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KEPLER MAP FOR H ATOM DRIVEN BYMICROWAVES WITH ARBITRARY POLARIZATIONProt Pako«ski and Jakub ZakrzewskiM. Smoluhowski Institute of Physis, Jagellonian UniversityReymonta 4, 30�059 Kraków, Poland(Reeived July 13, 2001)Dynamis of hydrogen atom driven by mirowave �eld of arbitrary po-larization is approximated by the disrete mapping. The map desribes thehange of dynamial variables from an aphelion or a perihelion to the nextone. The results are ompared with numerial simulation and previousapproximations.PACS numbers: 05.45.+b, 32.80.Rm1. IntrodutionThe mirowave ionization of Rydberg atoms, a standard topi in the dis-ussion of the lassial-quantum orrespondene in lassially haoti sys-tems [1�4℄, brings still to us new hallenges and surprises. The developmentof experimental tehniques allows one now to vary experimentally the mi-rowave polarization [5, 6℄. That in turn enables an e�ient ontrol of thedynamis and is a hallenging problem for theoretial study [7�10℄. As itbeomes now more and more lear, di�erent quantum initial states on-tribute predominantly to the onset of the ionization when the mirowavepolarization hanges [6, 11℄.The full numerial quantal desription of the problem beomes withinreah of the present days omputers. Still simpli�ed models have ontributeda lot to our understanding of the mehanism of exitation of an atom and itssubsequent ionization espeially in term of lassial haos on one side anddynamial loalization in the quantum approah [2℄. Among suh a sim-pli�ed desription a speial plae is taken by the Kepler Map [2, 12�14℄where the full ontinuous dynamis is approximated by a disrete mapping.The name Kepler Map was introdued in [13℄. This map ould be usedboth to lassially estimate the experimental ionization threshold as well asto give the quantum mehanial preditions after an appropriate quantiza-tion [2, 13, 15, 16℄. (2801)



2802 P. Pako«ski, J. ZakrzewskiThe main idea behind the mapping approah is an understanding thatthe eletroni motion on the Kepler orbit is the most sensitive to an ex-ternal mirowave perturbation when the eletron passes in the viinity ofthe nuleus. Suh an approah was �rst applied to a straight line orbit(one-dimensional approximation) [12�14℄. This approah was further de-veloped and quantized by Casati, Guarneri and Shepelyansky [2, 13℄. Thekiked-like dynamis assumes a Kepler eletroni motion between passagesat perihelions and the kik every time the eletron is at perihelion. One maythen obtain the map desribing the dynamis between the suessive pas-sages at perihelions, or, as proposed in [2℄, to make the map desribing thehange of dynamial variables from an aphelion to the next one. To alulatethe kik strength the in�uene of mirowaves over whole Kepler period wasintegrated. This is why the Kepler Map may be seen also as the approxi-mation of the mapping generated by Poinaré setion at radial momentump = 0 [17℄. This argument shows that approximation should be also validwhen the eletron orbit stops to be linear. Further approximations [2℄ leadto a map equivalent to a standard Chirikov Map [18℄. The quantum mehan-ial behavior of the latter is well understood [19℄ leading to an explanationof lassial-quantum di�erenes in mirowave ionization of H atoms in termsof the Anderson (dynamial) loalization.The authors of [2℄ extended their analysis to the irular mirowave po-larization. However, soon Nauenberg showed [17℄ that the dynamial vari-ables in the derivation of the Kepler Map are not anonially onjugate. Hederived the Kepler Map for H atom in irularly polarized mirowaves.We propose the onstrution of the Kepler Map for H atom subjeted inmirowaves of arbitrary polarization. This onstrution allows us to answerquestions onerning �anoniity� of variables in previous works. We ana-lyze the limiting ases of the linear motion of the eletron in the same linearpolarization of the mirowave �eld, and the irular polarization of the mi-rowaves. Our new Kepler Map redues to the previous approahes in bothases. We ompare the map with numerially integrated equations of mo-tion and study validity of the approximation. Further, surprising limitationsof suh an approah are disussed.2. Constrution � one-dimensional modelThe Hamiltonian of one-dimensional (1D) hydrogen atom in mirowave�elds reads (in atomi units)H = p22 � 1x + Fx os!t ; (1)where (x; p) are the position and momentum variable, F is the amplitudeof mirowaves and ! their frequeny. The motion takes plae for x > 0.Perihelions of the motion desribed by this Hamiltonian orrespond to the



