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PHASE-COHERENCE AND AMPLITUDE-COHERENCERavi S. Singhy and Hari PrakashzPhysi
s Department, University of AllahabadAllahabad-211002, India(Re
eived O
tober 20, 1998; revised version Mar
h 27, 2000)Weight fun
tion P (�) in the diagonal representation of density op-erator, � = R d2�P (�)j�ih�j, is redu
ed to de�ne separately the weightfun
tions for phase, arg (�), and amplitude, j�j, whi
h leads to 
on
eptsof phase-
oheren
e and amplitude-
oheren
e. For a single mode phase--
oherent �eld, it is shown that (i) we 
an have Hermitian operator ofform, a�ei , where a is annihilation operator and  is a 
onstant, and(ii) the normally ordered 
hara
teristi
 fun
tion, �N (�), is a fun
tion ofonly the imaginary part of �ei . For a single mode amplitude-
oherent �eld,it is shown that a�ay = kay, where ay is 
reation operator and k is a positivereal 
onstant. When the weight fun
tion for the �eld is non-
lassi
al, ea
hof the redu
ed weight fun
tion may or may not be non-
lassi
al irrespe
tiveof the nature of the other. Examples of generation of phase-
oherent andamplitude-
oherent �elds are given.PACS numbers: 42.50.Ar 1. Introdu
tionThe 
on
ept of 
oheren
e 
an be tra
ed ba
k to the Young's double slitexperiment whi
h gives rise to interferen
e fringes. The superposition ofopti
al beams leads to interferen
e fringes depending upon the 
oheren
eof the beams. This phenomenal de�nition of the 
oheren
e leads to thefa
t that 
oheren
e is due to 
orrelation of opti
al signals at two spa
e-timepoints separated in spa
e or in time or in both [1℄. The early experimentsinvolved the observations of quantities whi
h were quadrati
 in �eld strengthand demonstrated su
h 
orrelations, but the milestone experiment of Brownand Twiss [2℄ and latter experiments in nonlinear opti
s involved quantitieswhi
h are higher orders in �eld strength.y e-mail: singhravi�hotmail.
om or singhphysdept�yahoo.
omz e-mail: physdept�nde.vsnl.net.in (2075)
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al signals have random variations in both amplitudes and phase.Classi
al study of 
oheren
e, thus involves a probability distribution fun
tion
ontaining, for ea
h mode, one amplitude and one phase variable. If theanalyti
 signal for a single mode �eld isv = vr + ivi = xei� ; x = jvj ; � = arg v ; (1.1)properties of the �eld are des
ribed by 
oheren
e fun
tions de�ned by� (m;n) = hv�mvni = Z d2vf(v)v�mvn ;d2v � dvrdvi = x dx d� ; (1.2)where (n;m) is the order of 
oheren
e fun
tion, h i denotes ensemble averageand f(v)d2v is the probability for analyti
 signal to be in the interval d2vat v. In quantum theory of 
oheren
e, the probability distribution fun
tionis repla
ed by the weight fun
tion of the diagonal representation for thedensity operator. For ea
h mode, 
oherent states j�i are de�ned byaj�i = �j�i ; � = �r + i�i = xei� : (1.3)Here a is annihilation operator and � is any 
omplex number. The densityoperator � 
an be written in the form [3, 4℄,� = Z d2�P (�)j�ih�j ; (1.4)where P (�) is the weight fun
tion whi
h has the obvious properties of beinga real fun
tion and having normalization,Z d2�P (�) = 1 ; d2� � d�rd�i = x dx d� : (1.5)Whenever P (�) is non-negative de�nite, P (�) plays the role of a probabilitydistribution fun
tion, properties of the �eld 
an be des
ribed by 
lassi
alopti
s and � = xei� 
orresponds to 
lassi
al amplitude x and phase variable�. On the other hand, when P (�) takes negative values also, the �eld 
anbe des
ribed only quantum me
hani
ally. Quantum analogue of Eq. (1.2) is� (m;n) = Tr h�aymani = Z d2�P (�)��m�n : (1.6)Kelly and Kleiner [5℄ dis
ussed separately the distribution fun
tions foramplitude and phase by 
onsidering the spe
ial 
ase where P (�) 
an befa
torized and written as a produ
t of fun
tion Q(j�j) of the amplitude j�j



