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CRITICAL BEHAVIOR IN NUCLEARMULTIFRAGMENTATION�Janusz Brzy
h
zykM. Smolu
howski Institute of Physi
s, Jagellonian UniversityReymonta 4, 30-059 Kraków, Poland(Re
eived April 10, 2000)Flu
tuations of the fragment-size distribution have been studied in theframework of a bond per
olation model using the method of s
aled fa
torialmoments (SFM). The independen
e of SFM from fragment-size resolutionbut not power-law behavior (intermitten
y) 
hara
terizes the �u
tuationsat the per
olation transition. The SFM determined for various individualfragment-size intervals 
onverge to a value of � 1 near the 
riti
al point.The 
onvergen
e o

urs even in very small systems, and events may besorted a

ording to measurable quantities. This may serve as a new possiblesignature of 
riti
al behavior in nu
lear multifragmentation.PACS numbers: 24.60.Ky, 25.70.PqIn re
ent years the o

urren
e of 
riti
al behavior in nu
lear multifrag-mentation has been the subje
t of intensive study inspired by the predi
tionof liquid�gas phase transition in nu
lear matter [1�3℄, the observation frag-ment mass distributions exhibiting a power-law dependen
e [4℄, and by theresemblan
e between nu
lear multifragmentation data and predi
tions ofper
olation models whi
h are known to 
ontain 
riti
al behavior [5�7℄. Var-ious methods have been proposed to reveal the tra
e of 
riti
al behavior infragmenting systems. In parti
ular, Ploszaj
zak and Tu
holski suggested asear
h for intermitten
y in �u
tuations of the fragment-size distribution [8℄.Intermitten
y 
orresponds to self-similar �u
tuations on all s
ales and 
anbe dedu
ed from the power-law behavior of SFM [9℄. Intermittent-like sig-nals have been found in per
olation models [8℄, 
lassi
al mole
ular dynami
ssimulations [10�12℄, and statisti
al models [13�15℄, as well as in some nu
lear� Presented at the Kazimierz Grotowski 70th Birthday Symposium �Phases of Nu
learMatter�, Kraków, Poland, January 27�28, 2000.(1503)



1504 J. Brzy
h
zykmultifragmentation data [8,16�18℄. However, the interpretation of these sig-nals as a manifestation of 
riti
al behavior is doubtful. The properties ofthe anomalous fra
tal dimensions are in
onsistent with those predi
ted forse
ond-order phase transitions [8,13,14,17℄. On the other hand, su
h signalsmay appear, even in the absen
e of a 
riti
al phenomenon, due to �nite-sizee�e
ts, the mixing of di�erent types of events, and/or the spe
i�
 shapeof the mean fragment-size distribution [15, 19�24℄. The 
riti
ality origin ofthe signals is not 
on�rmed even for per
olation models. A signal sugges-tive of intermitten
y, observed for small latti
es 
lose to the 
riti
al point,disappears when the size of the system goes to in�nity. Moreover, an anal-ysis made for near-
riti
al events at �xed multipli
ity or within some rangeof multipli
ities shows no eviden
e of intermitten
y [22, 24℄. Campi andKrivine 
on
luded that the signal has been in
orre
tly interpreted as a gen-uine intermitten
y [22℄.If the intermitten
y 
on
ept is irrelevant to fragment-size �u
tuations,it is natural to ask whether any other feature of these �u
tuations 
an beidenti�ed as a sign of 
riti
al behavior. We aim to address this question inthe present work. On the �rst attempt we examine per
olation pro
esses.The intermitten
y analysis performed in earlier works employs horizon-tally averaged SFM, �Fi, de�ned as [8, 25℄�Fi(Æs) = PMj=1 hnj(nj � 1) : : : (nj � i+ 1)iPMj=1hnjii : (1)Here, the fragment-size axis is divided into M bins of equal size Æs = S0=M ,where S0 denotes the system size, nj is the number of fragments in thej-th bin for a given event, and the bra
kets indi
ate averaging over the setof events under 
onsideration. Intermitten
y is dedu
ed when the fa
torialmoments �Fi in
rease like a power-law with de
reasing Æs. As was alreadypointed out [14, 22, 26℄, the disadvantage of de�nition (1) is that the �Fi aredominated by the 
ontributions from the �rst bins 
ontaining the lightestfragments. In order to inspe
t the whole range of fragment sizes with no
onstraints we study SFM for individual fragment-size intervals, [sa; sb℄,Fi(sa; sb) = hn(n� 1) : : : (n� i+ 1)ihnii ; (2)where n = n(sa; sb) is the number of fragments of size sa � s � sb produ
edin an event. All possible intervals 1 � sa � sb � S0 are 
onsidered. The 
al-
ulations have been performed with the three-dimensional bond per
olationmodel on simple 
ubi
 latti
es. Events have been generated for randomlydistributed values of the bond-breaking probability, p, and then grouped



