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RENORMALISATION EFFECTS OF NEUTRINOMASSES AND INTERACTIONS�Smaragda LolaCERN Theory DivisionGeneva 23, CH-1211, Switzerland(Re
eived April 24, 2000)We dis
uss neutrino thresholds in the light of the re
ent experimentaldata, whi
h indi
ates the presen
e of neutrino os
illations. In parti
ular,we analyse the e�e
ts of radiative 
orre
tions on the stability of neutrinotextures and dis
uss how Yukawa uni�
ation is also a�e
ted. Renormal-isation indu
ed lepton �avour violating pro
esses from non-zero neutrinomasses are also studied.PACS numbers: 14.60.Pq, 12.15.Ff, 12.60.�i, 11.10.Hi1. Neutrino data and impli
ationsThe re
ent SuperKamiokande data [1℄ 
learly indi
ates a ��=�e ratio in theatmosphere that is signi�
antly smaller than the theoreti
al expe
tations.The most natural way to explain this deviation, is by introdu
ing �����os
illations, with Æm2���� � (10�2 to 10�3) eV2 and sin2 2��� � 0:85. Al-ternative s
hemes with dominant �� ! �e os
illations are ex
luded by boththe SuperKamiokande data on ele
tron-like events [1℄, as well as by the datafrom the Chooz rea
tor experiment [2℄. Finally, os
illations involving a ster-ile neutrino are disfavoured (but not yet ex
luded) by the azimuthal-angledependen
e of muon-like events [1℄ and by measurements of �0 produ
tion.On
e neutrino os
illations are introdu
ed in order to explain the at-mospheri
 neutrino de�
it, it is natural to address similarly the solar neu-trino puzzle. The latter 
an be resolved through either va
uum or matter-enhan
ed (MSW) os
illations. The �rst require a mass splitting of the neu-trinos that are involved in the os
illations in the range Æm2�e�� � (0:5�1:1)�10�10 eV2, where � is � or � . MSW os
illations [3℄, on the other hand,� Presented at the Cra
ow Epiphany Conferen
e on Neutrinos in Physi
s andAstrophysi
s, Cra
ow, Poland, January 6�9, 2000.(1253)



1254 S. Lolarequire Æm2�e�� � (0:3�20) � 10�5 eV2 with either large sin2 2�e� � 1 orsmall sin2 2�e� � 10�2.The impli
ations of these observations are very interesting, sin
e theypoint towards a non-zero neutrino mass and lepton-number violation, thatis the existen
e of physi
s beyond the standard model. It turns out that boththe solar and atmospheri
 neutrino data 
an be a

ommodated in a naturalway in s
hemes with three light neutrinos with at least one large mixingangle and hierar
hi
al masses, of the order of the required mass di�eren
es:m3 � (10�1 to 10�1:5) eV and m2 � (10�2 to 10�3) eV � m3. On theother hand, if neutrinos are also to provide a signi�
ant hot dark matter
omponent, three almost-degenerate neutrinos with masses of � 1 eV wouldbe required.Along these lines, a natural question that arises is why neutrino massesare smaller that the rest of the fermion masses in the theory. This 
anbe explained by the see-saw me
hanism [4℄, whi
h involves Dira
 neutrinomasses mD� , of the same order as the 
harged-lepton and quark masses, andheavy Majorana masses M�R for the right-handed neutrinos, �R, in a waythat light e�e
tive neutrino mass matri
es at a s
ale MN , su
h that:me� = mD� (M�R)�1mDT� : (1)For instan
e, for mD� � 200 GeV and MN � O(1013 GeV), me� � 1 eV.Then, in 
omplete analogy to the quark 
urrents, the leptoni
 mixing matrixis [5℄ VMNS = V`V y� ; (2)where V` diagonalizes the 
harged-lepton mass matrix, while V� diagonalizesthe light neutrino mass matrix me� .In the presen
e of neutrino masses, the running of the various 
ouplingsfrom the uni�
ation s
ale down to low energies is modi�ed. From MGUTto MN , one must in
lude radiative 
orre
tions from the neutrino Yukawa
ouplings, while below MN , the right-handed neutrinos de
ouple from thespe
trum and an e�e
tive see-saw me
hanism is operative. It a
tually turnsout, as we are going to dis
uss in subsequent se
tions, that the renormalisa-tion group e�e
ts give important information on the stru
ture of the neutrinotextures, while uni�
ation 
an also be a�e
ted by neutrino thresholds.Neutrino os
illations involve violations of the individual lepton num-bers Le;�;� , raising the prospe
t that there might also exist observable pro-
esses that violate 
harged-lepton number 
onservation [6, 7℄, su
h as � !e
; 3e and � ! �
; 3�=e, and � ! e 
onversion on heavy nu
lei [7�9℄. Innon-supersymmetri
 models with massive neutrinos, the amplitudes for the
harged-lepton-�avour violation are proportional to inverse powers of the



