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FIRST GENERATION OF BOUND OBJECTSIN THE UNIVERSE�S. Sta
hniewi
za and M. Kuts
heraa;baH. Niewodni
za«ski Institute of Nu
lear Physi
sRadzikowskiego 152, 31-342 Kraków, PolandbInstitute of Physi
s, Jagellonian UniversityReymonta 4, 30-059 Kraków, Poland(Re
eived O
tober 27, 2000)We study the formation of �rst bound obje
ts in the Universe afterre
ombination. We tra
e the evolution of a spheri
ally symmetri
 densityperturbation in the 
 = 1 Cold Dark Matter (CDM) model with baryonand dark matter 
ontributions, respe
tively, 
b = 0:1 and 
dm = 0:9.Physi
al pro
esses in the 
ollapsing gas relevant to various stages of thenonlinear 
ollapse of low mass obje
ts are 
onsidered. We �nd that the�rst density perturbations whi
h 
ollapse to form luminous obje
ts havebaryon mass in the range 103�104M�. The �nal 
ollapse of these obje
ts istriggered by the 
ooling due to H2 mole
ules and it starts early at redshiftsz � 20. The role of the initial baryon overdensity in the 
ollapse of densityperturbations in CDM model is studied.PACS numbers: 95.30.Lz, 95.35.+d, 98.35.Mp, 98.80.Bp1. Introdu
tionCosmologi
al observations [1,2℄ strongly suggest that the �rst generationof luminous obje
ts in the Universe 
ould form at high redshifts, possibly ashigh as z � 10�30 [3℄. These �rst baryoni
 obje
ts usually are referred toas Population III stars. The formation of �rst Population III obje
ts ended�dark ages� [4℄ in the evolution of the Universe. In most popular 
osmologi
almodels with hierar
hi
al stru
ture formation, the �rst baryoni
 obje
ts formfrom a few � (� 3�) density �u
tuations on small s
ales that 
ollapse �rst [5℄.To study the stru
ture formation powerful 3-dimensional simulationste
hniques are now available (e.g. [6℄). However, mu
h simpler 1-dimensional
al
ulations are su�
ient to assess the role of gas dynami
al pro
esses whi
h� This resear
h is partially supported by the Polish State Committee for S
ienti�
Resear
h (KBN), grant no. 2 P03B 112 17.(227)
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e 
ru
ially the dynami
s of 
ollapse of low-mass gas 
louds. In thisapproa
h the formation of the �rst 
osmologi
al bound obje
ts was studiedre
ently by Haiman, Thoul and Loeb [5℄ who in
luded in the hydrodynami
alsimulations detailed thermal and non-equilibrium 
hemi
al evolution of theprimordial gas. They found that obje
ts of mass lower than linear-theoryJeans mass 
an form at redshifts z > 10. A similar analysis was performedby Tegmark et al. [7℄ who 
onsidered the problem how small were the �rst
osmologi
al obje
ts.In this paper we 
onsider the evolution of a single spheri
ally symmetri
density perturbation in the early Universe starting soon after re
ombinationuntil it �nally forms a bound stationary obje
t. As an underlying 
osmologywe 
hoose the 
 = 1 Cold Dark Matter model with 
b = 0:1 and 
dm = 0:9.Our aim here is to extend the analysis of Ref. [5℄ to study how some assump-tions 
on
erning the initial perturbations made in Ref. [5℄ a�e
t 
on
lusionsregarding the 
osmologi
al formation of low-mass obje
ts. In parti
ular, westudy the sensitivity of the 
ollapse of �rst 
louds to the initial value of thebaryon matter overdensity for a given dark matter density perturbation andto di�erent forms of this perturbation.We start tra
ing the initial expansion of the perturbation at high redshiftwhen its density 
ontrast is still small. We then follow de
oupling of theperturbation from the Hubble �ow and its subsequent 
ollapse and formationof a virialized 
loud. We in
lude gas dynami
s and various 
ooling andheating pro
esses operating in the expanding and 
ollapsing 
loud. The
hemi
al evolution of the 
ollapsing primordial gas 
loud is also a

ountedfor.After the initial 
ollapse, a virialized gas 
loud is formed. The kineti
energy of the infalling gas is dissipated through sho
ks and the 
loud be
omespressure supported. We study the further evolution of the 
loud whi
his determined by its ability to 
ool su�
iently fast. The most important
ooling me
hanism for 
louds of baryon mass in the range 103�104M� is theradiation of ex
ited H2 mole
ules. The presen
e of a small amount of themole
ular hydrogen H2 is 
ru
ial for triggering the �nal 
ollapse of low mass
louds whi
h 
an form the �rst luminous obje
t in the Universe.2. Nonlinear evolution of a spheri
ally symmetri
 densityperturbationA major approximation we use is the assumption of spheri
al symmetry.This assumption is best justi�ed in the 
ase of �rst obje
ts formed in theUniverse whi
h are supposed to originate from the rare highest �u
tuationsin the primordial density �eld [8℄. It allows us to assess the role of gasdynami
s in the 
ollapse of �rst low-mass 
louds.The spe
trum of density �u
tuations has more power on small s
ales,
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e the �rst nonlinear stru
tures are expe
ted to o

ur on relatively smalls
ales [9℄. As we are interested in small s
ales, mu
h lower than the hori-zon, we use Newtonian gravity and treat the expansion of the Universe as ahydrodynami
al �ow. To des
ribe the evolution of a spheri
ally symmetri
