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BOSE�EINSTEIN CORRELATIONSIN Z FRAGMENTATIONAND OTHER REACTIONS�Wolfram KittelHEFIN, University of Nijmegen/NIKHEFToernooiveld 1, 6525 ED Nijmegen, The Netherlands(Re
eived O
tober 1, 2001)Re
ent experimental studies of Bose�Einstein Correlations in Z frag-mentation are reviewed in view of the need to understand their appar-ent suppression for pions originating from di�erent W 's. Parti
ular fea-tures dis
ussed are sour
e elongation, position-momentum 
orrelation, non-Gaussian shape of the 
orrelator, transverse-mass dependen
e, density de-penden
e and dilution, spa
e�time shape of the emission fun
tion, neutral-pion and genuine higher-order 
orrelations.PACS numbers: 13.65.+i 1. Introdu
tionAs proposed by Hanbury Brown and Twiss [1℄ in 1954, the (angular) di-ameter of stars and radio sour
es in the universe was su

essfully determinedby measuring the intensity 
orrelations between separated teles
opes. Like-wise, in parti
le physi
s, one 
an in prin
iple use Bose�Einstein 
orrelationsbetween identi
al bosons to measure the spa
e�time stru
ture of the regionfrom whi
h parti
les originate in a high-energy 
ollision [2℄, provided thesebosons are produ
ed in
oherently.The �rst experimental eviden
e for Bose�Einstein 
orrelations in parti
lephysi
s dates ba
k to 1959 when, in p�p annihilation at 1.05 GeV/
, Gold-haber et al. [3℄ observed an enhan
ement at small relative angles in like-signpion pairs not present for unlike-sign pairs. More re
ently, Bose�Einstein
orrelations have been exploited in hadron�hadron, hadron�nu
leus, nu
leus�nu
leus, e+e� and lepton�hadron 
ollisions to obtain surprisingly detailedinformation on the spa
e�time development of parti
le produ
tion.� Presented at the XLI Cra
ow S
hool of Theoreti
al Physi
s, Zakopane, PolandJune 2�11, 2001. (3927)



3928 W. KittelThe re
ent revival of interest 
omes from various dire
tions:1. Their appli
ation to determine the spa
e�time development of a par-ti
le 
ollision.2. Their in�uen
e on the measurement of e�e
tive masses, in parti
ularof the W mass at LEP2 [4, 5℄.3. Their role in the phenomenon of intermitten
y [6, 7℄.4. Their possible e�e
t on multipli
ity distribution and single-parti
lespe
tra [8�10℄.In this paper, we shall review re
ent experimental studies on the �rstpoint, in parti
ular for e+e� 
ollisions leading to hadroni
 �nal states atthe Z energy. We 
onsider this information 
ru
ial for an understandingof the underlying dynami
s, and in parti
ular of the apparent suppressionof Bose�Einstein 
orrelations of pions originating from di�erent W 's withinthe same event. 2. The 
orrelation formalismWe start by de�ning symmetrized in
lusive q-parti
le distributions�q(p1; : : : ; pq) = 1�tot d�q(p1; : : : ; pq)qQ1 dpq ; (1)where �q(p1; : : : ; pq) is the in
lusive 
ross se
tion for q parti
les to be atp1; : : : ; pq, irrespe
tive of the presen
e and lo
ation of any further parti
les,pi is the (four-) momentum of parti
le i and �tot is the total hadroni
 
rossse
tion of the 
ollision under study.For the 
ase of identi
al parti
les, integration over an interval 
 inp-spa
e yieldsZ
 �1(p)dp = hni ;Z
 Z
 �2(p1; p2)dp1dp2 = hn(n� 1)i ;Z
 dp1 : : : Z
 dpq�q(p1; : : : ; pq) = hn(n� 1) : : : (n� q + 1)i ; (2)
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ity of identi
al parti
les within 
 in a given eventand the angular bra
kets imply the average over the event ensemble.Besides the interparti
le 
orrelations we are looking for, the in
lusiveq-parti
le number densities �q(p1; : : : ; pq) in general 
ontain �trivial� 
ontri-butions from lower-order densities. It is, therefore, advantageous to 
on-sider a new sequen
e of fun
tions Cq(p1; : : : ; pq) as those statisti
al quan-tities whi
h vanish whenever one of their arguments be
omes statisti
allyindependent of the others. Deviations of these fun
tions from zero shall beaddressed as genuine 
orrelations.The quantities with the desired properties are the 
orrelation fun
tions �also 
alled (fa
torial) 
umulant fun
tions � or, in integrated form, Thiele'ssemi-invariants [11℄. A formal proof of this property was given by Kubo [12℄.The 
umulant 
orrelation fun
tions are de�ned as in the 
luster expansionfamiliar from statisti
al me
hani
s via the sequen
e [13�15℄:�1(1) = C1(1); (3)�2(1; 2) = C1(1)C1(2) + C2(1; 2); (4)�3(1; 2; 3) = C1(1)C1(2)C1(3) + C1(1)C2(2; 3) + C1(2)C2(1; 3)+ C1(3)C2(1; 2) + C3(1; 2; 3); (5)and, in general, by�m(1; : : : ;m) = Xfligm Xperm. [C1() � � �C1()℄| {z }l1 fa
tors [C2(; ) � � �C2(; )℄| {z }l2 fa
tors� � � [Cm(; : : : ; ) � � �Cm(; : : : ; )℄| {z }lm fa
tors : (6)Here, li is either zero or a positive integer and the sets of integers fligmsatisfy the 
ondition mXi=1 i li = m: (7)The arguments in the Ci fun
tions are to be �lled by them possible momentain any order. The sum over permutations is a sum over all distin
t ways of�lling these arguments. For any given fa
tor produ
t there are pre
isely [14℄m![(1!)l1(2!)l2 � � � (m!)lm ℄ l1!l2! � � � lm! (8)terms.