Renormalisation E�e
ts of Neutrino Masses and Intera
tions 1255right-handed neutrino mass s
ale M�R and thus the rates for rare de
aysare extremely suppressed [6℄. On the other hand, in supersymmetri
 modelsthese pro
esses are only suppressed by inverse powers of the supersymmetrybreaking s
ale, whi
h is at most 1 TeV [7℄. The present experimental upperlimits on the most interesting of these de
ays areBR(�! e
) < 1:2 � 10�11 : [10℄ ; (3)BR(�+ ! e+e+e�) < 1:0 � 10�12 : [11℄ ; (4)R(��T i! e�T i) < 6:1 � 10�13 : [12℄ ; (5)BR(� ! �
) < 1:1 � 10�6 : [13℄ ; (6)however, proje
ts are 
urrently underway to improve these upper limits sig-ni�
antly, espe
ially in intense � sour
es that might enable espe
ially theupper limits on � ! e transitions to be improved by several further ordersof magnitude [14℄. This indi
ates that it is of fundamental importan
e to un-derstand the magnitude of the e�e
ts that one might expe
t, in asso
iationwith neutrino os
illations.2. Neutrino threshold e�e
tsAs we have already mentioned in the introdu
tion, the running of 
ou-plings from the uni�
ation s
ale, MGUT, to low energies is modi�ed by neu-trino thresholds. The Dira
 neutrino Yukawa 
oupling, �N , runs until thes
ale MN . Subsequently it de
ouples and the quantity that runs is the ef-fe
tive neutrino operator me� .In order to understand the renormalization e�e
ts due to a non-zero �Nbetween MGUT and MN , it is easier to start with the small-tan � regime ofa supersymmetri
 theory where only the top and the Dira
 neutrino Yukawa
ouplings 
ontribute in a relevant way. The e�e
t of the neutrino 
ouplingto gauge uni�
ation is smaller than on the Yukawa ones, sin
e it is only attwo loop that �N enters in the running of �i. In a diagonal basis [15℄, therenormalisation group equations of the Yukawa 
ouplings take the followingform: 16�2 ddt�t = �6�2t + �2N �GU��t ;16�2 ddt�N = �4�2N + 3�2t �GN��N ;16�2 ddt�b = ��2t �GD��b ;16�2 ddt�� = ��2N �GE��� ; (7)



1256 S. Lolawhere �� : � = t; b; �;N , represent the third-generation Dira
 Yukawa 
ou-plings for the up and down quarks, 
harged lepton and neutrinos, respe
-tively, and the G� �P3i=1 
i�gi(t)2 are fun
tions that depend on the gauge
ouplings, with the 
oe�
ients 
i� given in [15℄. In terms of the variousYukawa 
ouplings �t0 , �N0 ,�b0 ; ��0 , at the uni�
ation s
ale, we 
an derivesimple expressions whi
h indi
ate how neutrinos a�e
t the rest of the Yukawa
ouplings of the theory. Indeed [16℄:�t(t) = 
U (t)�t0�6t �N ; �N (t) = 
N (t)�t0�3t �4N ; (8)�b(t) = 
D(t)�b0�t ; �� (t) = 
E(t)��0�N ; (9)
�(t) = exp0� 116�2 tZt0 G�(t) dt1A = 3Yj=1��j;0�j �
j�=2bj ; (10)�i = exp0� 116�2 tZt0 �2i dt1A : (11)As noted, these results are valid for small tan �. For large tan�, the bottomand tau Yukawa 
ouplings start playing an important role and the 
ompleteform of the renormalisation group equations is given in [17℄.Below the right-handed Majorana mass s
ale, where me� is formed, �Nde
ouples from the renormalisation group equations. However, the e�e
tiveneutrino mass operator will be a running quantity. For a generi
 tan �1mije� ddtmije� = 18�2 ��
ig2i + 3�2t + 12(�2i + �2j)� ; (12)where i; j are lepton �avour indi
es, already indi
ating that large Yukawaterms, whi
h lower the e�e
tive 
ouplings, have a larger e�e
t on m33e� thanon the other entries. Finally, the neutrino mixing angle relevant for theatmospheri
 neutrino de�
it, �23, is also a running quantity, given by [18,19℄16�2 ddtsin2 2�23 = 2 sin2 2�23(1� 2 sin2 �23)(�2� � �2�) m33e� +m22e�m33e� �m22e� ; (13)where the initial 
onditions for the running from MN down to low energiesare determined by the running of 
ouplings between MGUT and MN .



