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The alternative formulated in the title has a chance to be settled, when
the existence of the LSND effect is experimentally excluded or confirmed.
The first option, much discussed in literature, works in the case of three
active neutrinos v, , v, , V-, when among their massive states vy, vz, v3
there is no direct mixing between vy and v3, and the mass hierarchy m? <
m3 < m32 holds. This option is consistent with the observed deficits of
solar v,’s and atmospheric v,’s, if Am3, +» Am2,, and Am3, < Am2,,.
On the other hand, the second option is an extension of the idea of the
former to the case of four neutrinos v;, v., v, , - (including one sterile
neutrino vy), when among their massive states vg, v4 , V2, v3 there are no
direct mixings between vy and v», vy and vz, v; and vz, and the mass
hierarchy m2 < m? < m3 < m2 is now valid. Such an option, belonging to
a class of textures widely discussed in literature, may be consistent with the
observed deficits of solar v.’s and atmospheric v,,’s as well as with the LSND
appearance of v,’s in the beam of accelerator v,,’s, if now Am3, <> Am2 |,
Am3, +» Am2, and Am3; < AmIyp (however, in the case of solar v.’s
the role of v4’s in the disappearance of v,’s is recently questioned). In both
options, only the close neighbours in the hierarchies of massive neutrinos
Vi, Vo, V3 and vy, V1 , Vs, V3, respectively, mix directly. This characteristic
feature of the two-mixing texture for three neutrinos or the three-mixing
texture for four neutrinos may be somehow physically significant.
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1. Introduction

First of all, we would like to emphasize that the alternative formulated
in the title of the paper has a chance to be settled, when the existence
of the LSND effect [1] is experimentally excluded or confirmed. The first
option of the alternative, much discussed in literature [2], works in the
case of three active neutrinos v, , v, , vy, when among their massive states
vi, vy, v there is no direct mixing between 14 and vs [3]|, and the mass
hierarchy m? < m2% < m3 holds. This option is consistent with the ob-
served deficits of solar v.’s [4] and atmospheric v,’s [5], if Am3, < Am2
and Am32, <+ Am2, . On the other hand, the second option of the alterna-
tive is an extension of the idea [3| of the former to the case of four neutrinos
Vs, Ve, Yy, V7 (including one sterile neutrino v,), when among their massive
states vy, v1, 19, v3 there are no direct mixings between 14 and 19, 19 and
v3, 11 and v3, and the mass hierarchy m3 < m? < m3 < m3 is now valid.
Such an option, belonging to a class of neutrino textures widely discussed
in literature [6], may be consistent with the observed deficits of solar v,’s [4]
and atmospheric v,’s [5] as well as with the LSND appearance of v’s in the
beam of accelerator v,’s [1], if now Am?; <+ Am2 ., Am3, < AmZ,,, and
Am3, <> AmZp (however, in the case of solar v,’s the role of vy’s in the
disappearance of v,’s is recently disputed [4,7]).

In both options, only the close neighbours in the hierarchies of massive
neutrinos v, va, vs [3] and vy, v1, va, v3, respectively, miz directly. This
characteristic feature of the two-mixing texture for three neutrinos or the
three-mixing texture for four neutrinos may be somehow physically signif-
icant, leading hopefully to a pertinent dynamical model for the neutrino
texture.

2. The first option

If one conjectures that in the generic Cabibbo—Kobayashi—-Maskawa-type
matrix for leptons [8],

C13C12 C13512 size”"’
_ i i
U=\ —c23512 — s13523C12€" c23€12 — S13523512€"  €13523 (1)
i i
593812 — S13€23C12€"°  —593C12 — S13C23512€"  C13C23

with s;; = sin6;; > 0 and ¢;; = cos6;; > 0, (i, j = 1,2,3), there is practi-
cally no direct mixing of massive neutrinos vy and vs (i.e., 613 = 0), then U
is reduced to the following two-mixing form much discussed previously [2]:
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1 0 0 C19 512 0 C19 S12 0
U=|0 co3 593 —s12 ci2 0 | =] —c23s12  c23¢12 S93
0 —s23 23 0 0 1 8935812 —S823C12 €23

(2)
For the two-mixing option (2) the neutrino mixing formula vy = ), UiV
takes the form

Ve = ClaV1 + S1212 ,
vy = ca3(—s1211 + crova) + so3v3
vy = —so3(—s1211 + c1ov2) + c3v3 (3)

while the inverse neutrino mixing formula v; =Y UZ v, gives

vy = C12Ve — 812(623% - 823”7) >
Vg = S12Ve + 012(023% — S93Vr) ,
vy = Sa3yy + co3lr . (4)

Note that Eq. (2) can be presented also in the form
U= exp(i)\7023) eXp(’L.Agelg),

where Ay and A7 are two of eight Gell-Mann 3 x 3 matrices.