density perturbation in the nonlinear regime we use Lagrangian 
oordinates.We divide both baryoni
 and dark matter into 
on
entri
 shells. The dy-nami
s of primordial matter is given by the equations below.The 
ontinuity equation for baryoni
 matter readsdMbdrb = 4�r2b%b ; (1)where rb is the radius of a sphere of mass Mb. The radial velo
ity of thesurfa
e of this sphere is drbdt = vb ; (2)and the a

eleration satis�es the dynami
al equationdvbdt = �4�r2b dpdMb � GM(rb)r2b ; (3)where M(rb) = Mb(rb) +Mdm(rb) is the total mass within radius rb.The energy 
onservation 
ondition for baryoni
 matter readsdudt = p%2b d%bdt + �%b ; (4)where u is the internal energy per unit mass, p is the pressure and %b is thebaryon density. The last term in the Eq. (4) des
ribes 
ooling/heating of thegas, with � being the energy absorption (emission) rate per unit volume.We use the equation of state of the ideal gasp = (
 � 1)%bu ; (5)where 
 = 5=3, as the primordial baryoni
 matter after re
ombination isassumed to be 
omposed of monoatomi
 hydrogen and helium with a small(but very important) admixture of mole
ular hydrogen H2.Dynami
s of dark matter is simpler, as we assume it to be 
ollisionless.The 
ontinuity equation is dMdmdrdm = 4�r2dm%dm ; (6)where rdm is the radius of dark matter sphere of mass Mdm. The radialvelo
ity of this sphere is
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eleration reads dvdmdt = �GM(rdm)r2dm : (8)To solve the above equations we must spe
ify the 
ooling/heating fun
-tion � and the the initial 
onditions.3. Initial 
onditionsLet us begin with the initial 
onditions. We start to follow the evolutionof the perturbation soon after the re
ombination at a su�
iently high red-shift that the perturbation is still in the linear regime. We 
hoose the initialredshift to be zi = 500 as in [5℄. It 
orresponds to the time ti = 1:1� 106 yafter the singularity.We use two initial density pro�les: the perturbation used by Haiman,Thoul and Loeb [5℄, and the 
ommonly used Gaussian perturbation. Thedensity pro�les of baryoni
 and dark matter perturbations used by Haiman,Thoul and Loeb [5℄ are of the form%i(r) = 
i%
�1 + Æi sinkrkr � ; (9)where i = b; dm and %
 is the 
riti
al density of the Universe, %
 = 3H2=8�Gwith H being the a
tual value of the Hubble parameter. The quantities Æband Ædm measure, respe
tively, the baryon and dark matter density enhan
e-ment with respe
t to the mean densities �%b = 
b%
 and �%dm = 
dm%
.For the pro�le (9) there exist two distinguished values of the radius, r0and rz whi
h 
orrespond, respe
tively, to the �rst zero and the �rst mini-mum of the fun
tion sin(kr)=kr. Inside the sphere of radius r0 = �=k whi
h
ontains mass M0, the lo
al density 
ontrast is positive. The mass M0 andthe radius r0 will be referred to as the 
loud mass and the 
loud radius,respe
tively. The lo
al density 
ontrast is negative for rz > r > r0, with theaverage density 
ontrast vanishing for the sphere of radius rz = 4:49341=kwith the mass Mz. A

ording to the gravitational instability theory in theexpanding Universe, the shell of radius rz will expand together with the Hub-ble �ow not su�ering any additional de
eleration. It 
an thus be regardedas the boundary of the perturbation and the mass Mz will be referred to asthe bound mass.
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al
ulations with the Gaussian form of theinitial overdensity: %i(r) = 
i%
 "1 + Æi exp �r22R2f !# ; (10)(e.g. [10℄), and we de�ne the mass of the 
loud M0 as the mass inside thesphere of radius 2Rf [11℄.As the initial velo
ity we use the Hubble velo
ity for baryon matter,vb(r) = Hr ; (11)whereas for dark matter the initial velo
ity is [5℄vdm(r) = Hr �1� 13hÆdmir� : (12)The expression in bra
kets indi
ates averaging over the sphere of radius r.The slower expansion of dark matter at zi = 500 results from the fa
t thatthe dark matter perturbations start to grow earlier than do the baryonmatter ones.Finally, the amplitudes of baryon and dark matter perturbations, Æband Ædm should be spe
i�ed. To do so one should use the power spe
trum
orresponding to the initial redshift zi = 500 that provides rms density�u
tuations at a given mass M0. For Cold Dark Matter model we use thespe
trum due to Bardeen et al. [12℄. One should remember that the a
tualvalue of the rms density �u
tuation �(z;M0) depends on the shape of thewindow over whi
h the density is averaged. However, this dependen
e isquite weak. For example, �(zi; 100M�) is 0.110 and 0.115 for top-hat andGaussian windows, respe
tively [5℄. Corresponding values for M0 = 104M�are �(zi;M0) = 0:104 and �(zi;M0) = 0:100, for top-hat and Gaussianwindows, respe
tively [5℄.There is 
onsiderable un
ertainty in the initial value of the baryon densityenhan
ement as the baryon density perturbations start to grow only afterthe re
ombination. Below we treat the ratio of baryon to dark overdensityas a phenomenologi
al parameter that is not well known. In our 
al
ulationswe use a few values of Æb=Ædm in order to assess the sensitivity of the resultsto a parti
ular value of this parameter.The Hubble 
onstant value used in the 
al
ulations is H0 = 50 km/sMp
.
