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NONUNITARY NEUTRINO MIXING MATRIX AND CPVIOLATING NEUTRINO OSCILLATIONS� ��M. CzakonInstitut für Theoretis
he Physik, Universität KarlsruheD-76128 Karlsruhe, GermanyJ. Gluza and M. ZraªekInstitute of Physi
s, University of SilesiaUniwersyte
ka 4, 40-007 Katowi
e, Poland(Re
eived O
tober 11, 2001)In the standard approa
h to the neutrino os
illations a unitary relationamong weak and mass eigenstates of light neutrinos is imposed. How-ever, in many extensions of the SM left-handed, a
tive neutrinos mix withadditional heavy neutrino states. Consequen
es of this additional mix-ing, driven by experimental 
onstraints, on the neutrino os
illations are
onsidered.PACS numbers: 14.60.Pq, 26.65.+t, 95.85.Ry1. Introdu
tionAt present, 3 light neutrinos, with masses at the eV or sub-eV s
ale [1℄ areknown to exist. However, mu
h heavier neutrino states (mN � O(MZ=2))are not ex
luded [2℄. These, due to kinemati
al reasons do not 
ontributedire
tly to the weak neutrino states whi
h 
an undergo neutrino os
illations.They in�uen
e, however, neutrino os
illations sin
e they modify the neutrinomixing matrix U . Let U� be the full neutrino mixing matrix, then the matrix� Presented at the XXV International S
hool of Theoreti
al Physi
s �Parti
les andAstrophysi
s � Standard Models and Beyond�, Ustro«, Poland, September 10�16,2001.�� Supported by the Polish State Committee for S
ienti�
 Resear
h (KBN) under Grantsno. 2P03B05418, no. 2P03B04919 and by European Commission's 5-th Framework
ontra
t HPRN-CT-2000-00149. MC would like to thank the Alexander von Hum-boldt Foundation for the fellowship. (3735)



3736 M. Czakon, J. Gluza, M. ZraªekU of dimension 3�3 
onstitutes the mixing submatrix of light neutrino states(�e; ��; �� $ �1; �2; �3 transitions)U� = � U VV 0 U 0� : (1)The submatrix V (of dimension (nR�3)) is responsible for the mixing oflight neutrinos with nR heavy states ( �e; ��; �� $ �4; : : : ; �nR�3 transitions).The submatrix U 0 (of dimension (nR�nR)) is responsible for mixing amongheavy states. In the 
onventional see-saw me
hanism mN � m� , where mNand m� are masses of heavy and light states respe
tively, the elements ofV are very small and U be
omes unitary. This simply means that heavyneutrino states do not modify mixings among light neutrino states. Fromthe theoreti
al point of view, V does not have to be negligible [3℄. Wewill use the experimental data to 
onstrain V [4℄, and more pre
isely the
ombination1 �V V y��� (�; � = fe; �; �g).From the unitarity of U� we infer that�UU y��� = Æ�� � �V V y��� : (2)The aim of this paper is to examine the e�e
t of this modi�
ation ofunitarity of V on neutrino os
illations. The subje
t is not new2 [6℄. Never-theless, some issues, espe
ially 
onne
ted with CP violation e�e
ts have notyet been dis
ussed. CP violation e�e
ts in the unitary neutrino os
illations
ase are known to be very fragile. If any element of the unitary U matrix(e.g. Ue3) is small then the e�e
t of CP violation will be small either. Andin fa
t, Ue3 (see Eq. (6)) is known to be very small if not zero. Besides,the CP phase sin Æ must be substantial. Finally, the CP violating e�e
tsvanish with de
reasing Æm2�. For Æ = �2 , Æm2� given by LMA MSW solutionand Ue3 > 0, the CP e�e
ts 
an be dete
table [9℄, but even then it mayhappen that matter e�e
ts will mimi
 (or s
reen) the CP violation [10℄. Weshow that the nonunitarity of U 
an be responsible for similar e�e
ts. IfCP violation e�e
ts were dete
ted with a strength larger than predi
ted bythe unitary neutrino mixing approa
h, then heavy neutrino mixing 
ould beheld responsible for this e�e
t. In the 
ontrary 
ase, some better bounds onthe �V V y��� fa
tors 
ould be found.In this paper we fo
us on neutrino os
illations in va
uum.1 The elements of the V matrix 
an also be investigated, e.g. in heavy neutrino pro-du
tion pro
esses [5℄.2 Re
ently, e�e
ts of a non-unitary mixing matrix U have been 
onsidered in [7℄ in adi�erent 
ontext where new leptoni
 intera
tions have been in
luded.
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illations in the presen
e of heavy neutrino statesIn the standard neutrino os
illation theory of three �avours we start withneutrino weak eigenstates �� = (�e; ��; �� ) as a 
ombination of three masseigenstates �i = (�1; �2; �3) �� = 3Xi=1 U�i�i : (3)The form of the matrix U 
an be obtained using subsequent rotationsaround the axes spanned by massive neutrino states m1;m2;m3U = R23R13R12 : (4)Rij 's represent rotations in the i�j plane by � ij angle with additionalphases, e.g. (
12 � 
os�12, s12 � sin�12eiÆ12)R12 = 0� 
12 s�12 0�s12 
12 00 0 11A : (5)Taking Æ12 = Æ23 = 0 (two of the three 
omplex phases do not in�uen
ethe os
illation probability [11℄) we obtain the 
lassi
al parametrization ofthe U matrix [12℄ (Æ13 � Æ)U = 0� Ue1 Ue2 Ue3U�1 U�2 U�3U�1 U�2 U�3 1A= 0� 
12
13 
13s12 s13e�iÆ�
23s12 � s13s23
12eiÆ 
12
23 � s12s23s13eiÆ 
13s23s12s23 � s13
23
12eiÆ �s23
12 � s12
23s13eiÆ 
23
13 1A :(6)Let us now in
lude e�e
ts of the matrix V to the matrix U(Eqs. (1), (2)). We will do it by introdu
ing three new parameters "i,i = 1; 2; 3 whi
h are 
onne
ted dire
tly to the elements of the matrix Vin the 
ase of the 4� 4 matrix Eq. (1).The general 4�4 matrix Eq. (1) 
an be parametrized by 6 rotation angles(and 6 phases) in the following wayU� = R34R24R14R23R13R12; (7)where the rotations take pla
e in the 4 dimensional spa
e spanned by fourmassive neutrino states, e.g. [13, 14℄ (s12 � sin�12eiÆ12)R12 = 0B� 
12 s�12 0 0�s12 
12 0 00 0 1 00 0 0 11CA : (8)



