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RISE AND DECAY IN TIME OF THIRD-ORDERELECTRIC POLARIZATION IN LIQUIDS COMPOSEDOF DIPOLAR SYMMETRIC-TOP MOLECULES�Wªadysªaw Alexiewiz and Hanna Derdowska-ZimpelNonlinear Optis Division, Institute of Physis, A. Mikiewiz UniversityUmultowska 85, 61-614 Pozna«, Polande-mail: walex�main.amu.edu.ple-mail: hazip�main.amu.edu.pl(Reeived November 12, 1999)Formulae are derived for the rise and deay relaxation funtions ofthird-order eletri polarization indued in liquids omposed of dipolar,symmetri-top moleules by retangular pulse with intermoleular inter-ations negleted. Smoluhowski equation for rotational di�usion of thesymmetri-top moleules is applied.PACS numbers: 05.40.�a, 05.45.�a1. IntrodutionThe approximate �Smoluhowski�Debye method� for solution of the ro-tational di�usion equation for non-interating spherial moleules was usedin lassial papers of Kielih and o-workers [1℄ for a desription of non-linear proesses of moleular relaxation in intense eletri �elds. It is ouraim to apply the extension of Kielih's method into a medium onsistingof non-interating dipolar but symmetri-top moleules in the presene oftwo-angles dependent external potential V (#; '), for a desription of therise and deay in time of third-order eletri polarization. This method wasdesribed reently in details by one of us [2℄.� Presented at the XII Marian Smoluhowski Symposium on Statistial PhysisZakopane, Poland, September 6�12, 1999.(1063)



1064 W. Alexiewiz, H. Derdowska-Zimpel2. TheoryThe Smoluhowski equation of rotational Brownian motion for asym-metri-top moleules may be written in the form [3℄:�f�t = � X�=x;y;zD�� �L̂2�f � 1kT (iL̂�)(ifL̂�V )� : (1)Here f(#; ';  ; t) is the distribution funtion of rotational motion, D�� arethe diagonal omponents of the rotational di�usion tensor of the moleule,L̂� are the omponents of a well-known quantum-mehanial angular mo-mentum operator L̂, k denotes the Boltzmann onstant and T - the absolutetemperature, (i2 = �1). Here the hange in potential energy of the moleulein an external eletri �eld EZ(t) is denoted by V (#; ';  ; t), where #; ';  are the Euler angles.In the ase of symmetri-top moleules, this equation redues to�f�t = �D?(L̂2 � L̂2z)f �DkL̂2zf� D?2kT hL̂2 � L̂2z)V f + (f(L̂2 � L̂2z)V � V L̂2 � L̂2z)fi� Dk2kT h(L̂2zV f + fL̂2zV � V (L̂2zfi ; (2)where D? = Dxx = Dyy, Dk = Dzz. If an external eletri �eld is appliedalong the laboratory Z-axis, both the orientational distribution funtion fand the hange in potential energy of moleules V depend on two angles:polar # and azimuthal angle ', only. By using the operator identitiesL̂2 = L̂2x + L̂2y + L̂2z (3)and 2(L̂�f)(L̂�V ) = L̂2�(V f)� V L̂2�f � fL̂2�V ; (4)we an write the Smoluhowski equation in the form:2�1�f�t + �L̂2f + (1� �)L̂2zf= � 12kT h�L̂2(V f) + (1� �)L̂2z(V f) + �fL̂2V + (1� �)fL̂2zV� �V L̂2f � (1� �)V L̂2zfi ; (5)where � = D?Dk is dimensionless parameter desribing the anisotropy of rota-tional di�usion and �1 = 12Dk is the Debye relaxation time. Equation (5) an



