTs
heme are easily seen. There are two main 1+ levels fed in the energy regionof interest. One of them 
arring the most of the strength has the ph nature,the other one is attributed to the pairing e�e
ts. The energy position andthe strength of ph level depends mainly on the strength parameters of thee�e
tive NN -intera
tion (g0; g�) and the lo
al 
harge value, whi
h remainsun
hanged in our 
al
ulations. The energy position of the ph level for tin iso-topes with A � 110 is typi
ally below the QEC-value. The 
hara
teristi
s ofthe se
ond level, the so-
alled pp-level, is sensitive to pp-intera
tion strength.In some 
ases this level is shifted above the QEC-value. It is important thatfor �+-de
ay the main part of the strength is 
ontained in the ph-level whi
h
arries the average parti
le numbers of daughter nu
lei. This allows to de-termine its ex
itation energy from the 
al
ulated transition energy. In thepresent work the QEC-values are determined in self-
onsistent way as theatomi
 mass di�eren
es of parent and daughter nu
lei in their ground states

Fig. 1. Experimental GT-strength distribution (solid lines) and 
al
ulated withinFFST approa
h (dash-dotted lines). The experimental threshold is marked withthe dashed line.
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al
ulated within the FFST (a), QRPA without (b) andwith (
) p�n pairing, together with experimental values (d) [20℄. The adoptedstrength of the spin�isospin intera
tion in the pp-
hannel is 60 MeV�fm3.Sn ! In PB(GT)A (a) (b) (
) (d)100 7.63 9.27 8.95 �102 6.08 8.02 7.69 �104 5.30 6.75 6.49 2:63+0:38�0:33106 4.37 5.43 5.24 2:44+0:30�0:27108 3.53 3.99 3.85 1:37+0:10�0:09and were not �tted to experimental ones, as well as single-parti
le energies.Further 
al
ulations of the total GT-strength are in�uen
ed by the a

ura
yof the obtained QEC-values.It is worth to 
ompare not the details of 
al
ulated and experimentalspe
tra, but the energy positions of the 
entroids of GT-strength distribu-tions. It is seen from Fig. 1 that the main part of the 
al
ulated strengthfor 104�108 Sn is within the QEC-window. The positions of the 
entroids ofGT-distribution in even�even tin isotopes 
al
ulated within the FFST arein resonable agreement with experiment.The total GT-strength observed below de
ay energy threshold is sub-stantially lower than 
al
ulated in FFST and BCS+pnQRPA approa
hes.The me
hanisms of the strength renormalisation has been intensively stud-ied re
ently (see e.g. [21℄). The main sour
e of the GT-strength redu
tion inis the �
ore-polarization� me
hanism due to the e�e
tive intera
tions in phand pp 
hannels and the 
ontinuum e�e
t. The relative importan
e of thementioned fa
tors 
an be understood on the example of the FFST 
al
ula-tion of the 1+ state in 104Sn. The quen
hing fa
tor 
ased by spin�isospinph intera
tion with trun
ated basis is 2.1, the 
oupling to 
ontinuum drivesthe redu
tion fa
tor to 2.5, the in
lusion of pp intera
tion with the strengthparameter g0�=0.2 gives overall redu
tion of 2.8 (all fa
tors are given rela-tive to the total strength, 
al
ulated without any intera
tion ex
ept pairingone). Note that the latest experimental data on the (n; p) rea
tions [12℄favor the higher value of the g0�=0.4�0.5 whi
h would lead to additional30�40% redu
tion in the total B(GT+).
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hIn these 
al
ulations we have taken the realisti
 Hamiltonian with in-tera
tion part based on the G-matrix 
al
ulated using the Bethe�Goldstoneequation with one-boson ex
hange nu
leon�nu
leon potential of Bonn type[22℄, and Woods�Saxon potential with Berts
h parametrization as the single-parti
le part. For 
omparison with FFST results, the strength of the spin�isospin e�e
tive intera
tionin the pp-
hannel has been 
hosen the same,namely 60 MeV�fm3. The single-parti
le basis 
onsisted of 10 orbitals with40Ca as an inert 
ore. We studied an in�uen
e of the proton�neutron pairingon the B(GT) values by swit
hing o� the p�n intera
tion, what 
orrespondsto taking non-diagonal elements of the u and v matri
es equal zero and re-stri
ting the isospin indi
es in Eqs. (10) and (13) to values � = p and � = n.The results are summarised in Table I and in Fig. 2. One 
an noti
e slightredu
tion of B(GT) values when p�n pairing is in
luded. This is due tothe fa
t that the strength is redistributed be
ause of the in
reased numberof possible ex
itations. But still they overestimate both FFST results andexperimental data.
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Fig. 2. GT-strength distribution 
al
ulated within BCS+QRPA approa
h with(bla
k bars) and without (white bars) p�n pairingImportant feature of the observed GT-distributions is substantial split-ting of the strength between several states. This may 
ause a signi�
antpart of redu
tion of total GT-strength due to limited experimental sensitiv-
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h is energy dependent. The transitions with the ex
itation energy
lose to the QEC-value may be missed even when its strength is rather large.In order to explain the fragmentation of the GT-strength in terms ofQRPA-like s
hemes one should in
lude the e�e
t of 
oupling of single-parti
leand phonon modes. The 
onsistent approa
h of this type in nu
lei withpairing is still missing. The attempts to extend the QRPA model in thisdire
tion are known, but quantitative analysis has been not performed yet.Also re
ently dis
ussed problem of the violation of Pauli prin
iple in theQRPA approa
h [23℄ and in
lusion of the so-
alled s
attering terms [24℄may in�uen
e the results. These and other questions remain therefore stillopen. 5. Summary and 
on
lusionsThe analysis of re
ent experiments on the �-de
ay of neutron- de�
ienttin isotopes near 100Sn were performed in order to understand the details ofthe GT-de
ays in even�even nu
lei in this region. The self-
onsistent FFSTwith 
ontinuum and the QRPA approa
h with the G-matrix intera
tion andproton�neutron pairing was used for the study. The results are 
onsistentwith the overall pi
ture of GT-de
ay governed by the g9=2 ! g7=2 transition.The e�e
t of proton�neutron pairing on low-spin ex
itations is found to besmall. Although the 
hange in the total strength 
aused by the pn-pairingis in the right dire
tion, it is 
learly not enough to solve the problem ofthe universal quen
hing of GT-strength. The latter seems to be also anexperimental issue.To explain the rest of di�eren
e in total GT-strength for even�even tinisotopes one should in
lude in reliable way the quasiparti
le�phonon 
orre-lations within the RQRPA-like s
hemes [23, 24℄. This 
an also provide thelink with the shell-model approa
hes, whi
h forms a basis for understand-ing of the role of strength splitting in the observed quen
hing e�e
t. Onthe other hand, further experimental developments, like the appli
ation ofwell 
alibrated total gamma absorption spe
trometers will help to improveour knowledges on the �-de
ay properties of exoti
 nu
lei in the region ofdoubly-magi
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