Criti
al Behavior in Nu
lear Multifragmentation 1505in bins of the following variables: the probability p, the fra
tion of brokenbonds, k, the normalized overall multipli
ity, m = n(1; S0)=S0, and the nor-malized total size of 
omplex fragments, z = Sbound=S0 = 1 � n(1; 1)=S0.Below we will show the results of the 
al
ulations for the 6 � 6 � 6 latti
e,whi
h are representative of small systems.
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Fig. 1. Predi
tions of the bond per
olation model with 63 sites. The se
ond-orders
aled fa
torial moment, F2, as a fun
tion of: (a) the bond-breaking probability,(b) the fra
tion of broken bonds, (
) the normalized total multipli
ity, (d) thenormalized total size of 
omplex fragments. Lines represent F2(sa; sb) 
al
ulatedfor 18 various fragment-size intervals [sa; sb℄, where sa = 1 (dotted), 2 (dashed),3; 4; 5; 6 (solid), and sb = (sa + 3); (sa + 7); 20.Fig. 1 displays F2(sa; sb) plotted as a fun
tion of p, k, m, and z forvarious fragment-size intervals. The lines shown in these plots representsa = 1; 2; : : : 6 with sb = (sa+3); (sa+7); 20. The dotted, dashed, and solidlines are for sa = 1, sa = 2, and sa > 2, respe
tively. Generally, the lines aresteeper for larger 
lusters, i.e. for larger sa and/or sb. Statisti
al errors inthese simulations are re�e
ted in the line os
illations. Here, 8 � 106 eventshave been generated in the range 0:45 < p < 0:95. The most prominentfeature of these results, observed for all the binnings, is the 
onvergen
e ofF2(sa; sb) values 
orresponding to di�erent fragment-size intervals [sa; sb℄.
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h
zykThe ex
eption seen in Fig. 1(d) for sa = 1 (dotted lines) is understandable.The quantity z is de�ned by n(1; 1), dominant in n(1; sb). As a result, the�u
tuations of n(1; sb) are strongly suppressed when z is �xed. The value ofF2 at the 
onvergen
e point may be slightly greater or less than 1 dependingon the 
hoi
e of binning variable. In the 
ase of the 
ontrol parameter, p,the lines interse
t at p ' 0:73, whi
h is 
lose to the 
riti
al point in the
ontinuos limit, p
 = 0:7512 [7℄. This suggests that the 
onvergen
e e�e
tis asso
iated with the per
olation phase transition. The positions of the
rossing points for other binnings 
orrespond to that for p: events withp = 0:73 are 
hara
terized by hki = 0:73, hmi ' 0:344, and hzi ' 0:787.Regardless of some possible ex
eptions, su
h as that for binning by zwhen sa = 1, the 
onvergen
e of F2(sa; sb) o

urs for all fragment-size in-tervals [sa; sb℄ as long as sb is relatively small in 
omparison to the systemsize, S0. For example, Fig. 2(a) shows F2(sa; sb) versus p for sa = 3 and sbranging from 4 to S0 = 216. The lines are well fo
used if sb <� 30 (solidlines). The departures of the lines with sb > 30 from the 
onvergen
e pointseem to be related to the �u
tuations of the size of the largest fragment pro-du
ed per event, smax. Fig. 2(b) presents the event-by-event 
orresponden
ebetween smax and the 
ontrol parameter. One may observe that aroundp = 0:73 fragment-size intervals with sb > 30 overlap the region 
overed bysmax. This 
orrelation is 
on�rmed by 
al
ulations performed on di�erentlatti
es. An approximate limit for the presen
e of the 
onvergen
e in smallsystems 
an be given as sb < 2pS0.
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pFig. 2. Bond per
olation model with 63 sites. Plotted as a fun
tion of p:(a) F2(sa; sb) for sa = 3 and sb = 4; 5; 6; 8; 10; 12; 16; 20; 27 (solid), 54 (dashed),108 (dot-dashed), 216 (dotted). (b) the size of the largest 
luster produ
ed perevent, smax.
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al Behavior in Nu
lear Multifragmentation 1507Besides F2 we have also examined the higher-rank fa
torial moments F3and F4. They re�e
t the behavior of F2 a