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 matter 
omponents, 
hemi
al rea
tionsand thermal e�e
tsTo spe
ify the 
ooling/heating fun
tion � in Eq. (4) one should in
ludeall relevant thermal and 
hemi
al pro
esses in the primordial gas. There aremany papers dis
ussing the most important 
ontributions to the fun
tion� (see e.g. [6℄). We have 
olle
ted for 
ompleteness useful formulae fromvarious sour
es in Appendix B.The primordial gas 
onsists of neutral atoms and mole
ules, ions andfree ele
trons. In this paper we have taken into a

ount nine spe
ies: H,H�, H+, He, He+, He++, H2, H+2 and e�. Some authors (e.g. Galli andPalla [14℄) in
lude also deuterium and lithium.It is useful to introdu
e the mass fra
tion yi for ea
h 
omponent iyi = �ini%b ; (13)where ni is the number density and �i is the mole
ular mass of the spe
ies i.The abundan
e of various spe
ies 
an, generally, 
hange with time as the
hemi
al rea
tions between spe
ies o

ur and the ionization and disso
iationphotopro
esses take pla
e in the hot gas. The 
hemi
al rea
tions in
ludesu
h pro
esses as e.g. the ionization of hydrogen and helium by ele
trons,the re
ombination of ions with ele
trons, the formation of negative hydrogenions, the formation of H2 mole
ules, et
. The full list of relevant 
hemi
alrea
tions is given in the Appendix B. Photopro
esses in
lude ionization ofneutral hydrogen H and helium He and He+ by photons, and disso
iation ofnegative hydrogen ions H� and H2 mole
ules by photons.Time evolution of the number density of the 
omponent ni is des
ribedby the kineti
 equation:dnidt = 9Xl=1 9Xm=1 almiklmnlnm + 9Xj=1 bji�jnj : (14)At the right-hand side of the equation the �rst 
omponent des
ribes 
hemi
alrea
tions and the other one des
ribes photoionization and photodisso
iation.The 
oe�
ients klm are rea
tion rates, the quantities �n are photoionizationor photodisso
iation rates and almi and bji are numbers equal to 0, �1 or�2 depending on the rea
tion.All rea
tion rates, photoionization and photodisso
iation rates are givenin the Appendix B.The 
ooling (heating) fun
tion � in
ludes terms due to su
h pro
esses asthe 
ollisional ionization of H, He and He+, the re
ombination to H, He andHe+, the 
ollisional ex
itation of H and He+, Bremsstrahlung, the Compton
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ooling and the 
ooling due to H2 mole
ules. The formulae for the heat-ing/
ooling 
ontributions of various pro
esses are given in the Appendix B.They were taken from [5, 13℄ and [14℄.The 
ooling fun
tion given in the Appendix B is a general one and 
anbe applied in a wide range of temperatures and densities en
ountered in
osmologi
al obje
ts. One should note that for low mass obje
ts whi
h havevirial temperatures of the order of a few hundred K, only a limited number ofrea
tions are important. Some authors attempt to sele
t only those rea
tionswhi
h are relevant in this restri
ted temperature range. These are so-
alledminimal models proposed by Tegmark et al. [7℄ and by Abell et al. [13℄.These approximations seem to be, however, too 
rude for our purpose. Inthe 
al
ulations reported here we de
ided to in
lude most of the relevantrea
tions and pro
esses.5. The role of mole
ular hydrogen H2One of ne
essary 
onditions for a virialized gas 
loud to 
ollapse is thepresen
e of an e�e
tive 
ooling me
hanism. For high mass 
louds that havevirial temperatures of the order of 105 K or greater, the line emission is thee�
ient 
ooling me
hanism. Also other pro
esses listed in the Appendix B
an 
ontribute. However, the virial temperature of gas 
louds that havemasses of order of 103 M� is only a few hundred Kelvins. The only knownme
hanism that may be e�e
tive in su
h temperatures is so-
alled H2 
ool-ing, i.e. 
ooling by radiation of ex
ited rotational and vibrational states ofH2 mole
ules.The primordial gas is thought to in
lude a small admixture of H2mole
ules. The initial fra
tion of H2 is very small, of the order of 10�6.The H2 mole
ules may be 
reated via two 
hannels, 
alled H� 
hannelH+ e� ! H� + h�H +H� ! H2 + e�and the H+2 
hannel H+H+ ! H+2 + h�H+2 +H ! H2 +H+ :Both of these 
hannels 
an operate be
ause the re
ombination of 
osmi
plasma is not 
omplete [17℄. There is some residual fra
tion of unre
om-bined ele
trons and positive hydrogen ions left in the primordial gas afterre
ombination, at the level of 10�4 (at z � 100 [17℄). The H� 
hannel is
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tive at redshifts z > 100 as the H� mole
ule is easily photodis-so
iated by photons of CBR. At lower redshifts this 
hannel dominates theprodu
tion of H2 mole
ules.The fra
tion of mole
ular hydrogen H2 in gas 
louds whi
h 
ollapse be-
omes higher than the initial value � 10�6. With in
reasing density inthe 
ollapse regions the fra
tion of mole
ular hydrogen in
reases to about10�4�10�3 [17℄. 6. Numeri
al 
odeThe dynami
al equations (1)�(8) are solved numeri
ally. At ea
h time-step also the 
hemi
al 
omposition of the gas is updated by solving Eq. (14)and the appropriate value of the 
ooling fun
tion � is 
al
ulated. We basedour numeri
al 
ode on the 
ode des
ribed by Thoul and Weinberg [11℄, whi
his the standard, se
ond-order a

urate, Lagrangian �nite-di�eren