3930 W. KittelThe relations (6) may be inverted with the result:C2(1; 2) = �2(1; 2) � �1(1)�1(2) ;C3(1; 2; 3) = �3(1; 2; 3) �X(3) �1(1)�2(2; 3) + 2�1(1)�1(2)�1(3) ;C4(1; 2; 3; 4) = �4(1; 2; 3; 4) �X(4) �1(1)�3(1; 2; 3) �X(3) �2(1; 2)�2(3; 4)+ 2X(6) �1(1)�1(2)�2(3; 4) � 6�1(1)�1(2)�1(3)�1(4) ; (9)et
. In the above relations we have abbreviated Cq(p1; : : : ; pq) toCq(1; 2; : : : ; q); the summations indi
ate that all possible permutations mustbe taken (the number under the summation sign indi
ates the number ofterms). Expressions for higher orders 
an be derived from the related for-mulae given in [16℄.It is often 
onvenient to divide the fun
tions �q and Cq by the produ
tof one-parti
le densities, whi
h leads to the de�nition of the normalizedin
lusive densities and 
orrelations:Rq(p1; : : : ; pq) = �q(pq; : : : ; pq)=�1(p1) : : : �1(pq) ; (10)Kq(p1; : : : ; pq) = Cq(p1; : : : ; pq)=�1(p1) : : : �1(pq) : (11)In terms of these fun
tions, 
orrelations have been studied extensively forq = 2. Results also exist for q = 3, but usually the statisti
s (i.e., numberof events available for analysis) are too small to isolate genuine 
orrelations.To be able to do that for q � 3, one must apply moments de�ned via theintegrals in Eq. (2), but in limited phase-spa
e 
ells [6℄.3. Alternative views3.1. Pion interferometryIn Fig. 1 we illustrate the produ
tion of two identi
al pions with momentap1 and p2, arising from two sour
es A and B with 
oordinates xA, xB (seealso [17℄). The pion wave fun
tions 
an be written as 1A = e�ip1�xA+i� ;  2B = e�ip2�xB+i� (12)if �(p1) is emitted from sour
e A and �(p2) from sour
e B, where � and �are arbitrary phases of the sour
es.
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Fig. 1. Emission of two identi
al bosons with momenta p1;p2 from two sour
esA, B.If �(p1) is emitted from sour
e B and �(p2) from sour
e A, then indi
esA and B (and the phases) should be inter
hanged in (12). Sin
e the two pi-ons are identi
al bosons and the observer 
annot de
ide from whi
h sour
e aparti
ular pion was emitted, the 
oin
iden
e amplitude for simultaneous ob-servation of two pions with momenta p1 and p2 has to be Bose-symmetrized:ABE =  1A 2B +  1B 2A : (13)The 
orresponding 
oin
iden
e rate isIBE = jABEj2 = 2 + 2 
os(�p ��x) ; (14)where �p = p1 � p2 and �x = xA � xB. Note that the arbitrary phases�; � have dropped out from (14), whi
h is valid for 
ompletely in
oherentemission. We de�ne as two-parti
le Bose�Einstein ratio R2 the ratio betweenIBE and the rate I0 whi
h would be observed if there were no BE interferen
e:R2 = IBEI0 = 1 + 
os(�p ��x) : (15)From (15) it follows that R2 rea
hes a maximum value of 2 for �p = 0.Furthermore, it 
an be seen that the momentum di�eren
e �p probes thesour
e dimensions in a dire
tion parallel to �p.We shall, however, see later on that su
h a simple pi
ture 
annot bemaintained due to 
orrelation between x and p observed in the data andexpe
ted from hydrodynami
al models as well as from string models.One step more realisti
 than the binary sour
e 
onsidered in Fig. 1 is asour
e with a spheri
ally symmetri
 Gaussian density distribution of emit-ting 
enters [3℄ �(r) / exp ��r22r20 � ; (16)