In the representation, where the charged-lepton mass matrix is diago-
nal (and thus the corresponding diagonalizing matrix — unit), the lepton
mixing matrix U = (Uy;) (@« = e, p, 7, i = 1,2,3) is, at the same time,
the diagonalizing matrix for neutrino mass matrix M = (Myg) (o, =
e, 1, 7), UTMU = diag(mi , ma, m3) with m? < m3 < m32, so that M =
(ZZ UaiUEimi). In this case, the orthogonal two-mixing form (2) of U leads
to the real and symmetric

M=
2 2 _ _ _
C1aM1 +879M2 (m2 m1)012312023 (m2 m1)012312823
2 2 (.2 2 2 2
(Mma—mq)C12812C23  S33M3~+C35(STam1 +CiaMma) (M3 —ST9M1 —Ci9Ma)Ca3823 |.
2 2 2 2 .2 2
(e —m1)c12812823 (M3 —S79M1 —C19M2)C23S23 Co3M3 +S55(S79M1 +C15Mo2)

(5)
Here, as is seen from Eq. (4), the values cp3 = 1/v/2 = s93 give maxi-
mal mixing of v, and v,: (v, & VT)/\/i7 and then cip ~ 1/\/5 ~ §19 —

a nearly maximal mixing of v, and (v, — v,)/v/2: approximately [v. + (v, —

v) V21V,
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From the familiar neutrino oscillation formulae
P(va — vg) = [(vsleTE|va) > = dag — 4 Uj;Ua;UsiUz; sin® 25, (6)
7>
with

Am?2 L
zj; = 1.27 Eﬂ , Am?i =m? —m? (7)

J

(Amﬂ, L and E measured in eV2, km and GeV, respectively) which is valid

for U}.U,;UgU%. real (CP violation neglected), one infers in the case of
Bj- it B

(4]
two-mixing option (2) that

Pve > ve)=1-— (2012312)2 sin? 291 ,

Py, = v,)=1- (2012512023)2 sin® 291 — (2023523)2(5%2 sin? z4; +c?2 sin? Z39)
~1-— (2023323)2 sin? z39 ,

Py, = ve) = (2012312023) sin? 291 , (8)

where the ﬁnal step in the second formula is valid for z30 = Zatm = O(1),
when m? < m2 < m3 or equivalently Am3, < Am3, < AmZ,.

The first formula (8) is consistent with the observed deficit of solar v,'s
if one applies the smaller-mass or larger-mass vacuum global solution or
large-angle MSW global solution or finally LOW global solution [4] with
(2c12512)? ¢ sin? 2055 ~ (0.72 or 0.90 or 0.79 or 0.91) and Am3, > Am2,
(6.5 x 107" or 4.4 x 10710 or 2.7 x 1075 or 1.0 x 1077) eV?, respectively.
This gives c5 ~ 0.5 + (0.26 or 0.16 or 0.23 or 0.15) and s%, ~ 0.5 — (0.26 or
0.16 or 0.23 or 0.15), when taking ¢2, > s2,.

The second formula (8) describes correctly the observed deficit of atmo-

spheric v,’s [5] if (2023323) ¢ sin? 20,4m ~ 1 and Am32 < Am2,  ~ 3.5 x
1073 eV?, since then Am2, < Am32 Am2, for Am21 determlned as in the
case of solar ve's. This 1mpl1es that ¢33 ~ 0.5 ~ s3; and m2 ~ 3.5x 1073 eV?
because m? < m2 < m3.

Then, the third formula (8) shows that no LSND effect for accelera-
tor Y s [1] should be observed, P(Vu — 1) ~ 0, since with Ale “
Amsol (1070 0r 107 0r 107° or 107 ") eV? < AmLSND ~ 1eV?2, one gets
sm2(x12)LSND ~ (1072 or 10712 or 1077 or 107 %) < sm2 Tr.sND ~ 1, while
(2c19519¢23)2 ~ (0.72 or 0.90 or 0.79 or 0.91) x 0.5 > sin? 20 .5xp ~ 102,

In the case of Chooz experiment looking for oscillations of reactor 7,’s
[9], where it happens that (232)chooz = 1.27AM35 Lchoos/ Echooz ~ 1 for
Am3, « Am?,,, the first formula ( ) leads to P(v, — 7,) ~ 1, since
(221)Chooz < (232)Chooz ~ 1 for Am3, « Amsol ( Uegs = 0 in our case).
This is consistent with the negative result of Chooz experiment. We can
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see, however, that for the actual lepton counterpart of Cabibbo-Kobayashi—
Maskawa matrix the nonzero entry U.s may be a potential correction to the
two-mixing option (2) (|Ues| < 0.1 according to the estimation in Chooz
experiment).