Phase-Coheren
e and Amplitude-Coheren
e 2077and a fun
tion R(��) of the phase angle �� where � = j�jei�� . Chandra,Prakash and Va
haspati [6, 7℄ introdu
ed the 
on
ept of phase-
oheren
eby 
onsidering a Dira
-delta fun
tion type distribution of 
lassi
al phaseof a single mode �eld as revealed by the de�nition (1.2) of the 
oheren
efun
tions. Eq. (1.2) gives� (m;n) = Bm+nei(m�n) ; (1.7)where Bm+n = hxm+ni, in a spe
ial 
ase when the random phase variable �takes only one �xed value �  . Chandra, Prakash and Va
haspati de�nedphase-
oheren
e with the help of Eq. (1.7) taking Bm+n and  real. A lessstringent 
ase � (m;n) = Bm;nei(m�n) (1.8)de�nes quasi-phase-
oheren
e. These authors introdu
ed S-representation[6�8℄ for �� = Z dx dyS(x; y) ���xe�i EDye�i ��� �Dxe�i ��� ye�i E��1 (1.9)and showed that S(x; y) is real for quasi-phase-
oheren
e, if phase is peakedat  , and that, for phase-
oheren
e, S(x; y) involves Æ(x� y). The authorsalso demonstrated 
onversion of 
haoti
 light into quasi-phase-
oherent andphase-
oherent light in degenerate parametri
 ampli�
ation [6, 7℄. Here itis emphasized that these authors 
onsidered only the 
lassi
al notion of thephase and we also follow the same in this paper [9℄.In this paper, we dis
uss redu
ed phase- and amplitude-weight fun
tionsof opti
al �elds. We also dis
uss 
on
epts of absolute phase-
oheren
e andamplitude-
oheren
e. Se
tion 2 deals with the de�nitions. In Se
tion 3, wederive some properties of phase and amplitude 
oherent opti
al �elds anddis
uss how su
h �elds 
an be identi�ed, if � or P (�) or the 
hara
teristi
fun
tion is given. In Se
tion 4, non-
lassi
al nature of redu
ed weight fun
-tions is dis
ussed. Finally, in Se
tion 5, examples of produ
ing only phase-and amplitude-
oherent opti
al �elds are des
ribed.2. Redu
ed phase and amplitude weight fun
tions, andphase- and amplitude-
oheren
eWithout demanding the fa
torization of P �xei�� into fun
tions of x and �(
f.Kelly and Kleiner [5℄), we 
an obtain su
h fun
tions by redu
ing P �xei��.The redu
ed phase and amplitude distribution fun
tions 
an be de�ned byPRp (�) � 1Z0 dxxP �xei�� ; PRa (x) � 2�Z0 d�xP �xei�� ; (2.1)



2078 R.S. Singh, H. Prakashwith the normalization properties,2�Z0 d�PRp (�) = 1 ; 1Z0 dxPRa (x) = 1 ; (2.2)obtained from Eqs. (1.5). As an example, the 
oherent state jx0ei�i (withx0 real and positive) has the weight fun
tion,Æ2 �xei� � x0ei�0� = x�10 Æ(x � x0)Æ(� � �0) ; (2.3)i.e., it has both a stabilized amplitude and a stabilized phase.De�nition of phase-
oheren
e as given by Chandra, Prakash and Va
has-pati, Eq. (1.7) with real Bm+n and  , demands that P �xei�� must involveÆ(� +  ) and Æ(� +  + �) in the most general 
ase and is of the form,P �xei�� = P1(x)Æ(� +  ) + P2(x)Æ(� +  + �) (2.4)givingPRp (�) = A1Æ(� +  ) +A2Æ(� +  + �) ; Ai � 1Z0 dxxPi(x) : (2.5)We 
an de�ne the �eld as absolutely phase-
oherent, if only one delta fun
-tion is involved.In prin
iple, if all 
oheren
e fun
tions are given, we 
an �nd P1 and P2separately. Eqs. (1.6), (1.7) and (2.4) giveBm+n = 1Z0 dxxm+n+1 �P1(x) + (�1)m+nP2(x)� : (2.6)If we de�ne Q(x) � xP1(x)U(x) � xP2(�x)U(�x) ; (2.7)where U(x) is the unit step fun
tion de�ned by U(x) = 1 for x > 0 ; U(x) =1=2 for x = 0 ; and U(x) = 0 ; for x < 0 ; we haveBm+n = 1Z�1 dxQ(x)xm+n ; (2.8)