3932 W. Kittelwhi
h yields as Bose�Einstein ratioR2 = 1 + exp ��r20�p2� : (17)or, in its Lorentz-invariant form,R2(Q2) = 1 + exp(�r2GQ2)with Q2 = �(p1 � p2)2 =M2 � 4m2� ; (18)where M is the invariant mass of the pion pair. This 
orresponds to aGaussian shape of the sour
e in the 
enter-of-mass system of the pair, whereq0 � �E = 0. 3.2. Emission fun
tion and Wigner fun
tionThe pi
ture presented in Se
t. 3.1 
orresponds to the one-dimensionaltreatment of a spheri
ally symmetri
 stati
 sour
e. However, a high-energy
ollision is neither spheri
ally symmetri
 nor stati
. A formalism parti
ularlyhandy for the fully-dimensional treatment of a dynami
al emitter is the so-
alled Wigner-fun
tion formalism [18�19℄. This is based on the emissionfun
tion S(x; p), a 
ovariant Wigner-transform of the sour
e density matrix.S(x; p) 
an be interpreted as a quantum-me
hani
al analogue of the 
lassi
alprobability that a boson is produ
ed at a given spa
e�time point x = (t; r)with a given momentum-energy p = (E;p).In the general 
ase, the normalized two-parti
le density R2(1; 2) or 
or-relation fun
tion K2(1; 2) depend on the momentum 
omponents of par-ti
les 1 and 2. For the study of 
orrelations, it is 
onvenient to de
om-pose the two single-parti
le four-ve
tors p1 and p2 into the average K =[(E1 + E2)=2; K = p1 + p2)=2℄ and the relative momentum Q = (�E =E1 �E2;Q = p1 � p2).Starting from the spa
e�time x and momentum-energy K dependentpion-emission fun
tion S(x;K), the normalized density in momentum spa
e
an be written as [19℄R2(Q;K) � 1 + j R d4xS(x;K)eiQ�xj2j R d4xS(x;K)j2 = 1 + jheiQ�xij2 : (19)In a Gaussian approximation around the mean spa
e�time produ
tion point �x,R2(Q;K) = 1 + exp[�Q�Q�h(x� �x)�(x� �x)�i(K)℄ + ÆR2(Q;K) : (20)
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es h(x� �x)�(x� �x)�i give the size of the spa
e�time region fromwhi
h pions of similar momentum are emitted (whi
h, for Gaussian sour
es,
oin
ides with the more general 
on
ept [20℄ of lengths of homogeneity) andÆR2 
ontains all non-Gaussian 
ontributions, usually assumed to be small.Sin
e the four-momenta pi of the two parti
les are on-shell, Q and K arein general o�-shell but obey the orthogonality and mass-shell 
onstraintsQ �K = 0 ; K2 � Q24 = m2 ; (21)so that only 6 linear 
ombinations of the varian
es are measurable [21℄. If thesour
e is azimuthally symmetri
 in 
oordinate spa
e, a re�e
tion symmetryis present in momentum spa
e with respe
t to the plane spanned by K andthe event axis. As a 
onsequen
e, all mixed varian
es linear in the dire
tionorthogonal to this plane (�sidewards�) must vanish and the 
orrelator mustbe symmetri
 under Qside ! �Qside, so that only four linear 
ombinationsremain measurable! Note, however, that every one of them depends on K.3.3. String modelsAlternatively, Bose�Einstein 
orrelations have been introdu
ed into stringmodels [22�24℄. In these models, an ordering in spa
e�time exists for thehadron momenta within a string. Bosons 
lose in phase spa
e are nearby inspa
e�time and the length s
ale measured by Bose�Einstein 
orrelations isnot the full length of the string, but the distan
e in boson-produ
tion pointsfor whi
h the momentum distributions still overlap.Fig. 2(a) illustrates the produ
tion of (identi
al) parti
les 1 and 2 from a
olor string in x and t. The 
olor �eld breaks up into quark-antiquark pairsand adja
ent quarks and antiquarks re
ombine into mesons. The produ
tionof the same �nal state, but with parti
les 1 and 2 ex
hanged is des
ribed inFig. 2(b).
Fig. 2. Spa
e-time diagram for two ways to produ
e two identi
al bosons in the
olor-string pi
ture [23℄.