Rise and Deay in Time of Third-Order Eletri : : : 1065be solved by means of the Smoluhowski�Debye method taking into aountthe series expansions of orientational distribution funtion f(#; '; t) and thepotential energy V (#; '; t) into the powers of the parameters of dipole reori-entation px; py; pz in the basis of the spherial harmonis funtions Ylm(#; ').We assume, that px; py; pz � 1. With these expansions we an apply somestandard properties of the angular momentum operatorsL̂2Ylm = l(l + 1)Ylm ; (6)and L̂2zYlm = m2Ylm (7)together with the orthogonality relation and produt and integral rules ofthe spherial harmoni funtions [4℄ in order to obtain the f(#; '; t). Thismethod of approximate solution of equation (5), desribed reently in detailsin [2℄ , is valid in the �low moleular reorientation� ase only, but is very wellful�lled in modern experimental investigations of nonlinear dieletri e�et(NDE), suh as reent measurements of the Langevin saturation in dilutesolutions of mesogeni 10-TPEB moleules [5℄.In speial ase of the spherial-top moleules, when � = 1, equation (5)goes into the well-known Smoluhowski equation depending on the salardi�usion oe�ient D? = Dk = D only [1, 3, 6℄ whih is fundamental in theKielih lassial theory of non-linear eletro-optial proesses of moleularrotational relaxation in intense eletri �elds of high and low frequeny [1℄.3. The rise in time of linear and nonlinear eletri polarizationfor retangular reorienting pulseWe onsider a medium onsisting of dipolar, symmetri-top moleuleswith the dipole momentum omponents �x; �y; �z. The hange of its poten-tial energy in an external eletri �eld Ez(t), applied along the laboratoryZ-axis, is equal1kT V (#;'; t) = ipx(Y11 + Y1�1) + py(Y11 � Y1�1)� pzY10 ; (8)where we introdued the dimensionless parameters of dipole moment om-ponents reorientation p� = ��EkT r2�3 ; � = x; y ;pz = 2�zEkT r�3 : (9)



1066 W. Alexiewiz, H. Derdowska-ZimpelIn the lassial statistial mehanis approah the eletri polarization hP (t)iindued in our medium by an eletri �eld Ez(t) is given by the ensembleaverageshP (t)i = � 2�Z0 �Z0 (�x sin# sin'+ �y sin# os'+�z os#)f(#;'; t) sin#d#d'= � 2�Z0 �Z0 [��xr2�3 i(Y11 + Y1�1)� �yr2�3 (Y11 � Y1�1)+�z2r�3Y10℄f(#; '; t) sin#d#d' ; (10)of the spherial harmonis Ylm. In equation (10) � = NV is the density of themedium and the reorientational distribution funtion f(#; '; t) an be foundfrom equation (5). We assume that the intensity of an external eletri �eld(t > 0) Ez(t) = E0g(t) = E0 + 12E!(e�i!t + ei!t) ; E0 � E!; (11)is su�iently high to indue the linear hP (1)(t)i and the nonlinear hP 3(t)ipolarization in the medium. The total polarization splits into two ompo-nents hP (t)i = hP (1)(t)i+ hP (3)(t)i+ : : : ; (12)The time-dependene of the linear omponent of the polarization is given ashP (1)(t)i = �(�2x + �2y)Ax11(t) + �2zAz10(t)� �E03kT ; (13)where the relaxational di�usion funtions A�lm(t), whih must be found fromthe di�erential equations [2℄:�10 _Az10 + Az10 = g(t) ;�11 _Ax11 + Ax11 = g(t) (14)depend on the shape of the eletri �eld g(t) and the relaxation times �lm.In equations (14) dots denote time derivatives. In the ase of the �eld (11)swithed on at the time t = 0 (g(t) = 0 for t < 0) we obtain for thereorientational rise funtions A�lm(t) the formulaeAx11(t) = 1� e� t�11 ;Az10(t) = 1� e� t�10 ; (15)



Rise and Deay in Time of Third-Order Eletri : : : 1067and the reorientational relaxation times for symmetri-top moleules areequal to �lm = �l(l + 1)Dk �m2(Dk �D?)��1 ; (16)and depend on both omponents of the rotational di�usion tensor. The time-dependeny of the nonlinear omponent of the eletri polarization (10) isgiven by the formula [2℄1�hP (3)(t)i = ��(�2x + �2y)2Axxx11 (t) + �4zAzzz10 (t)+ (�2x + �2y)�2z [Axxz10 (t) +Axzz11 (t)℄	 E345k3T 3 ; (17)and the nonlinear relaxation funtions A���lm (t), obey the equations [2℄:�10 _Azzz10 +Azzz10 = Azz20g(t) ;�10 _Axxz10 +Axxz10 = 12g(t) [3Axz21 �Axx20 ℄ ;�11 _Axxx11 +Axxx11 = g(t)2(1 + �) [3Axx22 + (2� � 1)Axx20 ℄ ;�11 _Axzz11 +Axzz11 = g(t)1 + � [Axx20 + 3�Axz21 � 2�Azz20℄ : (18)We see from equation (18) that the ubi relaxation funtions A���lm (t) de-pend on the quadrati relaxation funtions A��lm (t), whih obey the equa-tions [2℄: �20 _Axx20 +Axx20 = Ax11(t)g(t) ;�20 _Azz20 +Azz20 = Az10(t)g(t) ;�22 _Axx22 +Axx22 = Ax11(t)g(t) ;�21 _Axz21 +Axz21 = �1 + 2�1 + 5�Az10(t) + 3�1 + 5�Ax11(t)� g(t) : (19)The nonlinear reorientational relaxation funtions A���lm (t), for the eletri�eld (11), are equal toAzzz10 (t) = 1� 34e� t�10 � 14e� t�20 � 32 t�10 e� t�10 ; (20)Axxx11 (t) = 1� a11e� t�11 + a20e� t�20 + a22e� t�22�b11 t�11 e� t�11 ; (21)