ording to the following approxi-mate s
aling (F3 � 1) ' 3(F2 � 1); (F4 � 1) ' 6(F2 � 1); (3)This s
aling is parti
ularly a

urate in the 
riti
al regime. Given jF2�1j � 1and the relations between the s
aled fa
torial moments, Fi, and the s
aledfa
torial 
umulants, Ki, [27℄F2 = 1 +K2 ;F3 = 1 + 3K2 +K3 ;F4 = 1 + 6K2 + 4K3 + 6K22 +K4 ; (4)the presen
e of the s
aling (3) indi
ates that Fi are determined by K2, i.e.
ontributions from the higher-order 
umulants are negligible. It should benoted that this dominan
e of two-parti
le 
orrelations in SFM has beenalready found in per
olation by La
roix and Pes
hanski [26℄.
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pFig. 3. F2(sa; sa+Æs�1) versus p for the 63 and 183 per
olation systems. sa valuesare indi
ated on the �gure, Æs = 6; 10; 14 for the smaller system, Æs = 32; 64; 128for the larger one.In order to explore how the 
onvergen
e of F2(sa; sb) is a�e
ted by �nite-size 
onstraints, in Fig. 3 we have 
ompared the results for the small 6�6�6and larger 18 � 18 � 18 latti
es. In the 
ase of the small system, the linesrepresenting various [sa; sb℄ intervals (sa = 1; 2; 4; 8; Æs = sb � sa + 1 =6; 10; 14) interse
t in a region lo
ated between p = 0:72 and 0:74. Thelines with the same sa are well fo
used and form a distin
t bundle. Theinterse
tion points from di�erent bundles are somewhat dispersed, but thise�e
t may be not even noti
eable in pra
ti
al tests, su
h as that in Fig. 1.
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h
zykFor the larger system, avoiding smax by applying the 
ondition sb < 150,we have plotted lines for sa = 4; 8; 16; 32 with Æs = 32; 64; 128. Here, the
rossing points are mu
h 
loser to the 
riti
al point. This fa
t 
orroborates
onne
tion between the 
onvergen
e e�e
t and the per
olation transition.Departures of the 
onvergen
e points from p = p
 and F2 = 1 
an be seen asa �nite-size e�e
t. It is noteworthy that the 
onvergen
e is 
learly observedeven in systems with as few as 64 
onstituents. For the 4 � 4 � 4 latti
eand sb < 15, the 
rossings are observed at p ' 0:70, k ' 0:72, m ' 0:39,z ' 0:80, and F2 ' 1:015; 0:97; 0:97; 1:09, respe
tively.At the 
onvergen
e point SFM are independent of the fragment-size res-olution. We believe that this feature, whi
h 
ontradi
ts the presen
e ofintermitten
y, is attributed to the 
riti
al behavior. However, intermittent-like signals may be found near the 
onvergen
e point, and thus in the vi
inityof the 
riti
al point. For example, Ploszaj
zak and Tu
holski found su
h sig-nals in the bond per
olation model 
ontaining 63 sites within a narrow rangeof bond parameters q, equivalent to 0:73 � p < 0:79 [8℄. As previously men-tioned, the horizontally averaged SFM, �Fi, used in that analysis 
an be wellapproximated by Fi 
al
ulated for the �rst bins: �Fi(Æs) ' Fi(sa = 1; Æs).The solid lines in Fig. 4(a) display F2(sa = 1; Æs) for Æs = 1; 2; 4; 8; 14(the larger the Æs the steeper the line). It is 
lear that F2(p = 
onst:; Æs)in
reases with de
reasing Æs when p > 0:73. In this �over
riti
al� region,F2 values are less than 1 ex
ept for a narrow interval of p 
lose to the 
on-vergen
e point. This ex
eption is possible only in �nite systems. The plotln(Fi) versus � ln(Æs) shown in Fig. 4(b) 
orresponds to p = 0:77, 
alled inRef. [8℄ the �optimal� value. F3 and F4 follow F2 a

