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RADIATIVE RETURN AT NLO AND THEMEASUREMENT OF THE HADRONICCROSS-SECTION�Germán RodrigoInstitut für Theoretishe Teilhenphysik, Universität Karlsruhe76128 Karlsruhe, Germanyand TH-Division, CERN, 1211 Genève 23, Switzerlande-mail: German.Rodrigo�ern.h(Reeived Otober 29, 2001)The measurement of the hadroni ross-setion in e+e� annihilation athigh luminosity fatories using the radiative return method is motivatedand disussed. A Monte Carlo generator whih simulates the radiativeproess e+e� ! + hadrons at the next-to-leading order auray is pre-sented. The analysis is then extended to the desription of events withhard photons radiated at very small angle.PACS numbers: 13.40.Em, 13.40.Ks, 13.65.+i1. MotivationEletroweak preision measurements in present partile physis providea basi issue for the onsisteny tests of the Standard Model (SM) or itsextensions. New phenomena physis an a�et low energy proesses throughquantum �utuations (loop orretions). Deviations from the SM preditionsan, therefore, supply indiret information about new undisovered partilesor interations.The reent measurement of the muon anomalous magneti moment a� �(g�2)�=2 at BNL [1℄ reported a new world average showing a disrepany atthe 2:6 standard deviation level with respet to the theoretial SM evaluationof the same quantity whih has been taken as an indiation of new physis.For the orret interpretation of experimental data the appropriate inlusionof higher order e�ets as well as a very preise knowledge of the SM input� Presented at the XXV International Shool of Theoretial Physis �Partiles andAstrophysis � Standard Models and Beyond�, Ustro«, Poland, September 10�16,2001. (3833)



3834 G. Rodrigoparameters is required. The BNL experiment plans a new measurementwith an auray three times smaller whih will hallenge even more thetheoretial preditions.One of the main ingredients of the theoretial predition for the muonanomalous magneti moment is the hadroni vauum polarization ontribu-tion whih moreover is responsible for the bulk of the theoretial error. Thisquantity plays also an important role in the evolution of the eletromag-neti oupling �QED from the low energy Thompson limit to high energies.In both ases the preise knowledge of the ratioR(s) = �(e+e+ ! hadrons)�(e+e� ! �+��) ; (1)over a wide range of energies is required. The measurement of the hadroniross setion in e+e� annihilation to an auray better than 1% in the en-ergy range below 2 GeV is neessary to improve the auray of the presentpreditions for the muon anomalous magneti moment and the QED ou-pling.In this paper, the radiative return method is motivated and desribed.It has the advantage against the onventional energy san [2℄, that the sys-tematis of the measurement (e.g. normalization, beam energy) have to betaken into aount only one but not for eah individual energy point in-dependently. An improved Monte Carlo generator whih simulates the ra-diative proess e+e� ! + hadrons at the Next-to-Leading Order (NLO)auray is presented. Finally, the analysis is extended to the desription ofevents with hard photons radiated at very small angle.2. The muon anomalous magneti moment and the QED ouplingThe Standard Model predition for the muon anomalous magneti mo-ment onsist of three ontributions1a� = aQED� + ahad� + aweak� : (2)The QED orretion, known (estimated) up to �ve loops [4℄, gives the mainontribution (see Table I for numerial values2). The weak ontributionis urrently known up to two loops [6℄. Finally, the hadroni ontributiononsist of three di�erent terms where the leading one omes from the vauumpolarization diagram in �gure 1 whih furthermore is responsible for the bulkof the theoretial unertainty.1 For reent reviews see [3℄.2 N.A. see [5℄ for a reent evaluation of the hadroni light-by-light ontribution.



Radiative Return at NLO and the Measurement of : : : 3835TABLE IQED, hadroni and weak ontributions to the muon anomalous magneti moment.a� � 1011QED 116584706 � 3hadroni (vauum polarization) 6924 � 62 [9℄hadroni (light-by-light) �85 � 25 [13℄hadroni (other higher orders) �101 � 6 [14℄weak 152 � 4
µ µ

vac. pol.

γ

light−by−light Fig. 1. Vauum polarization and light-by-light hadroni ontributions to the muonanomalous magneti moment.While the QED and the weak ontributions are well desribed pertur-batively, the hadroni ontribution annot be ompletely alulated fromperturbative QCD. The hadroni vauum polarization ontribution [7�12℄an, however, be evaluated from the following dispersion relationahad� (va:pol:) = ��m�3� �2 1Z4m2� dss2 K(s) R(s) ; (3)where the kernel K(s) is a known smooth bounded funtion and R(s) is thehadroni ratio whih has to be extrated from experimental data. Underthe assumption of onserved vetor urrent and isospin symmetry � deaysan be inluded also for the evaluation of the dispersion integral. Due tothe 1=s2 dependene of the dispersion integral, the low energy region on-tributes dominantly to this integral: 70% of the result omes from the ��hannel and, even more, 90% of it is given by the region below 1:8 GeV.The preise measurement of the hadroni ross setion in e+e� annihilation,speially at low energies, has therefore a ruial importane for the auratedetermination of the muon anomalous magneti moment.