3934 W. KittelIn a 
olor-string model, the (non-normalized) probability d�n to produ
ean n-parti
le state fpjg, j = 1; : : : n of distinguishable parti
les isd�n = [�nj=1NdpjÆ(p2j �m2j)℄Æ(�pj � P ) exp(�bAn) ; (22)where the exponential fa
tor 
an be interpreted as the square of a matrixelement Mn = exp(i�An) ; Re(�) = � ; Im(�) = b2 ; (23)and the remaining terms des
ribe longitudinal phase spa
e, with P being thetotal energy-momentum of the state. N is related to the mean multipli
ityand b to the 
orrelation length in rapidity. An 
orresponds to the totalspa
e�time area 
overed by the 
olor �eld (Fig. 2), or to an equivalent areain energy-momentum spa
e divided by the square of the string tension � = 1GeV/fm [23℄.The produ
tion of two identi
al bosons (1,2) is governed by the symmet-ri
 matrix elementM = 1p2(M12 +M21) = 1p2[exp(i�A12) + exp(i�A21)℄ : (24)From Fig. 2 it is 
lear that there is an area di�eren
e and, 
onsequently, aphase di�eren
e between M12 and M21 of�A = jA12 �A21j = 1�2 jp1E2 � p2E1 + (p1 � p2)EI � (E1 �E2)pIj ; (25)where the indi
es 1,2 and I represent parti
les 1, 2 and system I, respe
tively.Using this matrix element, one obtainsRBE � 1 +*
os(��A)
osh b�A2 + ; (26)where the average runs over all I. In the limit Q2 = �(p1 � p2)2 = 0,(25) gives �A = 0 and (26) RBE = 2, in agreement with the results fromthe 
onventional interpretation for 
ompletely in
oherent sour
es. However,for Q2 6= 0 follows an additional dependen
e on the momentum pI of thesystem I produ
ed between the two bosons.Corre
tions to (26) are ne
essary due to non-zero mass and transversemomentum of quarks and due to the 
ontribution of resonan
es to the pro-du
tion of parti
les of type 1, 2.The model 
an a

ount well for most features of the e+e� data[25�27℄, in
luding the approximately spheri
al shape of the BE e�e
t. Morere
ently, the symmetrization has been generalized to more than 2 identi
alparti
les [28℄.
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ent experimental results4.1. Existen
eBose�Einstein 
orrelations are by now a well established e�e
t in thehadroni
 �nal states of Z de
ay [29�31℄. A 
lear enhan
ement is observedin R2 at small Q. This is not a trivial observation sin
e, a

ording to thepion interferometry interpretation of Se
t. 3.1, this would require at leastpartially 
haoti
 pion produ
tion.If present in hadroni
 Z �nal states, there is no reason to expe
t it to beabsent in hadroni
 W �nal states (intra-W BEC), and a signal 
onsistentwith that of Z into light quarks is indeed established [32℄. Examples for R2as a fun
tion of Q are given in Fig. 3, both for W and Z fragmentation.
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0 0.5 1Fig. 3. The Bose�Einstein 
orrelation fun
tion R2 for (a) the fully-hadroni
 WWevents, and (b) the semi-hadroni
 WW events. In (b) the full histogram is for thelight-quark Z de
ay sample and the dashed histogram is for a sample 
ontainingall hadroni
 Z de
ays. Also shown are Gaussian �ts to the WW data [32℄.The important question is that of BEC between pions ea
h originatingfrom a di�erent W in fully hadroni
 W+W� �nal states (inter-W BEC).If existent, su
h a 
orrelation would, on the one hand, 
ause a potentialbias in the mass determination of the W [4, 5℄. On the other, it 
ould serveas a pion-interferometry laboratory for the measurement of the spa
e�timedevelopment of W fragmentation into pions. The re
ent status of the sear
hfor inter-W BEC is 
overed in [33℄.For a detailed understanding of W+W� overlap and inter-W BEC, adetailed analysis of BEC in a single W would be required. Given that onlya few thousand of these W 's have been produ
ed at LEP, su
h a detailedstudy is presently not possible. It is, however, possible on the millions of