Phase-Coheren
e and Amplitude-Coheren
e 2079whi
h shows that 
onstants B's are the moments of fun
tion Q(x). Infor-mation of all B's determines Q and therefore P1 and P2. Formally, one maywrite Q(x) = 1Xn=0(�1)n(n!)�1Bn dndxn [Æ(x)℄ (2.9)and thereforeP �xei�� = x�1[Q(x)Æ(� +  ) +Q(�x)Æ(� +  + �) : (2.10)We 
an similarly dis
uss the 
ase where redu
ed amplitude weight fun
-tion PRa (x) is of the form Æ(x � x0) : Here x0 is a positive 
onstant and we
all the �eld as amplitude-
oherent. For su
h a �eld, Eqs. (1.6) and (2.1)give � (m;n) = xm+n0 Am�n ; Am�n = 2�Z0 d�PRp (�)e�i(m�n)� : (2.11)If all 
oheren
e fun
tion � (m;n) of su
h a �eld are known, obviously,PRp (�) = (2�)�1 n=1Xn=�1Anein� ;P �xei�� = PRp (�)x�10 Æ(x� x0) : (2.12)3. Some properties of phase-
oherent andamplitude-
oherent �eldsEqs. (1.4) and (2.4) give� = 1Z0 dxx hP1(x) ���xe�i EDxe�i ���+ P2(x) ���xe�i( +�)EDxe�i( +�)���i :(3.1)This equation and the de�nition in Eq. (1.3) of 
oherent states show thata� = �aye�2i (3.2)or, that a�ei is Hermitian. It is easily seen that this statement is equivalentto the de�nition, Eq. (1.7). In
identally, Eq. (3.2) also tells why this de�ni-tion of phase-
oheren
e fails to distinguish between phases  and  + �. If



2080 R.S. Singh, H. Prakashwe write � = �ei and use Eq. (2.7), we 
an write Eq. (3.1) in the form,� = 1Z�1 dxxQ(x) ���xe�i EDxe�i ��� ; (3.3)or in the form,� = Z d2�P 0(�) ����e�i ED�e�i ��� ; P 0(�) = �rQ(�r)Æ(�i) : (3.4)Eq. (3.3) expresses � in the S-representation [6�8℄ with a weight fun
tioninvolving Æ(x � y). A 
omparison of Eq. (3.4) with Eq. (1.4) shows thatthe weight fun
tion P (�) = P 0(�ei ) involves Æ(Im �ei ) for phase-
oherent�elds. The Fourier transform of weight fun
tion, the normally ordered 
har-a
teristi
 fun
tion, �n(�), is a fun
tion of only the imaginary part of �ei .This 
an be seen as follows:�N (�) = Tr h�e�aye���ai= Xm;n(m!n!)�1�m(���)n� (m;n)= Xm;nBm+n(m!n!)�1 ��ei �m ����e�i �n= Xp Bp(p!)�1 ��ei � ��e�i �p :For amplitude-
oherent �eld Eqs. (1.4) and (2.12) give� = 2�Z0 d� PRp (�) ���x0ei�EDx0ei���� (3.5)and therefore the property, a�ay = x20� ; (3.6)where x20 is a positive quantity.4. Non-
lassi
al phase and amplitude weight fun
tionsA �eld is said to be non-
lassi
al if P (�) is not non-negative de�nite. Inan interesting paper, Glauber [3℄ introdu
ed non-
lassi
al properties of �eldby 
onsidering a simple 
ase where the weight fun
tion is a di�eren
e of twofun
tions, one of whi
h is a displa
ed Gaussian and the other is a Dira
-delta