Renormalisation E�e
ts of Neutrino Masses and Intera
tions 12573. Renormalisation of the neutrino mass operator and stabilityproperties of neutrino texturesFrom equation (12), we already see that the neutrino masses will in fa
tvary non-trivially with the energy. Given the very small mass di�eren
es thatone requires for solutions to the solar and the atmospheri
 neutrino de�
its,it is natural to wonder whether a SuperKamiokande friendly texture at theGUT s
ale is still a solution at low energies.It is 
onvenient for the subsequent dis
ussion to de�ne the integralsIg = exp24 18�2 tZt0 (�
ig2i dt)35 ; (14)It = exp24 18�2 tZt0 �2tdt35 ; (15)Ii = exp24 18�2 tZt0 �2i dt35 ; i = e; �; � : (16)Simple integration of (12) yieldsmije�mije� ;0 = exp8<: 18�2 tZt0 ��
ig2i + 3�2t + 12(�2i + �2j)�9=; ;= Ig � It �pIi �pIj ; (17)where the initial 
onditions are denoted bymije�;0. As we have already noted,these 
onditions are de�ned at MN , the s
ale where the neutrino Dira

oupling �N de
ouples from the renormalisation-group equations.Using (17), we see that an initial texture mije� ;0 at MN is modi�ed tobe
ome [20℄.me� / 0BBBB� m11e� ;0 Ie m12e� ;0 pI� pIe m13e�;0 pIe pI�m21e�;0 pI� pIe m22e� ;0 I� m23e� ;0 pI� pI�m31e� ;0 pIe pI� m32e� ;0 pI� pI� m33e�;0 I�
1CCCCA (18)at mSUSY 1.1 For small tan �, ignoring at a �rst approximation all the Yukawa 
ouplings ex
eptthe top one, an initial texture me�(MN )ij at MN be
omes at a lower s
ale me� /Ig � It �me�(MN ).



1258 S. LolaEven before performing a 
omplete numeri
al analysis, we 
an makeseveral observations:� We �rst note that the relative stru
ture of me� is only modi�ed by the
harged-lepton Yukawa 
ouplings. On the 
ontrary, the top and gauge
ouplings give only an overall s
aling fa
tor.� Be
ause of the fa
torization in (18), although the individual massesand mixings get modi�ed, any mass matrix whi
h is singular with avanishing determinant � leading to a zero mass eigenvalue � remainsso at the one-loop level.� The Yukawa renormalization fa
tors Ii are less than unity, and leadto the mass ordering m�e > m�� > m�� , if we start with exa
tlydegenerate neutrinos at MGUT.� For values of I�;� di�erent from unity, the renormalization e�e
ts 
anbe signi�
ant even for the light-generation se
tor, sin
e, very smallmass di�eren
es are required for addressing the solar neutrino problem.In order to quantify the renormalization e�e
ts on the physi
al neutrinomasses, we start with a texture whi
h at the GUT s
ale leads to three exa
tlydegenerate neutrinos, with s
aled eigenvalues 1; �1; 1 and 
al
ulate the re-spe
tive values at low energies [20℄. We take as illustrative initial 
onditions��1GUT = 25:64, MGUT = 1:1�1016 GeV and mSUSY = 1 TeV. We also 
hoose�b=�� su
h that an intermediate s
ale MN = 1013 GeV is 
onsistent withthe observed pattern of fermion masses The values of I� and I� that we �ndwith these inputs are given in the �rst three 
olumns of Table I and 
an beused to estimate the e�e
ts on the neutrino eigenvalues, mixings and massdi�eren
es in the spe
i�
 texture with three exa
tly degenerate neutrinos,as shown in the last three 
olumns of Table I, and in Fig. 1. TABLE IValues of I� and I�, forMN = 1013 GeV and di�erent 
hoi
es of �� . Also tabulatedare the three renormalized mass eigenvalues 
al
ulated for three exa
tly degenerateneutrinos for the unrenormalised texture.�� I� I� m3 m2 m13.0 0.826 0.9955 0.866 �0.952 0.9971.2 0.873 0.9981 0.903 �0.966 0.9980.48 0.9497 0.9994 0.962 �0.987 0.99960.10 0.997 0.99997 0.9478 �0.9993 0.999980.013 0.99997 1.00000 0.99998 �0.99999 1.00000
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Fig. 1. Renormalization of me� eigenvalues for di�erent initial values of �� 
orre-sponding to values of tan� in the range 1 to 58, assuming three exa
tly degenerateneutrinos and MN = 1013 GeV. We see that the va
uum-os
illation s
enario isnever a