Further on, we will put cg3 ~ 1/v/2 ~ s93. Then, from Eq. (5) we infer
that approximately

C%2m1+8%2m2 (m2%%612512 —(mamiJery a1z
M= (ma—mi1)ec12512 matsZymitel,ma ma—slymi—c2,ma (9)
- V2 2 2 .
—(ma—mi)cias12  M3—Siami—Clama  matsiomitei,ma
V2 2 2

Here, M., = —M,,, M,,, = M., and

2 2
Mee = ciomy + sioma, Mee + My, — M, = mq +mo,
(ma —my)cias12

V2

Assuming that M., = 0, we get from Eq. (10) the relations M,, =
(m3 +ma +m1)/2, My, = (m3 —ma —mq)/2, Me, = (s12/c12)ma/V/2, and

M, + M, =m3, M, = (10)

2 2 2
my s Ciy — 8
— = ——;2 , Am3 =m2 —m} =m312 12 1 12 (11)
™Mo iy iy

or
Am2 5Ty Am2 ciy (12)
my = —\/Am3 ————=, mg = ms ———,
ciy — sy Vet — st
when taking mq < mo. For instance, applying to Eq. (12) the LOW solar

solution [4] i.e., §79 ~ 0.5—0.15, ¢}y ~ 0.54+0.15 and Am3, ~ 1.0x10"7eV?,
we estimate

mp~—20x10""eV, mo~38x1071eV, (13)

while the Super-Kamiokande result Am3, ~ 3.5 x 1073 eV? [5] leads to the
estimation

ms ~ 5.9 x 107 2eV, (14)
what shows explicitly that |mi| < me < m3. Thus, in this case
M., =0, My, = M;; ~ 3.0 x 10 %eV,
Mey=-Me ~1.9x 1074V, M, ~3.0 x 10 2V, (15)

where M, 2 M, > M.
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In conclusion, the two-mixing texture of three (Dirac or Majorana) active
neutrinos v, (o = e, u, 7), described by the formulae (2) and (5), is neatly
consistent with the observed solar and atmospheric neutrino deficits, but
it predicts no LSND effect whose confirmation should imply, therefore, the
existence of at least one sterile neutrino v, mixing with v,. This might
be either one extra, light (Dirac or Majorana) sterile neutrino v, [6,10] or

one of three conventional, light Majorana sterile neutrinos u&s) = V4R +
(Var)¢ (@ =e, p, 7)[11,12] existing in this case beside three light Majorana
active neutrinos v\ = Val, + (Var.)¢ (@ = e, u, 7) [of course, 1/&) = VL

and v = (Uer)°].

The essential agreement of the observed neutrino oscillations with the
two-mixing option (2) for U (provided there is really no LSND effect) sug-
gests that the conjecture of absence of direct mixing of massive neutrinos v
and v3, leading to U of the form (2), is somehow physically important. This
absence tells us that only the close neighbours, 11 and vo, v and vs, in the
hierarchy of massive neutrinos v1 , Vs, v3 mix directly.

3. The second option

When we want to introduce one sterile neutrino mixing with three active
neutrinos ve, vy, v; (thus leading to four massive neutrino states v, v1, v, 3),
we ought to extend properly the two-mixing formula (2) of the previous 3 x 3
mixing matrix U. A natural form of such a new 4 x 4 mixing matrix seems
to be

Co1 S01 0 0 1 0 0 0
—S01 Co1 0 0 0 C12 512 0
U ==

0 0 C23 523 0 —s12 c2 0
0 0 —S8923 (€23 0 0 0 1

co1 501€12 501512 0

_| —so  coci2 €01512 0 (16)