Kepler Map for H Atom Driven by Mirowaves : : : 2803point x = 0, when the eletron bounes from the nuleus. Momentump = dxdt then is in�nite but the whole Hamiltonian H has �nite limit forevery x! 0. To eliminate the time dependene of H we go to an extendedphase spae [18℄ with (H; t) being the seond pair of variables. The newautonomous Hamiltonian isH = p22 � 1x + Fx os!t�H = 0 ; (2)leading to the following equations of motion (� is the new time of evolution):dxd� = �H�p = p ; dpd� = ��H�x = � 1x2 � F os!t ;dtd� = �H�H = �1 ; dHd� = ��H�t = Fx! sin!t : (3)We evaluate the hange of (H; t) variables from a perihelion (x = 0) to thenext one. These variables are anonially onjugate so the resulting mappingshould be a anonial transformation. We introdue the eentri anomalyu: os u = 1 + 2Ex. E is the Kepler energy E = p22 � 1x of the eletron.The parameter u allows us to desribe perihelions (u = 2k�, k integer) andaphelions (u = �+2k�) of the motion of the eletron, sine the momentumis equal to p =q�2E 1+osu1�osu . We an alulate dud� :dud� = (�2E)3=21� os u �1 + F2E2 (1� os u) os!t� : (4)If FE2 < 1 the derivative dud� may be inverted and the motion of the eletronan be parametrized by u:dHdu = F!(�2E)5=2 (1� os u)2 sin!t1 + F2E2 (1� os u) os!t ; (5)dtdu = �1(�2E)3=2 1� os u1 + F2E2 (1� os u) os!t : (6)Integrating these equations to the �rst order in FE2 for 0 � u � 2� we obtain1D Perihelion Kepler MapH 0 = H + F!(�2H 0)5=2 2�Z0 (1� os u)2 sin!� du ; (7)



2804 P. Pako«ski, J. Zakrzewskit0= t� 2�!K + F(�2H 0)7=2 2�Z0 �2(1� os u)2 � 3 sinu(u� sinu)�os!� du; (8)where �=(u�sinu)=!K+t is the time obtained from equation (6) integratedin zero order in FE2 with � = t for u = 0 (at perihelion), !K = (�2H)3=2 isthe Kepler frequeny. The ondition of area preservation leads to an impliitharater of these equations (the right hand side depends on H 0). This mapis generated by the funtion G (H = �G�t ; t0 = �G�H0 )G(H 0; t) = H 0t+ 2�p�2H 0 + F(�2H 0)5=2 2�Z0 (1� os u)2 os!� du : (9)The map (7), (8) oinides with Nauenberg 1D Kepler Map [17℄, althoughhis map is derived by evaluating the hange of Kepler energy E in plaeof H. For the 1D dynamis the perihelions always take plaes at x = 0,where E = H.The alternative to the perihelion map is the aphelion map. To obtainit we must integrate Eqs. (5) and (6) for �� � u � � with the new funtion� = (u � sinu + �)=!K + t, sine now the ondition is � = t for u = ��.The 1D Aphelion Kepler Map reads then as followH 0 = H + F!(�2H 0)5=2 �Z�� (1� os u)2 sin!� du ; (10)t0 = t� 2�!K + F(�2H 0)7=2 �Z�� (1� os u)2� �5 os!� � 3 !!K (u� sinu+ �) sin!�� du : (11)This map does not oinide with Nauenberg 1D Kepler Map [17℄ any more.Sine these equations are related by the ondition of area preservation, wean onentrate on the �rst one (10) only. After integrating by part andsome alulation we haveH 0 = H + F�2H 0 sin�!t+ � !!K��244 sin� !!K � �Z0 sinu sin� !!K (u� sinu)� du35 : (12)