ommodated.We see that the renormalization-group e�e
ts on the neutrino-mass eigen-values are signi�
ant and spoil the neutrino degenera
y. It is apparent fromTable I and Fig. 1 that the breaking of the neutrino-mass degenera
y in thismodel is una

eptable even for small tan �. However, we should note thatmethods to stabilise the neutrino textures have been proposed. For instan
e,one 
an have textures that due to a symmetry are already non-degenerateat the high s
ales of the theory, [21℄. Moreover, it may be that the stru
tureof the Dira
 neutrino mass matri
es stabilises the textures [22℄.Moreover, as indi
ated by Eq. (13), even the mixing angle may signif-i
antly 
hange from the GUT s
ale to low energies (i) if �� is large, and(ii) if the diagonal entries of me� are 
lose in magnitude. To quantify thisstatement analyti
ally, we may integrate the di�erential equations for thediagonal elements of the e�e
tive neutrino mass matrix [19℄, yielding theresult m33e� +m22e�m33e� �m22e� = m33e� ;0I� +m22e� ;0m33e� ;0I� �m22e� ;0 � f(I� ) :Be
ause of the running of the � Yukawa 
oupling being larger than thosefor the other �avours of 
harged leptons, m33e� de
reases more rapidly thanm22e� . Then if one starts with m22e� < m33e� but both still relatively 
lose inmagnitude, for a su�
iently large I� , at a given s
ale we obtain m22e� = m33e�



1260 S. Lolaand the mixing angle be
omes maximal. The larger �0� , the earlier the entriesmay be
ome equal. The exa
t s
ale where the mixing angle is maximal isgiven by the relation I� = m22e� ;0m33e� ;0 : (19)After rea
hing the maximal angle at some intermediate s
ale, the runningof �� results in m33e�;0 < m22e� ;0, 
hanging the sign of f(I� ) and thus resultingin a de
rease of the mixing. In order, therefore, for a texture of this typeto be viable, there needs to be a balan
e between the magnitudes of �� andm33e� �m22e� at the GUT s
ale 2.Moreover, there might be additional intrinsi
 instabilities on the neutrinomixing. To see this, let us dis
uss the renormalization of the neutrino mixingangles, 
onsidering a perturbation " from a texture that for " = 0 leads tothree exa
tly degenerate neutrinos:
m0e� / 0BBBBB� 0 1p2 1p2 (1 + "2)1p2 12 �12(1 + "2)1p2 (1 + "2 ) �12(1 + "2) 12 (1 + ")

1CCCCCA : (20)Here, " is a small quantity, whi
h might arise from renormalisation grouprunning or from some other higher-order e�e
ts su
h as higher-dimensionalnon-renormalizable operators. This perturbation lifts the degenera
y of theeigenvalues, whi
h are now given by1; � 1� "4 ; 1 + 3"4 :To this order, the eigenve
tors are independent of " and given byV1 = 0B� 1p3q230 1CA ; V2 = 0� 1p2�12�12 1A ; V3 = 0B� 1p6� 12p3p32 1CA (21)so that the mixing expe
ted in this type of texture does not depend on", as long as it is non-zero. The ve
tors (21) are also eigenve
tors of theunrenormalised texture (with " = 0).2 For an alternative approa
h to the problem and a detailed dis
ussion of �xed pointsfor neutrino mixing angles, see also [23℄.