0 —C23812  €23C12  S23 | ]
0 8935812 —823C12 €23

if in the hierarchy of massive neutrinos v, 11, 19, v3 the new massive neutrino
vy mixes directly only with its close neighbour 14 (cp; = cosy; and sg; =
sinfy1). Then, only the close neighbours, vy and vy, vy and vs, Vs and vs,
in the hierarchy of massive neutrinos vy, vy, v, v3 miz directly. In the
limiting case of fg; = 0 the three-mixing form (16) of 4 X 4 mixing matrix is
reduced to the two-mixing form (2) of 3 x 3 mixing matrix. It is interesting to
observe that in this four-neutrino texture the sterile small-angle MSW global
solution [4] leads to a small value 8y ~ sg1 ~ 0.0017 (cf. the first relation
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(19) later on). If, however, a considerable or even nearly maximal mixing of
vy and vy can work effectively for solar 1,’s, such a small value of 6j; may
be replaced by a considerable 0y; or even 6y ~ 7/4: co1 2 1/\/5 2 So1-
On the other hand, a small mixing of 14 and v may be sufficient to explain
the possible LSND effect (or its modified version), while the nearly maximal
mixing of 15 and v3 still works well for atmospheric v,’s. Thus, putting
in Eq. (16) cog ~ 1/\/§ ~ g93 and ¢13 ~ 1 > s19 ~ ev/2 > 0, we get
approximately from Eq. (16)

co1 So1 s01ev2 0

—S ¢ co1eVvV2 0
A 1

V2 V2

0 € -1 L

V2 V2

The mixing matrix (17) gives through Egs. (6) with (7), where now
a,f=s,e,u,7and 4,7 = 0,1,2,3, the following neutrino oscillation proba-
bilities:

P(ve — ve) = 1—(2c1501)? sin® 219 — 8¢, €2 (52, sin? 291 +¢3, sin’ z37)
~1- (2601801)2 sin2 10 —40(2)162 s
P(v, — v,) =1-sin’ 2

.’L‘23—262(Sin 91 —1—sin2 .’L‘31) ~ 1—sin? o3 — 262

P(v, — ve) =4 ¢ 1% sin wa; . (18)

The second step in the first and second formula (18) is valid for z19 = x5 =
O(1) and x39 = Taem = O(1), respectively, where now in this four-neutrino
texture m3 < m? < m3 < mi or equivalently Am?, < Am3, < Am3, and
Am3y, < Am3; < Amj.

Then, the formulae (18) are consistent with experimental data for solar
ve's [4], atmospheric v,’s [5] and LSND accelerator v,,’s [1], if

6.6 x 1073 or
(2¢1501)? > sin? 2050 ~ 0.72 or ,
0.90
4.0 x 1075 eV? or
Amiy < Am2, ~ ¢ 6.5 x 107" eVZor
4.4 x 10710 eVv?
14 sin?20,m ~ 1,
Am3, < Am2, ~ 3.5 x 1072 eV?,
4¢3 e? ¢+ sin® 20pgxp ~ 1072,
Am%l VRS Am%SND ~ 1eVZ2, (19)
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respectively. Here, in the case of solar 1,’s we apply the sterile small-angle
MSW global solution or, just for an illustration, smaller-mass or larger-mass
vacuum global solution [4] (however, in the case of solar v,’s the role of v4’s
in the disappearance of v,’s is recently disputed [4,7]). Then, & ~ (1 or
0.76 or 0.66) and s3; ~ (0.0017 or 0.24 or 0.34). From Egs. (19) we obtain
readily the estimations mo ~ 1 €V, m3 ~ 1 eV and my ~ (2.0 x 1073 or
8.1 x 1075 or 2.1 x 1079) €V, the last if we conjecture that mg = 0, and € ~
(5.0 or 5.7 or 6.2) x10~2. This shows explicitly that mq < m; < ma < m3.

In the case of mixing matrix (17), the 4 x 4 mass matrix M = (M,p)
(o, B = s,e, 1, T), takes, up to O(e?), the form

M =
C%lmo +s%1m1 C01501 (ml—mo) €501 (mg—ml) £S501 (ml—mg)
001301(m1—m0) S%lmo —+ C%lml £Co1 (mg—ml) £Cp1 (ml—mg)

5301(m2_m1) ECQl(mQ—ml) motms ma—mso ’
6801(m1—m2) £Co1 (ml_mQ) w m22 3

(20)

since M = (ZZ UaiUEimi). Hence, up to O(e?),

Ms + M, Mo — Mg\ 2
mo,l:M:F\/(u) + M2 mas = My, F M., (21)

2 2

where Me, = Mg, + (co1/s01 — So1/co1)Mse, Mss = (S01/co1)Mse (when
mo = 0), Mse ~ co1501(2.0 x 1072 or 8.1 x 1076 or 2.1 x 107°) eV (when
mo =0) and M, = My, ~ 1€V, M, ~ (3.5/4) x 1073 eV.

If eventually the LSND effect turns out to be confirmed, then at least
one sterile neutrino mixing with three active neutrinos ought to exist. The
second option discussed here is a natural candidate for its texture. If there
are more sterile neutrinos mixing with active neutrinos, the neutrino texture
would be effectively more extended [13].
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