Kepler Map for H Atom Driven by Mirowaves : : : 2805The remaining integral has nie asymptoti behavior for ! � !K, this fatserves in [2℄ to approximate Kepler Map by the standard-like mapping.In the high frequenies regime we �ndH 0 = H + F sin�!t+ � !!K�"4 sin� !!K�2H 0 � 2:58!2=3#; (13)t0 = t� 2�!K � F" 12�(�2H 0)7=2 os�!t+ 2� !!K�+ 7:74�!2=3(�2H 0)5=2� sin�!t+ � !!K�+ 8!(�2H 0)2 os�!t+ � !!K� sin� !!K# : (14)As in standard map the dependene of H 0 on t is sinusoidal, but the phaseand the amplitude depend on the energy H 0. The hange of Kepler energy Efrom an aphelion to the next one is equal toE0 = E � 2:58F!2=3 sin�!t+ � !!K� ; (15)but t is not the anonial onjugate variable to E. Disregarding this fatone ould try to perform a anonial hange of variables to have new timeT = t + �=!K, keeping the energy E �xed. Then however, to express themapping in these new variables, �rst it is neessary to solve an impliitequation, whih is an analog to Eq. (15).3. Comparison of one-dimensional dynamisTo verify our approximations we have integrated numerially the equa-tions of motion of 1D model of hydrogen atom (3) in paraboli variables.Along eah trajetory we have loated all aphelions or perihelions. The Fig. 1shows the total energies and times (!t modulo 2�) of subsequent passagesby aphelion generated from the numerial integration, 1D Aphelion KeplerMap, and the same map in ! � !K regime. To �nd the next iteration of themap we solve numerially impliit equations (10) and (13). For H < �0:6the trajetories, found by means of the map, follow ones oming from nu-merial integration. The approximation breaks down for larger H, beausein derivation of the map we have approximated the dynamis only to �rstorder in FE2 . When H approahes to 0 the impliit equation de�ning themap stops to have unique solution, this fat explains the straight horizontallines for H > �0:4 on the maps piture. Thus while exat dynamis maylead to an unbound di�usion (and subsequently ionization), the map annotbe extended to that regime.
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Fig. 1. Comparison of numerially integrated dynamis of 1D hydrogen atom (leftpanel, denoted as (a)), with the Aphelion Kepler Map (middle panel, denotedas (b)) and the same map in the high frequeny limit (right panel, ()). The totalenergy H is plotted versus !t modulo 2�. The amplitude of mirowaves F = 0:02and frequeny ! = 1:6.The similar omparison may be performed for the earlier approximationsof Kepler dynamis [2,12,14℄. Fig. 2 ompares the aphelions found from nu-merially integrated trajetories, the Kepler Map of Casati et al. [2℄ and itshigh frequeny limit version. Here the Kepler energy E is plotted versus!t modulo 2�. The !t variable for the maps are shifted by � to restorethe orrespondene with the true time. The use of E as the map variableand the shift of time omes from the de�nition of the map in [2℄. No prob-lem with uniqueness of solutions ours when iterating these maps due toasymptotially (! � !K) expliit harater of equations de�ning them.a) b) )
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Fig. 2. Comparison of numerially integrated dynamis of 1D hydrogen atom (leftpanel, denoted as (a)) with the Kepler Map of Casati et al. [2℄ (middle panel,denoted as (b)) and the same map in high frequenies limit (right panel, ()). TheKepler energy E is plotted versus !tmodulo 2�, the !t variable of the map must beshifted by � for orrespondene with time. The amplitude of mirowaves F = 0:02and frequeny ! = 1:6.