Renormalisation E�e
ts of Neutrino Masses and Intera
tions 1261Let us now go ba
k to the unperturbed texture. Sin
e the latter hastwo exa
tly degenerate eigenvalues, there is arbitrariness in the 
hoi
e ofeigenve
tors: the ve
tors 
orresponding to the two degenerate eigenvalues arenot linearly independent, and 
an be rotated to di�erent linear 
ombinations,whi
h still obey the orthogonality 
onditions. One example is the 
hoi
eV1 = 1p3V 01 +r23V 03 ;V3 = 1p3V 03 �r23V 01 ;whi
h givesV 01 =0B� 01p2� 1p2 1CA ; V 02 =0� 1p2�12�12 1A ; V 03 = 0� 1p21212 1A (22)
orresponding to bimaximal mixing: �1 = �4 , �2 = 0 and �3 = �4 . However,one 
annot in general expe
t this latter 
ombination of eigenve
tors to bestable when the degenerate texture is perturbed, and the above analysisshows that, indeed, it is not. On the 
ontrary, it is the dire
tion given by(21) that is stable, and the absen
e of the parameter " in the eigenve
torsindi
ates that for this texture we may expe
t only minor modi�
ations inthe mixing, for tan� between 1 and 60.4. Neutrino thresholds e�e
ts and Yukawa uni�
ationFrom equations (7), we see that the Dira
 neutrino Yukawa 
oupling,�N ,will modify the ratio of �b=�� (sin
e the top Yukawa is 
lose to a �xed point,the e�e
ts in it are relatively small). Using (7) we �nd that:�b(tN ) = ��t 
D
E �� (tN ); � = �b0��0�N : (23)For b�� uni�
ation at MGUT, ��0 = �b0 . In the absen
e of the right-handedneutrino �N � 1, � = 1 and mb at low energies is 
orre
tly predi
ted. In thepresen
e of �R, however, ��0 = �b0 at the GUT s
ale implies that � 6= 1 (sin
e�N < 1). To restore � to unity, a deviation from bottom�tau uni�
ation isrequired. For example, for MN � 1013 GeV and �t0 � 1, it turns out that�(tN ) � 0:89. This 
orresponds to an approximate 10% deviation of the ��bequality at the GUT s
ale, in agreement with the numeri
al results.



1262 S. LolaFor large tan �, even ignoring large 
orre
tions to mb from superparti
leloops [24, 25℄ the e�e
t of the heavy neutrino s
ale is mu
h smaller, sin
enow the bottom Yukawa 
oupling also runs to a �xed point [25℄ 3.We 
an 
on�rm these results by a numeri
al analysis, for neutrino pa-rameters that are 
ompatible with SuperKamiokande [27℄. To do so, we
hoose a s
ale MGUT ' 1:5 � 1016 GeV, for whi
h approximate uni�
ationof the three gauge 
ouplings holds. We also 
hoose a soft supersymmetrybreaking s
ale of the order of 1 TeV, �3(MZ) ' 0:118, mtop = 175 GeV andmpolebot = 4:8 GeV. We then plot the ratio m�=mb(MGUT), as a fun
tion ofMN , for �xed values of tan�. This is shown in Fig. 2, for a neutrino massvalue m� = 0:03 eV. In the �gure, the lines are trun
ated when the value ofMN is su
h that the neutrino Yukawa 
oupling enters the non-perturbativeregime.

Fig. 2. The ratio m�=mb(MGUT) as a fun
tion of MN , with the 
hoi
e m� = 0.03eV and for di�erent values of tan�: from bottom to top, tan� = 1.5, 1.8 and 4,respe
tively.3 For large tan �, and �b � �t, the produ
t and ratio of the top and bottom 
ouplings
an be simply expressed as �t�b � 8�2
Q
D7 R 
2Qd t ; �2t�2b � 
2Q
2D [26℄, indi
ating that one getsan approximate, model-independent predi
tion for both 
ouplings at the low-energys
ale.