1068 W. Alexiewiz, H. Derdowska-ZimpelAxxz10 (t) +Axzz11 (t) = 2 + 10e� t�10 + 11e� t�11 + 20e� t�20+21e� t�21 + d10 t�10 e� t�10 + d11 t�11 e� t�11 ; (22)where only terms with E30 are inluded. The oe�ients alm; blm; lm anddlm in equations (21) and (22) depend on the anisotropy � of the di�usiontensor omponents D?, Dk, and are equal toa11 = 1 + (2� � 1)(11 � �)2(5 � �) + 3(3 + 7�)2(1 + 3�)2 ;a20 = 1 + (2� � 1)(11 � �)2(5 � �) ;a22 = a11 � a20 � 1 ;b11 = 12(1 + �)(1 + 3�)(5 � �) ; for � 6= 5 ;10 = 21� � � 35� � � 9�(5 + �)8(1 + 5�)�� 11� �4(5 � �) + 3� � 1 �� 1 + 2�1 + 5� � 1� 2�2 �+ 33 + � �3�(5 + �)4(1 + 5�) � (1 + 2�)(5 + �)(1 + 5�)(3 + �) � 1�� 1 ;11 = 21� � � 35� � � 9�(5 + �)8(1 + 5�)�+ 3� � 1 �� + 2�21 + 5� � 1� 2�2 ��3�4 �1 + 5 + �1 + 5� �34� + 1 + 2�3 + � �� 1� 2�2(� � 5)� ;20 = 9 + 3�20� 4� ;21 = 34� �1 + 5 + �1 + 5� �34� + 1 + 2�3 + � ��� 33 + � �3�(5 + �)4(1 + 5�) � (1 + 2�)(5 + �)(1 + 5�)(3 + �) � 1� ;d10 = 3(1 + 2�)(5 + �)2(1 + 5�)(3 + �) ;d11 = �9�2(5 + �)4(1 + 5�) : (23)In partiular ase � = 5 we haveAxxx11 (t) = 1�� 57128 + 3948 t�11 + 3t24�11�20� e� t�11 + 57128e� t�22 ;Axxz10 (t) +Axzz11 (t) = 2 + 741832e� t�10 + 21 � 3098 � 104 e� t�21



Rise and Deay in Time of Third-Order Eletri : : : 1069�1855208 e� t�11 � 58e� t�20 � 16513 � 16 t�10 e� t�10�251104 t�11 e� t�11 � 14 t�20 e� t�20 : (24)Equations (12)�(24) desribe the in�uene of the anisotropy of rotational dif-fusion tensor � on the dynami of eletri polarization indued by the retan-gular �eld. The rise omponents, equations (20)�(24), depend on the expo-nential terms of the type exp(� t�lm ) with the symmetri-top moleule relax-ation times �10; �11; �20; �21 and on the non-exponential terms � � t�lm e� t�lm� with �10; �11. So the rise of the polarizations (13) and (17) may signi�-antly di�er from the pure exponential urves.At a su�iently long time t� �lm after swithing on of the retangulareletri �eld g(t) = E0 dieletri attains his steady state (s.s.),A�lm(s:s:) = A��lm (s:s:) = A���lm (s:s:) = 1; (25)haraterized by a stationary value of the eletri polarization equal tohP (s:s:)i = ��2E03kT �1� �2E2015k2T 2� ; (26)where �2 = ~� � ~� = �2x + �2y + �2z: The partiular ase � = 1 desribes therotational di�usion of the dipolar but spherial-top moleules [1, 3℄, [6�8℄when the Smoluhowski equation (5) takes the simpler form2�1�f�t + L̂2f = = � 12kT hL̂2(V f) + fL̂2V � V L̂2fi (27)and the hange of the potential energy of the dieletri depends on two angles# and '. Equation (5) was a basis of the extended Debye theory of dieletrirelaxation of nemati liquid rystals by Co�ey [8℄. For the spherial-topmoleules with the permanent dipole omponents �x 6= �y 6= �z 6= 0 wesimply have � = 1 and �11 = �10; �22 = �21 = �20, so equations (14), (18),(19) redue to the set�10 _A�1l +A�1l = g(t) ; l = 0; 1 ;�20 _A��2l +A��2l = g(t)A�1l ; l = 0; 1; 2 ;�10 _A���1l +A���1l = g(t)A��2l ; l = 0; 1 ; (28)where � = x; y:



1070 W. Alexiewiz, H. Derdowska-ZimpelWe see that the rise proesses of rotational di�usion depend now on therelaxation times �10 and �20 only and equations (13) and (17) redue to:hP (1)(t)i = �2Az10(t)�E03kT ;hP (3)(t)i = ��4Azzz10 (t) �E3045k3T 3 : (29)In the ase of spherial-top moleules for whih �x = �y = 0 and only�z 6= 0 the rise of the nonlinear polarization is simply [9℄hP (3)(t)i = �� �4zE3045k3T 3Azzz10 (t): (30)4. Deay of linear and nonlinear eletri polarizationWe onsider the deay of polarization, after swithing the eletri �eldo�, at the time t = t0. This ase is simpler then that desribed previously,beause we have V (#; '; t) = 0 for t > t0 and the equation (5) takes thesimple form 1D? �f�t + �L̂2f + (1� �)L̂2zf = 0 : (31)The deay of polarization is desribed by equations (13) and (17) butwith the reorientational deay funtions D(�)lm (t) instead of rise funtionsAlm(t). Our extension of the Kielih theory on the symmetri-top moleulesgives the linear di�erential equations for the deay-funtions D(�)lm (t)�lm _Dlm(t) +Dlm(t) = 0 ; (32)where the dot denotes the time-derivative. With a simple assumption thatthe dieletri has attained the stationary state, given by equations (25, 26),Dlm(t � t0) = 1, we have justDlm(t) = Dlm(t0)e� t�lm = e� t�lm (33)as an exponential deay for all omponents of the polarization, so the deayof the polarization is equal tohP (1)(t)i = h(�2x + �2y)e� t�11 + �2ze� t�10 i �E03kT ; (34)hP (3)(t)i = �(�2x + �2y + �2z) h(�2x + �2y)e� t�11 + �2ze� t�10 i �E3045k3T 3 : (35)From the above equations we see that the deays of polarization omponentsare simply the superposition of two exponentials with the relaxation times�11 and �10.



Rise and Deay in Time of Third-Order Eletri : : : 10715. ConlusionsEquations (12)�(24) and (35) desribe the rise in time and deay ofthe third-order eletri polarization in dieletri media omposed of non-interating symmetri-top moleules. The rotational relaxation times �11; �22and �21, given by formula (16), for the symmetri-top moleules may signif-iantly di�er from those of the spherial moleules � �1 = �10, �2 = �20.The di�erene mainly depends on the anisotropy parameter � = D?=Dk. InFig. 1 the ratios �11=�10 = 21 + � ;�22=�20 = 31 + 2� ;�21=�20 = 65 + � ; (36)versus the parameter � are presented. We an see that all ratios go to zerowhen � ! inf. For � < 1 these ratios are higher than 1, so the respetiveexponentials in equations (20)�(22) and (24) grow faster than in the ase ofspherial moleules.In Fig. 2 we present the nonlinear relaxation (rise and deay) funtionsA10(t) and D10(t) versus t�1 . The orresponding graphs for A(xxx)11 (t) andD11(t) are shown in Fig. 5 and for the sums A(xxz)10 (t)+A(xzz)11 (t) and D10(t)+D11(t) in Fig. 3 and Fig. 4. These urves desribe the in�uene of theanisotropy of the diagonal omponents of rotational di�usion tensor on thedynami of the nonlinear dieletri e�et (NDE) [10, 11℄.Sine NDE is an important method for measurements of the Langevineletri saturation in dilute solutions of dipolar moleules [5,12,13℄ it seemsthat our theory will stimulate the time-dependent investigations of nonlineardieletri e�et.
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Fig. 1. The ratios �11=�10, �22=�20 and �21=�20 versus the anisotropy parameter �.
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