3936 W. Kittelevents a

umulated at the Z, and we shall assume that the fragmentationproperties are similar for those two bosons (ex
ept for the fa
t that Z ! b�bhas no equivalent in W de
ay). Sin
e this detailed analysis is still going on,we shall also look at 
orresponding properties in hadron�hadron and evenheavy-ion 
ollisions. 4.2. Pion-sour
e elongationThe form of the 
orrelation fun
tion in more than one dimension has beena major subje
t of theoreti
al study in re
ent years [19,28,34�38℄. In MonteCarlo generators, spheri
al symmetry is usually assumed [5, 39�41℄, whileelongation 
an be expe
ted when a string-like shape is maintained [28, 38℄.Experimentally, detailed three-dimensional analyzes were done for heavy-ion
ollisions [42,43℄ and for hadron�hadron 
ollisions [44℄. While the volume ofthe pion emission region appeared to be approximately spheri
al for heavy-ion 
ollisions, a 
lear elongation was observed in hadron�hadron 
ollisions.An elongation is now also observed at LEP [45�47℄.In this analysis the longitudinal 
enter-of-mass system (LCMS) [36℄ isused. This is de�ned for ea
h pair of parti
les as the system, resulting froma boost along the thrust axis, in whi
h the sum of the momenta of thepair is perpendi
ular to the thrust axis. In this system, one 
an resolvethe three-momentum di�eren
e of the pair of parti
les into a longitudinal
omponent QL parallel to the thrust axis, Qout along the sum of the parti
les'momenta (see Fig. 4) and Qside perpendi
ular to both QL and Qout. Then,the invariant four-momentum di�eren
e 
an be written as [36℄Q2 = Q2L +Q2side +Q2out � (�E)2 = Q2L +Q2side +Q2out(1� �2); (27)where � � pout 1 + pout 2E1 +E2 (28)with pout i and Ei (i = 1; 2) the out-
omponent of the momentum and theenergy, respe
tively, of parti
le i in the LCMS. The energy di�eren
e �Eand, therefore, the di�eren
e in emission time of the two parti
les 
ouplesonly to the 
omponent Qout. Consequently, QL and Qside re�e
t only spatialdimensions of the sour
e, whereas Qout re�e
ts a mixture of spatial andtemporal dimensions. The 
orrelation fun
tion is then parametrized in termsof Q = (QL; Qside; Qout): R2(Q) = �2(Q)�0(Q) : (29)
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Fig. 4. The longitudinal 
enter of mass frame (LCMS) showing the proje
tion of Qon the (QL�Qout) plane. Qside is the proje
tion of Q on the axis perpendi
ular tothis plane.Assuming a Gaussian (azimuthally, but not ne
essarily spheri
ally, sym-metri
) shape of the sour
e, the following three-dimensional parametrizationhas been proposed [19, 35, 48℄:R2(QL; Qout; Qside) = 
 (1 + ÆQL + "Qout + �Qside)� �1+� exp��R2LQ2L�R2outQ2out�R2sideQ2side+2�L;outRLRoutQLQout�� ;(30)where the fa
tor (1+ ÆQL+"Qout+ �Qside) takes into a

ount possible long-range momentum 
orrelations in the form of a slow rise, 
 is a normalizationfa
tor 
lose to unity and the term between square bra
kets is the two-parti
leBose�Einstein 
orrelation fun
tion asso
iated with a Gaussian shape of thesour
e.By �tting the 
orrelation fun
tion with this parametrization, one 
anextra
t the fa
tor �, whi
h measures the strength of the 
orrelation, and the`radii' ri (i = L, out and side) de�ned as �i=p2, with the �2i the varian
es of amulti-dimensional Gaussian distribution of the sour
e in 
on�guration spa
e.�L;out is the 
orrelation between the longitudinal and out 
omponents of thisGaussian. In the LCMS, the duration of parti
le emission only 
ouples to theout-dire
tion and only enters in the parameters Rout and �L;out. Hen
e, Rside
an be interpreted as the transverse 
omponent of the geometri
 radius. Theparametrization, Eq. (30), assumes azimuthal symmetry of the sour
e, whi
hmeans that the two-parti
le Bose�Einstein 
orrelation fun
tion asso
iatedwith the Gaussian shape of the sour
e, is invariant under the transformation



3938 W. KittelQside ! �Qside. Consequently, the only possible o�-diagonal term is theQLQout term. It turns out to be zero within errors, however.The results of three LEP experiments [45�47℄ are summarized in Ta-ble I. In spite of the di�erent sele
tion 
riteria and referen
e samples, allexperiments 
onsistently demonstrate an elongated shape of the pion sour
e(or rather region of homogeneity) in hadroni
 Z de
ay. On the other hand,rside=rL = 1:08 � 0:03 is found [45℄ for JETSET with BE [49℄. TABLE IElongation of the pion sour
e in hadroni
 Z0 de
ays: summary of the measurementsat LEP1 (rT 
orresponds to QT =pQ2out +Q2side).L3�mixed� referen
e,all events DELPHI�mixed� referen
e,2-jet events OPAL�+�� referen
e,2-jet events� 0:41� 0:01+0:020�0:019 0:261� 0:007� 0:010 0:443� 0:005rL, fm 0:74� 0:02+0:04�0:03 0:85� 0:02� 0:07 0:989� 0:011+0:030�0:015rout, fm 0:53� 0:02+0:05�0:06 0:647� 0:011+0:024�0:124rside, fm 0:59� 0:01+0:03�0:13 0:809� 0:009+0:019�0:032rside=rL 0:80� 0:02+0:03�0:18 0:818� 0:018+0:008�0:050rT, fm 0:53� 0:02� 0:07rT=rL 0:62� 0:02� 0:05A systemati
 study of the hierar
hy of radii obtained from JETSET wasre
ently performed in [50℄. Starting from a spheri
ally symmetri
 Gaussian
orrelator, the authors obtainrside > rL > rout ;unlike the experimentally observed elongation, both when using momentumshifting [49℄ or event weighting [51℄ to simulate the 
orrelation. Generaliz-ing to asymmetri
 weights, the experimentally observed elongation 
an bereprodu
ed, but �nding a good set of input radius parameters turns out aninvolved pro
edure.What is important to realize is that the measured longitudinal radiushas nothing to do with the elongation of the q�q string stret
hed in Z de
ay.We shall see in Se
t. 4.6 that the full pion-emission fun
tion is of the order
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tion of it. The reasonfor that is a strong x;p 
orrelation. Pions produ
ed at a large distan
eon the string also have very di�erent momenta and do not 
orrelate. The�radii� therefore measure the e�e
tive size of the sour
e segment radiatingmesons with su�
iently small relative momentum (length of homogeneity),as shown in Fig. 5.
τ
_