3738 M. Czakon, J. Gluza, M. ZraªekLet us note that Eq. (7) di�ers from Eq. (4) by three additional rota-tions R34R24R14 in the plane to whi
h the additional fourth neutrino statebelongs. When the fourth state is mu
h heavier than the light states, therotation angles are small. Let us take js14j � j"1j � 1, js24j � j"2j � 1 andjs34j � j"3j � 1. Then we 
an expand Eq. (7) to getU� = 0BBBB� �U("i)� "1"2"3g("i) 1� 12 (j"1j2 + j"2j2 + j"3j2)
1CCCCA : (9)In the limit "i ! 0 U("i) ! U (Eq. (6)) and g("i) ! 0. U("i) isthe desired matrix whi
h we will use in the neutrino os
illation formulainstead of the U matrix in Eq. (3). We will not show the expli
it form ofU("i) as it is straightforward but spa
e 
onsuming. Our parametrizationthrough (
omplex) " fa
tors holds in the general 
ase of n heavy states and
an be easily 
onne
ted to the quantities whi
h are usually 
onstrained byexperimental data, e.g.����V V y�ee��� = Xi=heavy jVeij2 � j"1j2 � 0:0054 ; (10)and similarly, �����V V y�e����� = j"1"2j � 10�4 ; (11)�����V V y��� ���� = j"2"3j � 10�2 : (12)The very stri
t 
onstraint, Eq. (11) 
omes from the la
k of the � ! e
de
ay [4, 6, 15℄. Constraints, Eqs. (10), (12) are 
onsequen
es of global �tsto experimental data [4,6℄ (e.g. lepton universality, invisible Z de
ay, CKMunitarity). There is also a 
onstraint on Pi=heavy jVeij2=Mi 
oming from theneutrinoless double beta de
ay [8℄. In our approa
h we do not have to useany information on the heavy neutrino mass spe
trum. We just assume thatthe masses are above 100 GeV. The 
onstraint from (��)0� is then ful�lled.With the parametrization Eq. (9) it is straightforward to write the modi�edneutrino os
illation probability
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P��!�� = N2�N2�n�Æ�� � ��� �V V y��� ����2�4Xa>b ~Rab�� sin2�ab � 8~I12�� sin�21 sin�31 sin�32�2 hA(1)�� sin 2�31 +A(2)�� sin 2�32i o; (13)where �ab = 1:27Æm2ab[eV℄ L[km℄E[GeV℄ ; Æm2ab = m2a �m2b : (14)~Rab�� are modi�ed de�nitions taken from the standard, unitary approa
h~Rab�� = Re hW ab��i ; (15)~Iab�� = Im hW ab��i ; (16)W ab��("i) = U�aU�bU��bU��a : (17)N�(�) are fa
tors whi
h normalize the three light neutrino states to 1N2� = 11� (V V y)�� : (18)The last row in Eq. (13) withA(i)��("i) = Im �U��iU�i �V V y���� (19)deserves an extra 
omment. Its appearan
e is a 
onsequen
e of the mod-i�
ation of the Jarlskog fa
tors, whi
h for unitary U ful�ll the followingrelations Iab�� = �Iba�� = �Iab�� = Iba�� : (20)When U is not unitary, Eq. (2) leads to~I12�� = �~I32�� � Im�U��2U�2 �V V y��� � ; (21)~I21�� = �~I31�� � Im�U��1U�1 �V V y��� � ; (22)~I23�� = �~I13�� � Im�U��3U�3 �V V y��� � (23)and, therefore, to the last term in Eq. (13).