ording to the s
aling(3). The points 
onne
ted by the solid lines are for Fi(sa = 1) ' �Fi. As
an be dedu
ed from Fig. 4(a), this is the 
ase when, with the requirementFi(sa = 1) > 1 for Æs < 15, the slopes are maximal. The linear rise observedin this plot was interpreted as a signal of intermitten
y. However, su
h a�signal� appears here only for the �rst bins 
ontaining the lightest fragments.It vanishes when the lightest fragments are ex
luded from the analysis: thedashed lines in Fig. 4 show the results for sa = 2. In 
ontrast to the 
on-vergen
e e�e
t, the intermittent-like signal is limited to the spe
i�
 eventsele
tion. In parti
ular, Fig. 1(
) shows that Fi < 1 when sele
ting eventswith the same multipli
ity. This example illustrates how the observationsmade by the authors of Ref. [8℄, and also by Campi and Krivine [22℄, 
an beunderstood in the 
ontext of our results.It is worth noting that the multipli
ity distributions in [sa; sb℄ intervalsat the 
onvergen
e point 
annot be des
ribed by a 
ertain type of standarddistributions (binomial, Poissonian, Gaussian, et
.). Their 
oe�
ients, su
has the skewness, the sharpness, and the ratio of varian
e to mean, vary withthe 
hoi
e of sa, sb and binning variable. The latter 
oe�
ient may be
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Fig. 4. SFM in the bond per
olation model with 63 sites for sa = 1 (solid lines)and sa = 2 (dashed lines): (a) F2(Æs) versus p for Æs = 1; 2; 4; 8; 14, (b) thedependen
e of F2, F3, and F4 on the width of the fragment-size interval, Æs, forevents with p = 0:77.greater or less than 1, i.e. both sub- and super-Poissonian distributions areobserved. The properties of su
h 
oe�
ients have been dis
ussed re
entlyin Refs. [26, 28℄. We have not found any feature of these parameters to beas distin
t as the 
onvergen
e of SFM, whi
h 
ould serve as an alternativesignature of 
riti
al behavior.In 
on
lusion, a bond per
olation model has been used to study event-to-event �u
tuations of the fragment-size distribution in small systems. Wehave examined the properties of SFM of the multipli
ity distributions inindividual fragment-size intervals [sa; sb℄, using various quantities to 
at-egorize per
olation events: the bond-breaking probability, the fra
tion ofbroken bonds, the total multipli
ity and the total size of 
omplex fragments.For ea
h sorting variable, the values of F2(sa; sb) 
al
ulated for di�erentintervals (sb � S0) 
onverge to a value 
lose to 1 near the 
riti
al 
ondi-tion. The higher-order SFM are related to F2 a

ording to the dominan
eof the se
ond-order 
umulant. Cal
ulations performed for a larger system
on�rm that the 
onvergen
e e�e
t is 
losely 
onne
ted with the per
olationtransition.It will be interesting to verify the presen
e of the 
onvergen
e in nu
learmultifragmentation. This new possible signature of 
riti
al behavior showssome valuable features. It may be observed in very small systems, and eventsmay be sorted a

ording to di�erent measurable quantities. In the presentwork we have 
he
ked the total multipli
ity and the total mass/
harge of
omplex fragments. Presumably, other binning variables 
an be also applied.It would be worthwhile to test some sele
tions whi
h are related to interme-
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h
zykdiate mass fragments to avoid un
ertainties asso
iated with light fragmentsdue to preequilibrium emission and se
ondary evaporation. A

ordingly,the 
onvergen
e 
ould be examined for fragment-size intervals whi
h do notin
lude light parti
les.It remains an open question whether the 
onvergen
e e�e
t for SFM is
hara
teristi
 of the per
olation transition only, or is a more general featureof 
riti
al behavior. It will be instru
tive to perform the analysis for mod-els 
ontaining di�erent types of 
riti
al behavior, e.g. se
ond-order phasetransitions from other universality 
lasses.The SFMmethod is a valuable tool for studying �u
tuations in fragment-size distributions. However, with respe
t to using averaged SFM, betterinsight 
an be obtained into the properties of the �u
tuations when theset of SFM values 
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