η
__

t

zFig. 5. Spa
e-time pi
ture of parti
le emission for a given �xed mean momentumof the pair. The mean value of the proper-time and the spa
e�time rapidity distri-butions is denoted by � and �. As the rapidity of the produ
ed parti
les 
hangesfrom the smallest to the largest possible value, the [� (y); �(y)℄ variables s
an thesurfa
e of mean parti
le produ
tion in the (t; z) plane [38℄.4.3. The fun
tional form of the 
orrelation fun
tionMore important than the parameters extra
ted from �for
ing� the two-parti
le 
orrelation fun
tion into a �t by a pre-sele
ted parametrization, isthe a
tual experimentally observed shape of this distribution, itself.The simple geometri
al interpretation of the interferen
e pattern basedon the opti
al analogy as in Se
t. 3.1 is invalid when emitters move relativis-ti
ally with respe
t to ea
h other, leading to strong 
orrelations between thespa
e�time and momentum-energy 
oordinates of emitted parti
les [52, 53℄.Correlations of this type arise due to the nature of inside-outside 
as
adedynami
s [54℄ as in 
olor-string fragmentation [55℄. In the interpretation ofBEC by Andersson and Hofmann [23℄ in the string model, the length s
alemeasured by BEC is therefore not related to the size of the total pion emit-ting sour
e, but to the spa
e�time separation between produ
tion pointsfor whi
h the momentum distributions still overlap. This distan
e is, inturn, related to the string tension. The model predi
ts an approximatelyexponential shape of the 
orrelation fun
tionR2(Q) = R0(1 + � exp(�rQ)) ; (31)where r is expe
ted to be independent of the total intera
tion energy.



3940 W. KittelFurthermore, s
ale-invariant dynami
s is strongly 
onne
ted with Bose�Einstein 
orrelation. S
ale invarian
e implies that multiparti
le 
orrelationfun
tions exhibit power-law behavior over a 
onsiderable range of the rele-vant relative distan
e measure (su
h as Q2) in phase spa
e [6, 7℄. As su
h,BEC from a stati
 sour
e do not exhibit power-law behavior. However, apower law is obtained if the size of the parti
le sour
e �u
tuates event-by-event, and/or, if the sour
e itself is a self-similar (fra
tal-like) obje
t extend-ing over a large volume [56℄. In these studies, the ratio R2 is parametrizedusing the form R2(M) = A+B� 1Q2�� : (32)The usually �reasonable� �2 values of the Gaussian �ts hide the fa
t thatthe Gaussian parametrization in general fails at low values of Q2, wherestatisti
al errors are often large. For the 
ase of two-parti
le 
orrelations,this has been demonstrated 
onvin
ingly by NA22 [57℄ and UA1 [58℄, butdeviations from a Gaussian are also observed in lepton�hadron [59, 60℄ ande+e� [30℄ 
ollisions.This failure of a (multi-) Gaussian form persists in higher-order 
orrela-tions. In Fig. 6(a) the NA22 data [61℄ on BE 
orrelations of order q = 2 to 4are plotted as a fun
tion of Q2, in 
onventional linear s
ale. The 
urves arethe �ts by a q-fold Gaussian parametrization [62℄. In Fig. 6(b) the same dataand the same �ts are repeated for Q2 < 1 GeV2 on ln�ln s
ale (where the Q2axis is re�e
ted, i.e., small Q2 
orrespond to large � lnQ2). Even though thestatisti
al errors at small Q2 are large (the very reason why small Q2 doesnot 
ontribute mu
h to �2), it is obvious that small-Q2 points systemati
allylie higher than the multi-Gaussian �t, thus supporting a power-law behav-ior. This e�e
t is even enhan
ed when the data are 
orre
ted for Coulombrepulsion.Fig. 7(a) shows [63℄ the se
ond-order 
umulant K2 as a fun
tion of Q (onlog-s
ale) 
ompared to a general quantum statisti
al model, based on a 
las-si
al sour
e 
urrent formalism applied su