e s
heme.We handle timesteps and 
entral boundary 
onditions in the way pro-posed by Thoul and Weinberg [11℄. For dark matter, to avoid the unphysi
al
ollapse to bla
k hole whi
h is an artefa
t of spheri
ally symmetri
 
al
u-lations, we treat the 
enter as a hard sphere of some �small� radius r
. Inorder not to a�e
t the results of 
al
ulations the value of r
 should be mu
hless than any other 
hara
teristi
 radius in the problem but it should notbe too small be
ause smaller r
 means worse energy 
onservation and longer
omputation time. We have 
ompared 
al
ulations with a few di�erent val-ues of r
 and it seems to be a good idea to 
hoose r
 similar to the initialradius of the most innermost dark matter shell.In the 
ollapse of baryon matter one en
ounters the formation of sho
ks.In our 
ode sho
ks are treated with the arti�
ial vis
osity te
hnique [15℄.When writing the 
ode we have fa
ed a problem how to deal with theboun
e of dark matter shells o� the hard sphere. Let us assume, that forthe step n the shell i has radius rndm;i and velo
ity vn�1=2dm;i (in this s
hemevelo
ities are taken in half-time between iterations).In 
ase there is no boun
e for the step n + 1 the velo
ity and radiusshould be vn+1=2dm;i = vn�1=2dm;i � Gmni(rndm;i)2 dtn (15)and rn+1dm;i = rndm;i + vn+1=2dm;i dtn+1=2 ; (16)where mni is the total mass (baryoni
 and dark) inside rni for n-th iteration.Now let us assume that the value rn+1dm;i turns out to be less than r
. Naively,we should leave the same radius and simply 
hange the sign of velo
ityrn+1dm;i �! rn+1dm;i (17)
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ts in the Universe 235and vn+1=2dm;i �! �vn+1=2dm;i : (18)However, we must remember that velo
ities are taken in half-time betweeniterations and su
h simple operation may lead (and leads) to in
orre
t re-sults. Instead, we should take the �old� value of ri and reverse velo
ity:rn+1dm;i �! rndm;i = rn+1dm;i + (rndm;i � rn+1dm;i) (19)and vn+1=2dm;i �! �vn+1=2dm;i : (20)This pro
edure assures proper time iterations. Results obtained using thismethod will be labelled with �M�.Haiman [21℄ has suggested another solution:rn+1dm;i �! rn+1dm;i (21)and vn+1=2dm;i �! �vn+1=2dm;i + Gmni(rndm;i)2 dtn ; (22)whi
h gives the same ri but adds to vi some extra outward velo
ity. Thisshift is ne
essary be
ause radii and velo
ities are taken in slightly di�erenttimes, e.g. vn+1=2b;i is taken dt=2 later than rnb;i. Further 
urves showingsolutions obtained with this method will be labelled with �H�. Both methodsare equivalent and give the same results.The 
hoi
e of the timestep is of great pra
ti
al importan
e. For a givenshell one 
an de�ne the following time s
ales [11℄:� bdyn;i = s �2r3b;i8GMi ; (23)�
ool;i = ����ui%i�i ���� ; (24)�Cour;i = ����� rb;i � rb;i�1p
(
 � 1)ui ����� ; (25)and � bvel;i = ���� rb;i � rb;i�1vb;i � vb;i�1 ���� : (26)For baryoni
 matter we use as the timestep the minimum valuedtb = mini f
d� bdyn;i; 
C�Cour;i; 

�
ool;i; 
v� bvel;ig ; (27)
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herawhere 
d, 
C , 

 and 
v are some safety 
onstants. We have used the followingvalues: 
d = 0:02, 
C = 0:2, 

 = 0:1, 
v = 0:05 [11℄.For the dark 
omponent we use the timestepdtdm = mini f
d�dmdyn;i; 4
v�dmvel;ig ; (28)where �dmdyn;i = s�2r3dm;i8GMi ; (29)and �dmvel;i = ����rdm;i � 0:9r
vdm;i ���� ; (30)where 
d and 
v are de�ned above and r
 is the radius of the hard sphere. Be-
ause the 
al
ulations for the baryoni
 matter are relatively long, ifdtdm < dtb we were doing a few iterations for the dark matter during oneiteration for the baryoni
 matter.Be
ause the baryons were lo
ked to the CBR until the epo
h of re
om-bination, it is ne
essary to 
hoose lower values of the initial overdensitiesfor baryons than for dark matter. The proper value of the baryon matteroverdensity is not well determined. Haiman, Thoul and Loeb [5℄ have 
ho-sen somewhat arbitrary value Æb;i = 0:1Ædm;i. To test the sensitivity of the
al
ulations to this assumption we have made some 
al
ulations for di�er-ent values of Æb;i. We used higher value Æb;i = 0:2Ædm;i 
orresponding tosomewhat faster growth of baryoni
 �u
tuations after re
ombination. Wealso used Æb;i = 0 in order to see if dark matter perturbations 
an trigger
ollapse of gas 
louds whi
h are initially uniform.To 
he
k our numeri
al 
ode we have 
hosen the initial parameters 
loseto parameters used by Haiman, Thoul and Loeb [5℄ who have made a detailedstudy of density peaks in the 
b = 0:1 and 
dm = 0:9 Universe with theHubble parameter H0 = 50 km=(sMp
). We have found that the best wayto 
he
k the numeri
al 
ode was to reprodu
e results of Haiman et al. forthe 
loud mass M0 = 1000M� and Ædm;i = 0:39. In this 
ase only themost innermost shells 
ollapse at z ' 10 and a tiny 
hange in 
onditions
ould prevent them from 
ollapsing or make also outer shells to 
ollapse. Inother 
ases 
onsidered in [5℄ either there was no 
ollapse after virialization(M0 = 500M�; Ædm;i = 0:26 andM0 = 1000M�; Ædm;i = 0:26) or the 
ollapsewas quite fast (M0 = 5000M�; Ædm;i = 0:26).The 
osmologi
al observable is the redshift. To 
onvert time in ourevolutionary 
al
ulations into redshift we give the appropriate formula inAppendix A.