Renormalisation E�e
ts of Neutrino Masses and Intera
tions 1263We 
an then make the following observations:(i) For small �N (small MN in the see-saw model) the appearan
e of theneutrino masses does not play a major role. For small tan �, in theregion of the top infrared �xed-point, we obtain b�� uni�
ation; whentan � in
reases, the expe
ted deviation from b�� uni�
ation is seen.(ii) As �N be
omes larger for �xed tan � (largeMN ), the neutrino 
ouplinglowers �� with respe
t to �b; thus, to obtain the 
orre
t value ofmb=m�at low energies, we need to start with lower �b=�� (MGUT).(iii) As �N in
reases, MN gets 
lose to the GUT s
ale and ln(MN=MGUT)de
reases the magnitude of the e�e
ts. This explains the presen
e ofa peak for tan � = 4. For the other values of tan � the Dira
 neutrino
oupling is so large that �N enters the non-perturbative regime beforethis peak is rea
hed.Given these results, it is natural to ask if models with b�� equality andlarge neutrino 
oupling at MGUT may be 
onsistent with the required neu-trino masses in the small tan� regime. To answer this, we need to remem-ber that the b�� equality at the GUT s
ale refers to the (3; 3) entries of the
harged lepton and down quark mass matri
es, while the detailed stru
tureof the mass matri
es is not predi
ted by the grand uni�ed group itself. Itis then possible to assume mass textures, su
h that, after the diagonalisa-tion at the GUT s
ale, the (mdiag` )33 and (mdiagdown)33 entries are no-longerequal [16℄.To understand the e�e
t, we 
onsider a 2� 2 example, and assume thatthe o�-diagonal terms in the down-quark mass matrix mdown are small 
om-pared to the (33) element, whereas this is not the 
ase for the 
harged-leptonmass matrix. In this 
ase, one 
an approximate the down-quark and 
harged-lepton mass matri
es at the GUT s
ale bym0down = A� 
 00 1 � ; m0̀ = A� x2 xx 1 � ; (24)where A may be identi�ed with mb(MGUT), the bottom quark mass at thes
ale MGUT. At low energies, the eigenmasses are obtained by diagonalisingthe renormalized Yukawa matri
es; this is equivalent to diagonalising thequark and 
harged-lepton Yukawa matri
es at the GUT s
ale, and thenevolving the eigenstates and the mixing angles separately. In this way, wesee that the tra
e of the 
harged-lepton mass matrix, whi
h gives the highereigenvalue, is not 1 but 1+ x2, and therefore the e�e
tive �b and �� are notequal after diagonalization.



1264 S. LolaTo restore b�� uni�
ation in the 
ases with large deviation, large mix-ing in the 
harged lepton se
tor has to be introdu
ed (parametrised by thefa
tor x). Then the mixing in the neutrino se
tor, parametrised by an anal-ogous fa
tor y is also 
al
ulable. They both appear on the Tables II and IIIrespe
tively, indi
ating that Yukawa uni�
ation 
an be a useful independentprobe of neutrino and 
harged lepton textures. TABLE IIValues of 
harged lepton ��� mixing leading to b�� Yukawa 
oupling uni�
ationfor m� = 0:03 eV, for di�erent 
hoi
es of tan� and MN .MN [1013 GeV℄ 1 10 20 50 70 150 250 400tan � = 1:5 0.13 0.15 0.17 0.21 0.23tan � = 1:8 0.39 0.40 0.40 0.41 0.42 0.43 0.44tan � = 4:0 0.50 0.50 0.50 0.50 0.50 0.51 0.52 0.52TABLE IIIValues neutrino ��� mixing leading to b�� Yukawa 
oupling uni�
ation for m� =0:03 eV, for di�erent 
hoi
es of tan� and MN .MN [1013 GeV℄ 1 10 20 50 70 150 250 400tan � = 1:5 �0.77 �0.73 �0.69 �0.62 �0.58tan � = 1:8 �0.44 �0.43 �0.42 �0.40 �0.39 �0.37 �0.35tan � = 4:0 �0.34 �0.33 �0.33 �0.32 �0.32 �0.31 �0.30 �0.295. Lepton �avour violating rare pro
essesIn the Standard Model (SM) with massive neutrinos, �! e
 is mediatedby diagrams of the type:The de
ay rate for these pro
esses is proportional to the neutrino masssquare di�eren
e, s
aling as � / (m22�m21)m2W sin2 � 
os2 �. For Æm212 in the rangeindi
ated by the neutrino data, the bran
hing ratio for this de
ay is � 10�50,and thus too small to observe. The same is true for the rest of the �avour-violating pro
esses.However the situation is vastly di�erent in supersymmetry, where in thepresen
e of ~�-~e (~��-~�e) mixing, one 
an generate the diagrams:
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 �iW+ � ee 
�iW+ � e
�iW+Fig. 3. Minimal Standard Model plus massive neutrino 
ontributions to �! e