3836 G. RodrigoThe running of the QED �ne struture onstant from the Thompsonlimit to high energies is given by�(s) = �(0)1���(s) ; �� = ��lep +��top +��had : (4)Again, the Standard Model predition onsists of several ontributions.Among them, the hadroni one whih an be evaluated from the disper-sion relation ��had(s) = ��s3�Re 1Z4m2� ds0s0 R(s0)s� s0 � i� : (5)The leptoni [15℄ and the top quark [16℄ ontributions are well desribedperturbatively while the hadroni ontribution [17℄ gives the main theoretialerror (see Table II for numerial values). The dispersion integral grows inthis ase only as 1=s whih means that also the high energy points beomerelevant. The region below 1:8 GeV ontributes only to 20% of the integral.A better knowledge of the hadroni ross setion in this region would be,nevertheless, also important to redue the error. TABLE IILeptoni, top quark and hadroni ontributions to the running of the QED �nestruture onstant at MZ . ��(MZ)� 104leptoni 314.98top quark �0.70 � 0.05hadroni 276.1 � 3.63. The radiative return method and the hadroni ross setionThe radiative proess e+e� ! + hadrons, where the photon is radiatedfrom the initial partiles (initial state radiation, ISR), see �gure 2, an beused to measure the hadroni ross setion �(e+e� ! hadrons) at highluminosity eletron�positron storage rings, like the �-fatory DAPHNE or atB-fatories, over a wide range of energies. The radiated photon redues thee�etive energy of the ollision and thus the invariant mass of the hadronisystem. This possibility has been proposed and studied in detail in [18℄ (seealso [19℄). A Monte Carlo generator alled EVA [18℄ whih simulates theproess e+e� ! �+�� was built. The four pion hannel was onsideredin [20℄.
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e−Fig. 2. Initial State Radiation (ISR) and Final State Radiation (FSR) in the anni-hilation proess e+e� ! + hadrons.Radiation of photons from the hadroni system (FSR) should be on-sidered as the bakground of the measurement. One of the main issues ofthe radiative return method is the suppression of this kind of events byhoosing suitable kinematial uts. From EVA studies this is ahieved byseleting events with the tagged photons lose to the beam axis and wellseparated from the hadrons whih redues FSR to a reasonable limit. Thisis illustrated in �gure 3. Furthermore, the suppression of FSR overomesthe problem of its model dependene whih should be taken into aount ina ompletely inlusive measurement [21℄.
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Fig. 3. Relative ontribution of FSR versus ISR in the annihilation proess e+e� !�+�� atps = 1:02GeV for di�erent photon and pion angular uts. E > 10MeV.



3838 G. RodrigoPreliminary experimental results using the radiative return method havebeen presented reently by the KLOE Collaboration [22℄. Large event rateswere also observed at BaBar [23℄.The theoretial desription of the radiative events under onsiderationto a preision better than 1% requires a preise ontrol of higher order ra-diative orretions. The next setions are devoted to the alulation of theNLO orretions to ISR and its inlusion in a new improved Monte Carlogenerator [25, 26℄. 4. NLO orretions to ISRAt NLO, the e+e� annihilation proesse+(p1) + e�(p2)! �(Q) + (k1) ; (6)where the virtual photon deays into a hadroni �nal state, �(Q)! hadrons,and the real one is emitted from the initial eletron or positron, reeives on-tributions from one-loop orretions and from the emission of a seond realphoton (see �gure 4 for a shemati representation).
2 2γ γ γ

γ
++Fig. 4. NLO orretions to initial state radiation in the annihilation proess e+e� !+ hadrons.The alulation of the di�erent ontributions proeeds as follows: �rstthe one-loop diagrams are redued, using the standard Passarino�Veltmanproedure [24℄, to the alulation of a few one-loop salar integrals whih arealulated in D = 4�2" dimensions in order to regularize their divergenes.The interferene with the lowest order Feynman diagrams is alulated andthe ultraviolet (UV) divergenes are renormalized using the on-shell masssheme. The remaining infrared (IR) divergenes are aneled by adding thesoft ontribution of the seond photon alulated analytially by integrationin phase spae up to a soft energy uto� E < wps far below the enter ofmass energy ps.In order to failitate the extension of the Monte Carlo simulation todi�erent hadroni exlusive hannels the di�erential rate is ast into theprodut of a leptoni and a hadroni tensor and the orresponding fatorized