essfully in quantum opti
s [64℄.It in
ludes as spe
ial 
ases more spe
i�
 models su
h as [18℄ and [62℄. TheAPW normalized 
umulant predi
tions are built from normalized 
orrelatorsdij , the on-shell Fourier transforms of 
lassi
al spa
e�time 
urrent 
orrela-tors. The spe
i�
 parametrizations tested in Fig. 7 areGaussian : dij = exp(�r2Q2ij) ;exponential : dij = exp(�rQij) ;power law : dij = Q��ij : (33)
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Fig. 6. The normalized two-, three- and four-parti
le in
lusive densities as a fun
-tion of Q2 (left) and -lnQ2 (right) [61℄. Curves show the multi-Gaussian �ts a
-
ording to [62℄.For 
onstant 
haoti
ity � and real-valued 
urrents, APW predi
t as se
ond-and third-order normalized 
umulantsK2(Q12) = 2�(1� �)d12 + �2d212 ; (34)K3(Q12; Q23; Q31) = 2�2(1� �)[d12d23 + d23d31 + d31d12℄ + 2�3d12d23d31 :(35)The �ts in Fig. 7(a) 
ontain an additive �ba
kground� parameter, in additionto � and r as free parameters. The Gaussian �t is 
learly ex
luded and thebest �t is a
hieved with the power-law parametrization of the 
orrelationfun
tion (full line).Also K3 plotted in Fig. 7(b) shows a power-law in
rease. It is, further-more, visible in Fig. 7(b) that the in
rease is faster than expe
ted from APWK2, even for the power-law parametrization.So, there is ample room for improvement of the models and we believethat the re
ently developed methods of studying the 
orrelations (higher-order 
umulants, higher dimensionality, alternative parametrizations ofthe 
orrelation fun
tion) have opened the way for an improvement of thesemodels.
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Q, GeV max(Q12,Q23,Q31), GeVFig. 7. (a) Se
ond-order 
umulant with �ts of the forms given. (b) Third-order
umulant with APW predi
tions based on K2 [63℄.An interesting extension of the usual Gaussian approximation of the BE
orrelation fun
tion is an Edgeworth expansion [16℄ as suggested in [65℄R2(Q) = 
 �1 + �� exp(�t2=2) h1 + �33!H3(t) + �44!H4(t) + : : :i� ; (36)with t = p2Q � r, Hn being the n-th Hermite polynomial, and �n the n-thorder 
umulant moment of the 
orrelation fun
tion, where �2 yields r. TheHermite polynomials of odd order vanish at the origin, so that� = ��[1 + �4=8 + : : :℄ : (37)A generalization to higher dimensions is straightforward [65℄, ex
ept forpossible 
orrelations between the Qi variables.The in�uen
e of the non-Gaussian shapes was studied [65℄ on AFS[66, 67℄, E802 [68℄ and NA44 [69℄ data. In Fig. 8, a QT proje
tion of a2D Edgeworth �t is 
ompared to that of a 2D Gaussian �t to the E802 data.The deviation from a Gaussian (dashed) is obvious, and the Edgeworth ex-pansion (full line) is �exible enough to des
ribe it (with � = 1!).In Fig. 7(a) it was shown that even an exponential is not steep enoughto reprodu
e the fast in
rease of K2. An interesting observation of [65℄is, that a Laguerre expansion of an exponential 
an reprodu
e these UA1and the NA22 data (Fig. 9). However, at low Q2 data are still systemati-
ally above the �t and a power-law �t is reported in [65℄ to give similarly



Bose�Einstein Correlations in Z Fragmentation and. . . 3943good �2/NDF with a smaller number of �t parameters. With a 
ore-halomodel [87℄ strength parameter of �� = 1:14�0:10 (UA1) and �� = 1:11�0:17(NA22), i.e., at maximum possible value (unity), there are either other thanBE 
orrelations at work or all resonan
es are resolved at these low Q2 values.This may imply the 
onne
tion between the observed power-law behavior(intermitten
y) and resonan
e 
ontributions of BE 
orrelations [56℄.