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on
lusionsWe expe
t that as the dark matter dominates in the model the behaviourof dark matter shells will play the 
ru
ial role in the 
loud 
ollapse. Dueto our assumptions, dark matter is 
ollisionless, so there is no energy lossme
hanism apart from possible gravitational energy ex
hange. The expe
tedevolution of the dark matter shells in the absen
e of baryoni
 matter is thattheir radii in
rease to some maximal value, then the shells 
ollapse and aftersome os
illations due to boun
es o� the hard sphere the dark matter 
loudbe
omes stationary. In the presen
e of baryoni
 matter the behaviour ofdark matter shells should be similar be
ause the amount of baryoni
 matteris mu
h less than the amount of dark matter.The expe
ted behaviour of baryon matter shells is that after rea
hingmaximum radii, the shells 
ollapse and the sho
k develops at some stagedue to pressure 
rowding of neighbouring shells [5℄. The sho
k stops the
ollapse and the baryon shells virialize. After virialization they 
an undergothe �nal 
ollapse.Results of our 
al
ulations are displayed in Figs. 1�11. In Fig. 1(a) andFig. 1(b) we show the evolution of dark matter shells and baryon mattershells for the 
loud mass M0 = 1000M� and M0 = 5000M�, respe
tively.The values of the dark matter density enhan
ement are, respe
tively Ædm;i =0:39 and Ædm;i = 0:26.
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b)Fig. 1. Shell radii as fun
tions of redshift for baryon matter and dark matter. Theplots (a) and (b) 
orrespond, respe
tively, to 1000 M� and 5000 M� 
louds.The 
urves displayed in Fig. 1(a) and Fig. 1(b) 
orrespond to radii of 10shells of baryon matter and dark matter. The innermost shell en
loses 7% ofthe bound mass, next shells en
lose, respe
tively, 17%; 27%; : : : ; 97% of thebound mass. This fra
tional division of mass applies to both dark matterand baryon matter shells. In the following �gures we display always shells
ontaining the same fra
tion of mass as in Figs. 1(a) and 1(b). The initialdensity perturbation has the form (9) used by Haiman, Thoul and Loeb [5℄.
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heraIn the following this form will be referred to as the sinusoidal perturbation.Most of the results displayed below 
orrespond to this form of the initialperturbation.Dark matter shells expand to some maximum radius and then 
ollapse toabout a half of this value. The radius of the hard sphere is r
 = 0:1r0. Thebehaviour of dark matter is very similar for both values of the 
loud mass.This means that the evolution of dark matter is not very sensitive to themass of the 
loud. In 
ontrast, the behaviour of baryon matter shells stronglydepends on the 
loud mass. In the 
ase of Fig. 1(a), 
orresponding to therun 7 in [5℄, baryoni
 shells expand to maximum radii then virialize, butonly the innermost shell undergoes the �nal 
ollapse at redshift z = 9. Forhigher 
loud mass, Fig. 1(b), many inner shells undergo the �nal 
ollapseafter virialization, starting at redshift z � 20. We see that higher mass
louds start to 
ollapse at higher redshift than those of lower mass.Figs. 2(a) and 2(b) show the 
omparison of the two methods H and M ofthe 
orre
t implementation of the boun
e of the dark matter shells o� thehard sphere in the numeri
al 
al
ulations. The results for both methods areindistinguishable within numeri
al errors. This proves that both methodsare equivalent.
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b)Fig. 2. The evolution of shell radii 
al
ulated with the H and M methods. Plots(a) and (b) 
orrespond to baryon matter and dark matter, respe
tively.Results presented in Figs. 2(a) and 2(b) 
orrespond to the 
ase of ne-gle
ting the radiation 
ontribution to the mass density at the initial redshift,zi = 500. When this 
ontribution is in
luded, the expansion rate of the Uni-verse at the redshift zi slightly 
hanges. This a�e
ts somewhat the behaviourof dark and baryon matter density perturbations. The e�e
t is shown inFigs. 3(a) and 3(b) where the evolution of dark and baryon matter shells ispresented. As one sees with the radiation 
ontribution in
luded the shellsstop to expand at somewhat higher redshift than in 
ase of no radiation
ontribution. This is a result of higher expansion rate at the initial redshift.
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ts in the Universe 239Figs. 4(a) and 4(b) show the same, but for the Gaussian perturbation.
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b)Fig. 3. Shell radii as fun
tions of redshift. Solid 
urves are for the 
ase when theradiation 
ontribution is in
luded. Dotted 
urves are the same as in Fig. 1(a).Plots (a) and (b) 
orrespond to baryon matter and dark matter, respe
tively.
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b)Fig. 4. The same as in Fig. 3 for the Gaussian form of the initial density perturba-tion.The in�uen
e of the H2 
ooling on the 
ollapse of baryon matter is shownin Figs. 5�7. The role of this 
ooling me
hanism is 
ru
ial for triggering the�nal 
ollapse of baryon matter after virialization. In Figs. 5(a) and 5(b)we show the evolution of baryon and dark matter shells, respe
tively, forM0 = 1000M� and Ædm;i = 0:39. The dashed 
urves 
orrespond to the 
aseof no H2 
ooling and the solid 
urves are for the 
ase of operating H2 
ooling.The innermost baryon shell in 
ase of no mole
ular hydrogen 
oolingdoes not shrink any more after virialization. It be
omes gravitationallystable supported by the pressure of the warm gas whi
h in absen
e of H2
ooling 
ools very slowly. When the H2 
ooling is in
luded, the shell aftervirialization begins to shrink and around z � 10 undergoes the �nal 
ollapse.The H2 
ooling does not a�e
t dark matter shells as is seen in Fig. 5(b).
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b)Fig. 5. Shell radii as fun
tions of redshift with H2 
ooling (solid 
urves) and withno H2 
ooling (dashed 
urves). Plots (a) and (b) are for baryon matter and darkmatter, respe
tively.The shells evolve in the same way irrespe
tive to the presen
e of H2 
oolingme
hanism.