Kepler Map for H Atom Driven by Mirowaves : : : 2807A similar piture omparing the 1D dynamis with the Kepler Map isshown also for higher frequeny ! = 3:7. In Fig. 3 the trajetories generatedfrom the maps follow the numerially integrated ones for small H. Thehigher resonanes 3:2 and 4:3 (! : !K) appears stronger and in a di�erentposition in the disrete dynamis of the map than in the ontinuous ase.Fig. 4 shows that for same frequeny ! = 3:7 the anonial transformationof non anonial variable (E; t) may misplae some harateristi part ofthe phase portrait. The resonane 2:1 is moved by � in the !t+ � variable(the � in the variable omes from the de�nition of the map).a) b) )
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Fig. 3. Same as Fig. 1 but for F = 0:02 and ! = 3:7.a) b) )
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Fig. 4. Same as Fig. 2 but for F = 0:02 and ! = 3:7.We have observed that Perihelion Kepler Map approximates the numer-ial dynamis of the model for a somewhat larger range of the energies H.The Fig. 5 shows the Poinaré setions generated from perihelions foundfrom numerially integrated trajetories and found by means of the KeplerMap (as given by the Eqs. (7), (8)). The better approximation for largertotal energy H may ome from the fat, that at perihelions the in�uene ofperturbation is maximal, the variables hange rapidly. The map, obtainedby the integration of the in�uene of the mirowaves over the Kepler period,



2808 P. Pako«ski, J. Zakrzewskishould be better if the interval of integration do not ross the perihelion.Still the map su�ers from the same drawbak � it is valid loally only, givenby impliit equations, whih does not have to (and typially do not) yielda unique solution far from the initial onditions. Thus no predition e.g.for the ionization threshold may be made basing on the �proper�, anonialKepler Map. a) b)
0 2 4 6

−1

−0.5

0

ω t

H

0 2 4 6

−1

−0.5

0

ω t

H

(a) (b)

Fig. 5. Comparison of numerially integrated dynamis of 1D hydrogen atom (leftpanel, (a)) with the Perihelion Kepler Map (right panel, (b)). The total energyH is plotted versus !t modulo 2�. The amplitude of mirowaves F = 0:02 andfrequeny ! = 3:7.4. Constrution � two-dimensional modelThe two-dimensional model of hydrogen atom may be perturbed by themirowave �eld of any polarization. The Hamiltonian of the autonomoussystem in the extended phase spae readsH = p22 + l22r2 � 1r + Fr(os� os!t+ � sin� sin!t)�H = 0 : (16)We use radial oordinate r, � and t as the position variables and p, l, Has the orresponding momenta. The parameter � desribes polarization ofthe mirowaves, it ranges from 0 (linear polarization) to 1 (irular one).In analogy to 1D model we introdue the eentri anomaly de�ned bye os u = 1 + 2Er, where E is the Kepler energy E = p22 + l22r2 � 1r ofthe atom and e is the eentriity e = p1 + 2El2. The points of Poinarésetion at p = 0 (perihelions and aphelions) are desribed by u = k� with kinteger, sine p = p�2E e sinu1� e os u : (17)