� e
~̀i~�0 � e
~�i~��

Fig. 4. Supersymmetri
 
ontributions to �! e
Sin
e the fermion in the loop is now a neutralino/
hargino instead ofa neutrino as in the previous 
ase ( with m~�0 ;m~�� � m�), mu
h largerrates are expe
ted. The magnitude of the rates depends on the masses andmixings of superparti
les. For non-universality at MGUT, large rates are ingeneral expe
ted. However, even if at MGUTm~̀;~� / 0� 1 0 00 1 00 0 1 1Arenormalisation group e�e
ts of the Minimal Supersymmetri
 StandardModel (MSSM) with right-handed neutrinos will spoil this diagonal formto give m~̀;~� / 0� 1 ? ?? 1 ?? ? 1 1A :Indeed, the Dira
 neutrino and 
harged lepton Yukawa 
ouplings 
annot, ingeneral, be diagonalized simultaneously and sin
e both these sets of leptonYukawa 
ouplings appear in the renormalisation-group equations, neitherthe lepton Yukawa matri
es and the slepton mass matri
es 
an not be si-multaneously diagonalized at low energies either. Indeed, in the basis wherem` is diagonal, the slepton-mass matrix a
quires non-diagonal 
ontributions



1266 S. Lolafrom renormalization at s
ales below MGUT, of the form [7℄:Æ ~m2̀ / 116�2 (3 + a2) ln MGUTMN �yN�Nm23=2 ; (25)where a is related to the trilinear mass parameter, A` = am3=2, m23=2 beingthe 
ommon value of the s
alar masses at the GUT s
ale.We stress that the e�e
ts of massive neutrinos are signi�
ant for modelswith universal s
alar masses at the GUT s
ale, su
h as no-s
ale [28℄ andgauge-mediated models [29℄. In models with non-universality at the GUTs
ale, ex
essive rates are generi
ally predi
ted. In parti
ular for models withuniversality at MGUT, di�erent predi
tions for the various solutions of thesolar neutrino de�
it [30, 31℄ (with a small/large mixing angle and with eVor � 0.03 eV neutrinos), predi
t in general di�erent rates for lepton �avourviolation: the larger the ��e mixing and the larger the neutrino mass s
alesthat are required, the larger the rates. This already indi
ates that for de-generate neutrinos with bimaximal mixing, we expe
t signi�
antly largere�e
ts than for instan
e for hierar
hi
al neutrinos with a small va
uum mix-ing angle. Note however that, for the just-so solutions to the solar neutrinoproblem, where a Æm2 � 10�10 eV2 is required, in the 
ase of hierar
hi
alneutrinos the predi
ted rates are small, even if the (1�2) mixing is large.In order to estimate the expe
ted e�e
ts, we look at a simple s
hemebased on abelian �avour symmetries and symmetri
 mass matri
es [32℄. Forinstan
e, for the 
harged-lepton matrix with a large (2�3) mixing in thismodel [33℄M` / 0� "7 "3 "7=2"3 " "1=2"7=2 "1=2 1 1A ; mD� / 0� "7 "3 "7=2"3 " "1=2"7=2 "1=2 1 1A ; (26)
V` = 0� 1 "2 �"7=2�"2 1 "1=2"7=2 �"1=2 1 1A ; V�D = 0� 1 "4 �"7�"4 1 ""7 �" 1 1A (27)a small ��e mixing is always predi
ted, as a result of �xing the 
hargedlepton hierar
hies.In this model, we 
al
ulated the rates for � ! e
 and ��e 
onversion,whi
h are experimentally most promising. The rates depend on supersym-metri
 masses and mixings; we parametrize the supersymmetri
 masses interms of the universal GUT-s
ale parameters m0 and m1=2, and use therenormalization-group equations of the MSSM to 
al
ulate the low-energy
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le masses. Other relevant free parameters of the MSSM are the tri-linear 
oupling A, the sign of the Higgs mixing parameter �, and the valueof tan �. Here we �x the value of A0 = �m1=2 and assume the sign of the� parameter to be either positive or negative. Contour plots for � ! e
appear in Fig. 5.
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Fig. 5. Contour plot in the (m1=2;m0) plane for the de
ays � ! e
, assumingtan� = 3 and � < 0. The rates are en
ouraging throughout the dark-shadedregion preferred by astrophysi
s and 
osmology [35℄.We observe that, as expe
ted, the bran
hing ratios tend to de
rease asm1=2 and m0 in
rease. For tan � = 3, as 
hosen in the 
ontour plot, wepredi
t values of BR(� ! e
) 
ompatible with the experimental bound inmost of the region where the 
osmologi
al reli
 density is in the range pre-ferred by astrophysi
s (dark shaded-region in plot). In 
ontrast, iftan � � 10, a