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Fig. 6. The 
ollapsed mass and the virialized mass as fun
tions of redshift with H2
ooling and with no H2 
ooling.The role of H2 
ooling is very pronoun
ed in Fig. 6 where the virializedmass and the 
ollapsed mass are shown as fun
tions of redshift, for the same
loud parameters as in Fig. 5(a). By virialized mass we mean the mass ofthe shell that all baryoni
 shells inside have density greater than 18�2�
,where �
 is the a
tual mean density of the Universe. The 
ollapsed mass
orresponds to shells of mean density ex
eeding the virialization density bya fa
tor of 100. The virialized obje
t starts to emerge at redshift z � 30and by z � 10 essentially all the 
loud mass meets the virialization 
riteriairrespe
tive to the presen
e of the H2 
ooling. With H2 
ooling in
ludedabout 20% of the 
loud mass 
ollapses by z � 10 (lower 
urve in Fig. 6).With no H2 
ooling, no shell meets the 
ollapse 
ondition.
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ts in the Universe 241In Fig. 7 we show the temperature of shells as a fun
tion of redshift. The
urves indi
ating temperatures of baryoni
 shells behave in an opposite waythan the radii of baryoni
 shells. The temperature falls during expansion andin
reases in the 
ollapse phase. After virialization the temperature remainsrather 
onstant. Os
illations in Fig. 7 are of purely numeri
al origin. Thereis only a tiny di�eren
e between the 
ases with and without H2 
ooling.
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Fig. 7. The temperature of shells as a fun
tion of redshift. We show the temperatureevolution with H2 
ooling and with no H2 
ooling.The in�uen
e of the initial baryon overdensity on the 
ollapse behaviourof baryoni
 shells is shown in Figs. 8(a) and 8(b). The evolution of shellsis essentially identi
al for Æb equal to 0, 0.1Ædm and 0.2Ædm. These resultsindi
ate that the initial value of the baryon overdensity is not an importantparameter of the model. The dark matter perturbations 
reate gravitationalpotential wells deep enough to trigger 
ollapse of baryon matter even in the
ase when its density is uniform at the initial redshift.
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heraIn Fig. 9 we 
ompare 
al
ulations with sinusoidal and Gaussian per-turbations. For the sinusoidal perturbation the inner shells 
ollapse fasterand outer ones 
ollapse slower than for the Gaussian perturbation. Thisbehaviour 
an be easily understood. For the Gaussian shape of the pertur-bation at the 
enter the density falls faster but the overdensity is alwayspositive while for the sinusoidal perturbation for r > r0 overdensity startsto be negative and for r = rz the mean overdensity is equal to zero. For theGaussian perturbation mean overdensity is always positive.
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b)Fig. 9. Shell radii as fun
tions of redshift for the sinusoidal (solid 
urves) andGaussian (dashed 
urves) form of initial density perturbations. Plots (a) and (b)are for baryon matter and dark matter, respe
tively.Fig. 10 shows the time evolution of density pro�les of both baryoni
and dark 
omponents of 
ollapsing 
louds. We show 
urves 
orrespondingto the initial redshift zi = 500, then to some lower redshifts and the last
urves are for z = 8. Radii and densities are in 
omoving 
oordinates. Forboth 
omponents we 
an see the evolution from an almost �at initial densitydistribution with a tiny overdensity to an almost power-law pro�le % � r�2:25near the 
enter predi
ted by Berts
hinger [16℄ for a self-similar relaxation.Dark matter distribution follows this behaviour very 
losely.The abundan
e of various spe
ies as a fun
tion of redshift is shown inFig. 11. The results 
orrespond to the shell of mass M = 0:12Mz of thesame 
loud as in Figs. 5�10. One 
an noti
e the in
rease of the amountof H2 mole
ules at later redshift when the shell 
ollapses. This makes H2
ooling more e�
ient, triggering the �nal 
ollapse of inner shells.To 
on
lude, we have studied the nonlinear 
ollapse of low-mass densityperturbations in the CDM 
osmology. The �rst gas 
louds that 
ollapse inthis model have baryon mass of the order of 103�104M�. These obje
tswhi
h are the �rst bound and luminous obje
ts in the Universe 
orrespondto 3� perturbations of the lowest mass whi
h 
an still e�e
tively 
ool. Thevirial temperatures of these 
louds are low and the 
ru
ial role is played bythe H2 
ooling me
hanism whi
h triggers the �nal 
ollapse after virialization.
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Fig. 10. Density pro�les of baryon matter (plot a) and dark matter (plot b) for afew values of redshift.
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Fig. 11. Abundan
es of spe
ies as fun
tions of redshift for a shell 
ontaining 12%of the bound mass.In this paper we have extended the analysis of [5℄ to investigate therole of the initial baryon overdensity Æb;i for a given dark matter perturba-tion. We have found that the 
ollapse of baryon matter shells is essentiallyindependent of the value of Æb;i. The shells 
ollapse in the same way forÆb;i = 0:2Ædm;i and for Æb;i = 0. This indi
ates that the dark matter pertur-bations 
reate potential wells deep enough to indu
e the 
ollapse of baryon
louds whi
h are of uniform density at the initial redshift, soon after re
om-bination. We have also 
al
ulated the evolution of 
louds whi
h have initiallya Gaussian form. There are some di�eren
es in the 
ollapse of subsequentshells of baryon and dark matter as 
ompared to the 
ase of sinusoidal per-turbations (Fig. 9) resulting from somewhat di�erent density distributionsin both 
ases. We have also in
luded the radiation 
ontribution to the massdensity of the Universe. This 
hanges somewhat results obtained with noradiation 
ontribution in
luded.We are grateful to Dr. Zoltan Haiman for very useful dis
ussions.