Kepler Map for H Atom Driven by Mirowaves : : : 2809If the perturbation is small FE2 � 1, we an �nd dHdu and dldu and integratethem for 0 � u � 2� to �rst order in FE2H 0 = H + F!(�2H 0)5=2 2�Z0 (1� e0 os u)2(os � sin!� �� sin � os!�)du ; (18)l0 = l + F(�2H 0)5=2 2�Z0 (1� e0 os u)2(sin � os!� � � os � sin!�)du ; (19)where funtions �=(u� e0 sinu)=!K+ t; !K = (�2H 0)3=2 and � = �(u)+�,�(u) = uZ0 p1� e021� e0 os u0 du0 ; sin�(u) = p1� e02 sinu1� e0 osu ; (20)the eentriity e0 = p1 + 2H 0l02. The equations (18) and (19) are generatedby the same funtionG(H 0; l0; t; �) = H 0t+ l0�+ 2�p�2H 0 + 2�l0 + F(�2H 0)5=2� 2�Z0 (1� e0 os u)2(os � os!� + � sin � sin!�) du : (21)This generating funtion de�nes a 2D Perihelion Kepler Map for hydrogenatom perturbed by mirowaves of arbitrary polarization1.Two limiting ases of the transformation generated by (21) may be ver-i�ed. The linear motion of the eletron along the axis of linearly polarizedmirowave �eld orresponds to l = 0, sin� = 0 and � = 0. One an hekthat the impliit equation (19) for l0 has the solution l0 = l = 0, the sin�0 re-mains 0, beause � hanges by 2�, and the generating funtion (21) reduesto the 1D Perihelion Kepler Map (9).For irularly polarized mirowaves � = 1 and the integrated funtionin (21) redues to (1� e0 os u)2 os(� � !�). It depends on t and � via theommon variable �� !t. We may anonially hange the variables to have~� = �� !t and ~t = t, so ~H = H + !l and ~l = l. The generating funtion ofnew variables reads as follows:1 The very same proedure is possible in 3D where l2 should be replae by the totalangular momentum squared L2.
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G( ~H 0; ~l0; ~t; ~�) = ~H 0~t+~l0 ~�+ 2�q�2( ~H 0�!~l0)+2�~l0+ F(�2( ~H 0�!~l0))5=2� 2�Z0 (1�e0 os u)2 os��(u)� !!K (u�e sinu)+ ~��du: (22)~H is invariant under the transformation (22). It is the autonomous Hamil-tonian of the system in the oordinate frame rotating with the mirowavefrequeny. The funtion (22) generates in variables (~l; ~�) Nauenberg KeplerMap for irularly polarized mirowaves [17℄.5. Comparison of two-dimensional dynamisThe Poinaré setions generated by 2D Perihelion Kepler Map are four-dimensional. The fast dynamis in (H; t) variables is aompanied by theseular motion in (L; �). Fig. 6 shows the (L; �) projetion of Poinaré se-a) b)
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Fig. 6. Comparison of numerially integrated dynamis of 2D hydrogen atom (leftpanel, (a)) with Perihelion Kepler Map (right panel, (b)). The angular momentumL is plotted versus the radial angle �, this is the projetion of Poinaré surfaeof setion so the trajetories may ross. The amplitude of mirowaves F = 0:01,frequeny ! = 2 and the polarization � = 0:5.tion generated from perihelions found by numerial integration of equationsof motion for 2D model of hydrogen atom and found from 2D PerihelionKepler Map. All trajetories start with H = �0:5 and t = 0. Small osil-lations in trajetories ome from the rapid motion in (H; t) variables. Theshadow of isolated points plaed near L = 0 on the Poinaré setion withnumerial trajetories is aused by fat, that the radial angle, at whih the



Kepler Map for H Atom Driven by Mirowaves : : : 2811perihelion ours, stops to be well de�ned for very elongated orbits. Themap does not su�er from this problem. To demonstrate this feature we plot(Fig. 7) the dependene L(�) and L(t) in perihelions for a generi trajetorya) b)
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Fig. 7. The dependene of angular momentum L on radial angle � (a) and time t (b)in perihelions for a generi trajetory. The rosses denote � values found from thenumerial integration of equations of motion for 2D model of H atom and thesolid line is the result of applying 2D Kepler Map. For L � 0 the radial angle atperihelion is not well de�ned, this results in isolated points in the left plot. Thet dependene does not show a similar problem. The amplitude of mirowaves isF = 0:01, frequeny ! = 2 and the polarization � = 0:5.rossing L = 0 with same parameters as in Fig. 6. The time dependene ofangular momentum shows that the Kepler Map predits good values of Lat subsequent perihelions. The small error in loation of perihelions in thenumerially integrated trajetory results in a muh bigger error of radialangle, due to a very rapid motion of eletron near perihelion, when the orbitis almost linear. The time dependene of the angular momentum L demon-strates that the Kepler Map evolves a little faster than the true dynamis.6. ConlusionsThe onstrution of approximate dynamis of hydrogen atom driven bymirowave �eld of arbitrary polarization by means of a anonial mappinghas been presented. The approximation � Kepler Map was ompared withnumerially integrated dynamis of perturbed H atom and with previouslyonstruted mappings [2, 12, 14℄. Although the appliation of the map re-quires solving an impliit integral equation, whih is not faster than integra-tion of equations of motion, the map may be used to redue the dimension-ality of dynamis and to an approximate quantization.On the other hand the maps obtained su�er from a major drawbak.While being aurate in the viinity of initial onditions they ease to beso when the eletron energy inreases signi�antly due to the di�usion.
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