3740 M. Czakon, J. Gluza, M. ZraªekAs dis
ussed in [6℄, the e�e
ts of the normalization fa
tors will be di�-
ult to observe in experiments. Here we will fo
us on the in�uen
e of theadditional neutrino mixing of light neutrinos represented by the "i's on theCP violating e�e
ts. The novelty here is the appearan
e of the third line inEq. (13). This term is not very sensitive to �21 when it is small. ThereforeCP violation 
an o

ur even if Æm212 = 0. However, CP violation is nowpossible with two neutrino os
illations. In addition, the CP e�e
t with threeneutrino �avours, 
ontrary to unitary os
illations, 
an be substantial even ifone of the elements of the mixing matrix is very small.3. CP violating e�e
ts in neutrino os
illationsCP violating e�e
ts 
an be seen in neutrino appearan
e experiments.Let us 
onsider the following standard quantitiesACP (�;�) = P (�� ! ��)� P (��� ! ���)P (�� ! ��) + P (��� ! ���) ;AT (�;�) = P (�� ! ��)� P (�� ! ��)P (�� ! ��) + P (�� ! ��) :In va
uum ACP = AT . The same is true in the 
ase of the new Eq. (13)when a nonunitary matrix U is present.We assume the following values of the standard parametersÆm221 = 5� 10�5 eV2 ;Æm232 = 3� 10�3 eV2 ;�12 ' 35Æ ; �23 ' 40Æ ; �13 ' 5Æ ;Æ ' �90Æ : (24)These values are 
onsistent with CHOOZ [16℄, the LMA MSW solution ofthe solar neutrino problem [17℄ and the SuperKamiokande data [18℄. Forthe nonstandard parameters we takej"1j = 0:001 ; j"2j = 0:1 ; j"3j = 0:1 : (25)whi
h are 
onsistent with Eqs. (10)�(12).Figs. 1, 2 show the results for two 
ases of ACP (e;�) and ACP (�; �), andlong-baseline (L = 732 km, e.g MINOS) or short-baseline (L = 250 km, e.g.K2K) experiments. The neutrino energies are 
hosen to be between 2 GeVand 30 GeV. We 
an see that the e�e
ts of the nonstandard heavy neutrinomixings 
an be quite large, even mu
h bigger than in the unitary approa
hwhen "i = 0.
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Fig. 1. The ACP (�; e) asymmetry as fun
tion of neutrino energy. The label `NS'means that Eqs. (24), (25) are taken into a

ount. The label `SM' means that thevalues of neutrino parameters as given in Eq. (24) and "i = 0 have been taken.
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Fig. 2. The ACP (�; �) asymmetry as fun
tion of neutrino energy. The label `NS'means that Eqs. (24), (25) are taken into a

ount. The label `SM' means that thevalues of neutrino parameters as given in Eq. (24) and "i = 0 have been taken.



3742 M. Czakon, J. Gluza, M. ZraªekIn Figs. 3, 4 the results are given for genuine CP e�e
ts of NS se
torwhen some of the "i's are 
hosen to be 
omplex and Æ = 0.
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Fig. 3. The ACP (�; e) asymmetry generated by the NS se
tor. The results are forthe parameters Eq. (24) but with Æ = 0. "1 = 0:001, "2 = 0:1 i, "3 = 0:1. This
hoi
e is 
onsistent with Eqs. (10)�(12).
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Fig. 4. The ACP (�; �) asymmetry generated by the NS se
tor. The results are forthe parameters Eq. (24) but with Æ = 0. "2 = 0:1, "3 = 0:1 i, "1 = 10�4. This
hoi
e is 
onsistent with Eqs. (10)�(12).



Nonunitary Neutrino Mixing Matrix : : : 3743We would like to �nish with a somehow a
ademi
 example of what moredo `nonorthogonal' neutrino states mean. When a unitary U is used in thedes
ription of neutrino os
illations, the following relation holdsX� P�� = 1 ; (26)e.g.: Pee + Pe� + Pe� = 1 :It simply means that the number of emitted neutrinos of the given �avourwill be the same as the number of �nal neutrinos of any type. However, fora nonunitary U this relation is not ful�ll. Let us see it in a simple 
ase oftwo �avours, when U is de�ned as (�2 = �1 + ")U = � 
os�1 sin�1� sin�2 
os�2� : (27)In this 
ase we getX�=e;�Pe� = Pee + Pe� = 1 + 4" sin2�21 sin�1 
os�1 
os 2�1 +O("2) ;X�=e;�P�� = P�e + P�� = 1� 4" sin2�21 sin�1 
os�1 
os 2�1 +O("2) :(28)We 
an see that the sum 
an be either larger or smaller than 1. A similarresult holds for a 3 dimensional U .4. Con
lusionsThree lessons 
an be learned from the results. First of all short baselineexperiments are sensitive to the NS se
tor. Some improvements of the 
on-straints Eqs. (10)�(12) are possible in this 
ase when no signal for ACP isfound. Se
ond, the NS e�e
ts 
onne
ted to the 
omplexity of "i 
an mimi
SM e�e
ts of Æ. Third, 
an
ellations between the SM and NS e�e
ts 
anappear.
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