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heraAppendix ARelations between H, t and zThe mass density % of the Universe has at least two 
omponents: %M , thematter 
ontribution, whi
h is proportional to (1 + z)3, and %r the radiation
ontribution, whi
h behaves as (1 + z)4. Usually in the matter-dominatedera the radiation 
omponent is negle
ted and vi
e versa but, however, thepresen
e of the radiation may a�e
t the results. In some models, also 
os-mologi
al 
onstant 
ontributes to %. The 
orresponding energy density %�does not 
hange with redshift.The exa
t formula for H(z) in 
osmologi
al models with matter, radia-tion and 
osmologi
al 
onstant readsH = H0p
M (z + 1)3 + 
r(z + 1)4 + 
� + (z + 1)2(1� 
M � 
r � 
�) ;(31)where 
i = �i=�
 with �
 being the a
tual 
riti
al density of the Universe.Thus, the relation between time and redshift isH0t(z) = 1Zz (z + 1)�1dzp
M (z + 1)3+
r(z + 1)4+
� + (z + 1)2(1� 
M�
r�
�) ;(32)This formula, but without 
r, may be found e.g. in Peebles [17℄, Eq. (13.9).Equation (32) allows us to 
al
ulate the time sin
e the Big Bang t fromredshift z for 
osmologi
al models with given 
M and 
�. Unfortunately,analyti
al solutions may be found in some spe
ial 
ases only � e.g. if 
r = 0and 
M + 
� = 1 (�at Universe without radiation). To perform numeri
alintegration we have used three fun
tions from Numeri
al re
ipes in C [18℄(midpnt and midinf, 
alled by fun
tion qromo). We have 
ompared resultsof numeri
al and analyti
al 
al
ulations for models with 
M + 
� = 1 and
� = 0, for values of 
M from 0.01 to 1. In the �rst 
ase, numeri
alvalues were systemati
ally greater by the fa
tor of 1.0000648. In the se
ond
ase this fa
tor was a bit greater: 1.0000648 for 
M = 1:00, 1.0000701for 
M = 0:24, 1.0001048 for 
M = 0:03 and 1.0001564 for 
M = 0:01.Anyway, for 
M � 0:25 it was less than 1.00007 and we have de
ided thatthis a

ura
y is enough for our purposes. Let us stress that the e�e
ts ofnon-zero 
r are mu
h greater, espe
ially for low values of 
M .
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ts in the Universe 245Appendix BCooling fun
tions, rea
tion rates and 
ross-se
tionsWe have adopted 
ontributions to the 
ooling fun
tion �, rea
tion ratesand 
ross-se
tions from Cen [19℄, Haiman, Thoul and Loeb [5℄, Tegmarket al. [7℄, Galli and Palla [14℄ and Abel et al. [13℄. The 
ooling fun
tion �is in erg=s 
m3, rea
tion rates are in 
m3/s and 
ross-se
tions in 
m2. T istemperature in Kelvins, thermal energy E = kT is in eV, Tn is temperaturein 10n K and Poly is polynomial fun
tion Poly(x; a0; a1; : : : an) = a0x0 +a1x1 + a2x2 + : : :+ anxn.Cooling and heating 
ontributionsAll 
oe�
ients in erg/s 
m3, from Ref. [5℄.a) Collisional ionization of H, He and He+:�H(T ) = 1:27� 10�21T 1=2 �1 + T 1=25 ��1 exp��157809:1T �nenH; (33)�He(T ) = 9:38� 10�22T 1=2 �1 + T 1=25 ��1 exp��285335:4T �nenHe; (34)�He+(T ) = 4:95� 10�22T 1=2 �1 + T 1=25 ��1 exp��631515T �nenHe+ : (35)b) Re
ombination to H, He and He+:�H+(T ) = 8:70� 10�27T 1=2T�0:23 (1 + T 0:76 )�1nenH+ ; (36)�He+(T ) = 1:55� 10�26T 0:3647nenHe+ ; (37)�He++(T ) = 3:48� 10�26T 1=2T�0:23 (1 + T 0:76 )�1nenHe++ : (38)
) Diele
tri
 re
ombination to He:�He+(T )=1:24� 10�13T�1:5 exp��470000T ��1 + 0:3 exp��94000T ��nenHe+ :(39)d) Collisional ex
itation of H and He+:�H(T ) = 7:50� 10�19(1 + T 1=25 )�1 exp��118348T �nenH; (40)�He+(T ) = 5:54� 10�17T�0:397(1 + T 1=25 )�1 exp��473638T �nenHe+ :(41)
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herae) Bremsstrahlung:g� = 1:10 + 0:34 exp(�(5:50� logT )2=3:0); (42)�Brem(T ) = 1:42� 10�27g�T 1=2ne(n+H + nHe+ + 4nHe++): (43)f) Compton 
ooling:�Comp(T ) = 1:017� 10�37T 4
 (T � T
)ne: (44)g) H2 
ooling [7℄:The total hydrogen density is:n = nH + nH+ + nH� + 2(nH2 + nH+2 ): (45)The 
ooling rate in LTE:L(LTE) � 1n"�9:5� 10�22T 3:7631 + 0:12T 2:13 � exp ��0:13T3 �3!+3� 10�24 exp��0:51T3 �#: (46)The 