eptable BR(�! e
) rates are found only for large values ofm0 � 400 GeV. The light-shaded areas in Fig. 5 
orrespond to the regionsof the (m1=2;m0) plane that are ex
luded by LEP sear
hes for 
harginosand by the requirement that the lightest supersymmetri
 parti
le not be
harged [35℄.Let us now brie�y dis
uss the rare pro
esses � ! 3e and � ! e 
on-version on nu
lei. These de
ays re
eive 
ontributions from three types ofFeynman diagrams. The �rst are photon `penguin' diagrams related to thediagrams for �! e
 dis
ussed above, where now the photon is virtual and
ouples to an e+e� (or quark-antiquark) pair. A se
ond 
lass of diagrams isobtained by repla
ing the photon line with a Z boson. Finally, there are alsobox diagrams. In addition, all the above types of diagrams are a

ompa-



1268 S. Lolanied by their supersymmetri
 analogues. We have evaluate all the relevantdiagrams exa
tly in the numeri
al analysis, but one has approximately therelations (restri
ting himself to the photoni
 
ontribution whi
h dominatesover a large portion of the parameter spa
e)� (�+ ! e+e+e�)� (�+ ! e+
) � 6� 10�3 ; (28)and R(�T i! eT i) � 5:6� 10�3BR(�! e
) : (29)Among these two pro
esses, � ! e 
onversion is the most interesting sin
ewith an intense proton (and muon) sour
e, su
h as that proje
ted for aneutrino fa
tory or a muon 
ollider, experiments sensitive to rates as low as10�16 may be feasible [14℄.Fig. 6 displays 
ontours of the rate for �! e 
onversion in the (m0;m1=2)plane. We see that the former predi
ts a rather larger rate, whi
h o�ers goodprospe
ts for observation throughout the region preferred by 
osmology, inthe next generation of experiments, even for neutrino textures with hier-ar
hi
al neutrinos and ��e mixing in the small MSW region for the solarneutrino de�
it.
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Fig. 6. Contour plots in the (m1=2;m0) plane for � ! e 
onversion, assumingtan� = 3 and � < 0. We see that the 
onversion rate is en
ouraging throughoutthe dark-shaded region preferred by astrophysi
s and 
osmology [35℄.
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tions 12696. Con
lusionsWe dis
ussed various aspe
ts of the renormalisation-group e�e
ts of neu-trino masses and intera
tions. In supersymmetri
 extensions of the StandardModel, these e�e
ts are important. In parti
ular, for small tan�, b�� uni�-
ation requires the presen
e of signi�
ant ��� �avour mixing. On the otherhand, for large tan �, small mixing at the GUT s
ale may be ampli�ed tomaximal mixing at low energies, and vi
e versa. The eigenvalues of theneutrino mass operator are also modi�ed by quantum 
orre
tions; given thevery small mass di�eren
es required to address the solar and atmospheri
neutrino de�
its, several neutrino textures (espe
ially those generating de-generate neutrinos 
an be 
onstrained or in 
ertain models, even ex
luded).Finally, while in the minimal s
heme with SM plus neutrino masses the ratesfor rare muon de
ays and ��e 
onversion in nu
lei are very suppressed, thisis no longer the 
ase in supersymmetri
 models. In this latter 
ase, even foruniversality of soft terms at the GUT s
ale, renormalisation group 
orre
-tions due to lepton mixing indu
e rates that are very 
lose to the 
urrentexperimental bounds and within probe in the next generation of experiments.REFERENCES[1℄ Y. Fukuda et al., SuperKamiokande 
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