Radiative Return at NLO and the Measurement of : : : 3839phase spaed� = 12sL��H��d�2(p1; p2;Q; k1)d�n(Q; q1; �; qn)dQ22� ; (7)where d�n(Q; q1; �; qn) denotes the hadroni n-body phase-spae inludingall statistial fators and Q2 is the invariant mass of the hadroni system.The physis of the hadroni system, whose desription is model dependent,enters only through the hadroni tensor H�� .The leptoni tensor whih desribes the next-to-leading order virtual andsoft QED orretions to initial state radiation in e+e� annihilation has thefollowing general form:L��virt+soft = (4��)2Q4 y1 y2 �a00 g�� + a11 p�1p�1s + a22 p�2p�2s+a12 p�1p�2 + p�2p�1s + i� a�1 p�1p�2 � p�2p�1s � ; (8)where yi = 2k1 � pi=s with p1 (p2) the four momentum of the positron (ele-tron). The salar oe�ients aij and a�1 allow the following expansionaij = a(0)ij + �� a(1)ij ; a�1 = �� a(1)�1 ; (9)where a(0)ij give the LO ontribution. The NLO oe�ients a(1)ij and a(1)�1 werealulated in [25℄ for the ase where the observed photon is far from theollinear region. The extension of these results to the forward and bakwardregions is ommented in Setion 6.Finally, the ontribution from radiation of two real hard photons, E >wps, is alulated numerially using the heliity amplitude method [27℄.The sum of the virtual plus soft orretions to one single photon events andthe hard ontribution of two photon emission gives the �nal result at NLOwhih is independent of the soft photon uto� w.5. Monte Carlo simulationA Monte Carlo generator has been built whih simulates the produtionof two harged pions together with one or two hard photons and inludes vir-tual and soft photon orretions to the emission of one single real photon. Itsupersedes the previous versions of the EVA [18,25℄ Monte Carlo. Again theprogram exhibits a modular struture whih preserves the fatorization ofthe initial state QED orretions. The simulation of other exlusive hadronihannels an, therefore, be easily inluded with the simple replaement of



3840 G. Rodrigothe urrent(s) of the existing modes, and the orresponding multi-partilehadroni phase spae. The simulation of the four pion hannel [20℄ will beinorporated soon as well as other multi-hadron �nal states. Our results willbe presented in [26℄.6. Tagged or untagged photonsFrom the experimental point of view it would be muh easier to performthe analysis with no lower photon angular boundary. The ross setion in theforward and bakward regions grows very fast and therefore a small deviationin the determination of the photon angle ould introdue a large error. Itturns out that further advantages appear if only an upper ut on the photonangle is imposed. The ross setion is thus larger. For instane, the rosssetion for radiative events with � < 21Æ and 55Æ < �� < 125Æ is 4 timesbigger than the orresponding ross setion for 5Æ < � < 21Æ. Furthermore,sine FSR is isotropi with respet to the beam axis its ontribution doesnot hange muh and, as a result, its relative importane with respet toISR is muh smaller (see lower line in �gure 3). All together may provide abetter ontrol of the systematis of the measurement and, therefore, a betterdetermination of the hadroni ross setion.It should be pointed out that in the forward and bakward regions someorretions of the order of m2e=s, where me is the eletron mass, has to betaken into aount even though m2e=s is a small quantity. At LO, the fullleptoni tensor is given by:L��0 = (4��=s)2q4 ��2m2q2(1� q2)2y21y22 � 2q2 + y21 + y22y1y2 � g��+�8m2y22 � 4q2y1y2� p�1p�1s +�8m2y21 � 4q2y1y2� p�2p�2s��8m2y1y2� p�1p�2 + p�1p�2s � ; (10)with yi = 2k1 � pi=s, m2 = m2e=s and q2 = Q2=s. Expressing the bilinearproduts yi by the photon emission angle in the enter of mass framey1;2 = 1� q22 (1� � os �) ; � =p1� 4m2 :The eletron mass enters twofold: through yi, i = 1; 2, but also quadratiallyin terms of the type m2=y2i . In the former ase, the eletron mass regulatesthe ollinear divergenes of the ross setion. The seond kind of ontribu-tions gives only �nite orretions whih, nevertheless, an be sizeable. In



Radiative Return at NLO and the Measurement of : : : 3841both ases the eletron mass plays a relevant role only when the photon isemitted at very small angles. Otherwise, the limit m2e=s ! 0 an be takensafely.To illustrate this point the di�erential ross setion for the proess e+e�!�+�� at ps = 1:02 GeV is presented in �gure 5. The pion and photonangles are integrated without applying any angular ut. The eletron massis kept in the salar bilinears yi but the quadrati terms are onsidered ornot to show their e�et. Both results are ompared in the small insert ofthis �gure with the known orresponding analytial di�erential distributionQ2 d�dQ2 = 4�33s R(Q2)� s2 +Q4s(s�Q2) �log sm2e � 1�� ; (11)with the substitution R(Q2)! (1�4m2�=Q2)3=2 j F2�(Q2) j2 =4 for the twopion exlusive hannel, being F2� the pion form fator. In (11) the expansionin the eletron mass has been performed after integration. Figure 5 showsthus the good performane of the Monte Carlo integration also at very small
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3842 G. Rodrigophoton angles. The analytial result agrees with the Monte Carlo integrationwhen the full eletron mass dependene is onsidered in Eq. (10). If thequadrati mass terms are not taken into aount a deviation of up to 8% isfound. In ontrast, at higher energies these orretions are quite suppressed,less than 1 per mil at ps = 10 GeV.Figure 6 shows the e�et of the eletron mass orretions for di�erentangular uts at ps = 1:02 GeV. Up to 10% deviation with respet to thefull result is found whih nevertheless dereases quite steeply if the ollinearregion is exluded: to less than 5 per mil for tagged photon events at 1degree minimal angle.
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