riti
al hydrogen density is:n
r � L(LTE)L(n!0)n; (47)where L(n!0) is the low-density limit of the 
ooling fun
tion, givenby [14℄:logL(n!0) � Poly(log T;�103:0; 97:59;�48:05; 10:80;�0:9032): (48)Now we 
an 
al
ulate the 
ooling fun
tion:�(T ) = L(LTE)1 + n
r=n: (49)Radiative H2 
ooling is thermodynami
ally impossible when T < T
(T
 is the CBR temperature), so it is ne
essary to use the net 
oolingrate [7℄ �H2(T ) = �(T )� �(T
): (50)It is worth to note that Haiman, Thoul and Loeb [5℄ have used some-what di�erent expression�H2(T ) = �(T )T � T
T + T
 : (51)
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tion ratesAll 
oe�
ients in 
m3/s.(1) H + e� ! H+ + 2e� [5℄k1 = 5:85� 10�11T 1=2(1 + T 1=25 )�1 exp��157809:1T � ;(2) He + e� ! He+ + 2e� [5℄k2 = 2:38� 10�11T 1=2(1 + T 1=25 )�1 exp��285335:4T � ;(3) He+ + e� ! He++ + 2e� [5℄k3 = 5:68� 10�12T 1=2(1 + T 1=25 )�1 exp��631515:0T � ;(4) H+ + e� ! H+ h� [5℄k4 = 8:40 � 10�11T�1=2T�0:23 (1 + T 0:76 )�1;(5) He+ + e� ! He + h� [19℄k5 = 1:50 � 10�10T�0:6335;(6) He++ + e� ! He+ + h� [5℄k6 = 3:36 � 10�10T�1=2T�0:23 (1 + T 0:76 );(7) H +H+ ! H+2 + h� [13℄k7 =8><>: exp[Poly(ln(E);�20:06913897; 0:22898; 3:5998377� 10�2;4:55512� 10�3;�3:10511544� 10�4; 1:0732940� 10�4;8:36671960� 10�6; 2:2380623� 10�7)℄ E > 0.1 eV1:428� 10�9 E � 0.1 eV ;(8) H+2 +H! H2 +H+ [5℄k8 = 6:40 � 10�10;
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hera(9) H + e� ! H� + h� [5℄k9 = 5:57 � 10�17T 1=2;(10) H +H� ! H2 + e� [5℄ k10 = 1:30 � 10�9;(11) H+2 + e� ! 2H [5℄k11 = 1:68� 10�8 � T300��0:29 ;(12) H+2 +H� ! H2 +H [5℄k12 = 5:00 � 10�6T�1=2 ;(13) H� +H+ ! 2H [5℄ k13 = 7:00 � 10�7T�1=2 ;(14) H2 + e� ! H+H� [5℄k14 = 2:70 � 10�8T�3=2 exp��43000T � ;(15) H2 +H! 3H [ [13℄k15 = 1:067 � 10�10T 2:012 exp ���4:463E � (1 + 0:2472E)3:52� ;(16) H2 +H+ ! H+2 +H [5℄k16 = 2:4 � 10�9 exp��21200T � ;
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ts in the Universe 249(17) H2 + e� ! 2H + e� [5℄k17 = 4:38 � 10�10 exp��102000T �T 0:35 ;(18) H� + e� ! H+ 2e� [5℄k18 = 4:00� 10�12T exp��8750T � ;(19) H� +H! 2H + e� [5℄k19 = 5:30 � 10�20 exp��8750T �T 2:17;(20) H� +H+ ! H+2 + e� [13℄k20 =� 2:291 � 10�10E�0:4 E � 1.719 eV8:4258 � 10�10E�10:4 exp(�1:301=E) E > 1.719 eV .Photoionization and photodisso
iation 
ross-se
tionsFor ea
h rea
tion there is a threshold frequen
y �0. Cross-se
tions are in 
m2.(21) H + h� ! H+ + e� [20℄ ;(22) He+ + h� ! He++ + e�A0 = 6:30 � 10�18
m2, " =p�=�0 � 1, h�0 = 13:6Z2eV, Z = 1 for Hand Z = 2 for He.�21;22 = A0Z2 � ��0�4 exp �4� 4ar
tan "" �1� exp ��2�" � ;(23) He + h� ! He+ + e� [20℄�23 = 7:83 � 10�18 "1:66� ��0��2:05 � 0:66� ��0��3:05# 
m2;�0=
 = 1:983 � 105
m�1 ;
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hera(24) H� + h� ! H + e� [13℄�24 = 7:928 � 105(� � �0)3=2��3
m2; h�0 = 0:755 eV ;(25) H+2 + h� ! H +H+ [13℄�25 =8><>: 0 for h� < 15:42eV6:2� 10�18h� � 9:4� 10�17
m2 for 15:42eV � h� < 16:50eV1:4� 10�18h� � 1:48� 10�17
m2 for 16:50eV � h� < 17:7eV2:5� 10�14(h�)�2:71
m2 for h� � 17:7eV ;(26) H2 + h� ! H+2 + e� [13℄log �26 = Poly(h�;�1:6547717 � 106; 1:8660333 � 105;�7:8986431 � 103; 148:73693;�1:0513032); h�0 = 2:65 eV ;(27) H2 + h� ! H�2 ! 2H [5℄, [13℄�27 = 3� 10�22
m2 for 12:24eV � h� < 13:51eV(28) H2 + h� ! 2H [13℄�28 = 1y + 1 ��L028 + �W028 �+ yy + 1 ��L128 + �W128 � ;where�L028 = 10�18
m2�(dex(15:1289� 1:05139h�) 14:675 eV < h� < 16:820 eVdex ��31:41+ 1:8042� 10�2(h�)3 � 4:2339�10�5(h�)5�16:820eV � h� < 17:6 eV;�W028 = 10�18
m2�dex(13:5311� 0:9182618h�) 14:675 eV < h� < 17:7 eV;�L128 = 10�18
m2��dex(12:0218406� 0:819429h�) 14:159 eV < h� < 15:302 eVdex(16:04644� 1:82438h�) 15:302 eV < h� < 17:2 eV;�W128 = 10�18
m2�dex(12:87367� 0:85088597h�) 14:159 eV < h� < 17:2 eV;where y is the ortho-H2 to para-H2 ratio, y = 3 [7, 14℄.
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