Phase-Coheren
e and Amplitude-Coheren
e 2081fun
tion. We 
an follow Glauber and 
onstru
t an example where weightfun
tion is given by,P �xei�� = AÆ2 �xei� � x1ei��+BÆ2 �xei� � x2ei���CÆ2 �xei� � x1ei�� :(4.1)Here A; B and C are real 
onstants with A + B � C = 1. The �elddes
ribed by this weight fun
tion is non-
lassi
al as P �xei�� is not non-negative de�nite. The redu
ed weight fun
tions arePRp (�) = AÆ(� � �) + (B �C)Æ(� � �) (4.2)and PRa (x) = (A� C)Æ(x� x1) +BÆ(x� x2) ; (4.3)ea
h of whi
h may be 
lassi
al or non-
lassi
al depending upon the relativevalues of A; B and C. This 
learly shows that for a non-
lassi
al �eld, we
an have all four 
ases, viz;1. non-
lassi
al PRp (�) and PRa (x),2. 
lassi
al PRp (�) and PRa (x),3. non-
lassi
al PRp (�) and 
lassi
al PRa (x) and4. 
lassi
al PRp (�) and non-
lassi
al PRa (x).5. Examples of generation of phase-
oherent andamplitude-
oherent opti
al �eldsRandom phase-modulation of 
oherent state was dis
ussed by Estes,Kuppenheimer and Nardu

i [10℄ and by Pi
inbono [11℄. As 
oherent statehas stabilized amplitude and phase in the sense of Se
tion 2, this shouldgenerate amplitude-
oherent �eld. Hamiltonian [10℄ H = (!+f(t))aya witha Gaussian random variable f leads to time evolution operatorU = exp24�i8<:!t+ tZ0 f(t)dt9=; aya35and hen
e to a(t) = a exp24�i8<:!t+ tZ0 f(t)dt9=; aya35 :



2082 R.S. Singh, H. PrakashFor initial state given by �(0) = j�0ih�0j; � = x0ei�0 on taking average overthe random variable f(t), usinghf(t1)f(t2)i = �2Æ(t1 � t2) (5.1)we then have1� (m;n) = *��m0 �n0 exp24i(m� n) tZ0 f(t0)dt035+= ��m0 �n0 exp �i(m� n)!t� 12(m� n)2�2t� : (5.2)Sin
e (5.1) is of the form2, Eq. (2.11), the generated �eld is amplitude--
oherent.A random modulation of amplitude of 
oherent beam 
an be a

om-plished by taking a linearly polarized 
oherent beam, making opti
al rotationby a random angle � and extra
ting polarized 
omponent in the dire
tionof in
ident polarization. For a given propagation ve
tor k along z-axis, 
o-herent state j�0; �0i with axj�0; �0i = �0j�0; �0i, ayj�0; �0i = �0j�0; �0igenerates state j�0 
os �� �0 sin �; �0 sin �+ �0 
os �i on opti
al rotation byangle �. In
ident x-polarized state j�0; 0i will then generate a �eld for whi
hthe redu
ed properties of x-
omponents give� (m;n)x = Tr h�aymx anxi = ��m0 �n0 

osm+n �� : (5.3)This is of the form3, Eq. (1.7) and hen
e des
ribes a phase-
oherent �eld.
Fig. 1.1 Relations R t0 R t0 dt1dt2hf(t1)f(t2)i = �2t, R t0 dt1 : : : R t0 dt2nhf(t1) : : : f(t2n)i =(�2t)n(2n� 1)(2n � 3) : : : 3:1, R t0 dt1 : : : R t0 dt2n+1hf(t1) : : : f(t2n+1)i = 0 givehexp[il R t0 f(t0)dt0℄i = exp[� 12 l2�2t℄; see also Ref. [10℄.2 Obviously Al = exp ��il!t� 12 l2�2t�; 
ompare with Eq. (2.1).3 Obviously Bl = j�0jlh
osl �i; 
ompare with Eq. (1.7).



Phase-Coheren
e and Amplitude-Coheren
e 2083Experimentally, this 
an be a
hieved [12℄ by following the arrangementshown in Fig. 1. Plane polarized light obtained from polariser P1 may bepassed through four geometri
ally identi
al quartz prisms, out of whi
h the�rst and se
ond are made of R quartz and third and fourth are made of Lquartz. Equal paths in R and L quartz ensure that the polarization of lightis �nally unaltered. But, if inner two prisms are joined fa
e to fa
e and thisjoint prisms are given a random motion perpendi
ular to the dire
tion ofpropagation of light, the total paths in quartz and in air do not 
hange buta random variation of di�eren
e of paths in R and L quartz is introdu
edwith a zero average. This results in opti
al rotation by a randomly varyingangle � proportional to the displa
ement of the prism. If plane polarized
omponent in the dire
tion of in
ident polarization is now extra
ted usingpolariser P2, random modulation of amplitude by a fa
tor of 
os � results.We are thankful to Prof. Naresh Chandra and Dr. Ranjana Prakash for
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