Fig. 8. Proje
tion onto QT of a two-dimensional Gaussian (dashed) and Edgeworth(solid) �ts for a small-QL sli
e [65℄.In a 3D analysis of e+e� 
ollisions at the Z-mass [45℄, results more satis-fa
tory than those obtained with either Gaussian or exponential parametriza-tions were obtained with the Edgeworth expansion. Taking only the lowest-order non-Gaussian term into a

ount (and dropping the o�-diagonal term),Eq. (30) results inR2(QL; Qout; Qside)= 
 (1 + ÆQL + "Qout + �Qside)�n1 + � exp ��r2LQ2L � r2outQ2out � r2sideQ2side�� h1+�L3! H3(RLQL)ih1+�out3! H3(RoutQout)ih1+�side3! H3(RsideQside)io ;(38)where �i (i = L; out; side) is the third-order 
umulant moment in the 
orre-sponding dire
tion and H3(RiQi) � (p2RiQi)3�3p2RiQi is the third-orderHermite polynomial. Note that the se
ond-order 
umulant 
orresponds to



3944 W. Kittel
F
S 2

F
S 2

Fig. 9. The �gures show F s2 whi
h is proportional to the two-parti
le Bose�Einstein
orrelation fun
tion, as measured by the UA1 [58℄ and the NA22 [57℄ Collabora-tions. The dashed lines stand for the exponential �t, the solid lines for that withthe Laguerre expansion [65℄.the radius ri. Applying this expansion to the L3 data [45℄ dis
ussed inSe
t. 4.2 improves the 
on�den
e level of the �t from 3% to 30%. Non-zerovalues of the � parameters indi
ate the deviation from a Gaussian, � is largerthan the 
orresponding Gaussian � and the values of the radii 
on�rm theelongation observed from the Gaussian �t.4.4. (Transverse) mass dependen
e4.4.1. The K�K� systemKaons are less a�e
ted by resonan
e de
ay than pions and 
ould even-tually provide a 
leaner signal of the sour
e. Bose�Einstein 
orrelationsamong equally-
harged kaons were observed in hh [71, 72℄, AA [73, 74℄ ande+e� [75, 76℄ 
ollisions (see Table II for the latter).The size of the kaon emission region tends to be smaller than that ofthe pion emission region, in parti
ular in AA 
ollisions. The di�eren
e inresonan
e e�e
ts on �� and KK 
orrelations only partially 
an explain thisdi�eren
e in AA 
ollisions. In e+e� 
ollisions, the Gaussian radius parameterrG tends to be smaller for K�K� than for ����, but the spread is largedue to di�erent 
hoi
es of ba
kground.



Bose�Einstein Correlations in Z Fragmentation and. . . 3945TABLE IIParameters �G and rG in the Gaussian parametrization in e+e� intera
tions atLEP, for di�erent like-
harged parti
les [76℄.Pair �G rG fm Ref. Sele
tion Ref.sample���� 0:35 � 0:04 0:42 � 0:04 DELPHI [30℄ 2-jet mixed0:40 � 0:02 0:49 � 0:02 ALEPH [31℄ 2-jet mixed0:58 � 0:01 0:79 � 0:02 OPAL [77℄ all MC���� 0:45 � 0:02 0:82 � 0:03 DELPHI [30℄ all unlike0:62 � 0:04 0:81 � 0:04 ALEPH [31℄ 2-jet unlike0:67 � 0:01 � 0:02 0:96 � 0:01 � 0:02 OPAL [77℄ all unlike0:65 � 0:02 0:91 � 0:01 OPAL [77℄ 2-jet unlike���� 1:06 � 0:05 � 0:16 0:49 � 0:01 � 0:05 DELPHI [30℄ promptpionsK�K� 0:82 � 0:11 � 0:25 0:48 � 0:04 � 0:07 DELPHI [75℄ all unlike0:82 � 0:22+0:17�0:12 0:56 � 0:08+0:08�0:06 OPAL [76℄ 2-jet mixedK0SK0S 1:14 � 0:23 � 0:32 0:76 � 0:10 � 0:11 OPAL [78℄ all MC0:61 � 0:16 � 0:16 0:55 � 0:08 � 0:12 DELPHI [75℄ all MC0:96 � 0:21 � 0:40 0:65 � 0:07 � 0:15 ALEPH [79℄ all MC4.4.2. The K0SK0S systemThe K0SK0S system is a mixture of K0 �K0 and K0K0 ( �K0 �K0) pairs. AtLEPI energy, only 28% of all K0SK0S pairs are estimated to 
ome from the(identi
al) K0K0 or �K0 �K0 system. What is parti
ularly interesting is thatK0S's 
an interfere even if they originate from a (non-identi
al) K0 �K0 sys-tem [80℄: An enhan
ement is expe
ted in the low-Q region if one sele
ts theC = +1 eigenstate ofjK0 �K0 >C=�1= 1p2(jK0(p) �K0(�p)i � �K0(p)K0(�p)i); (39)where p is the three-momentum of one of the kaons in their 
ms. In the limitp! 0 (Q! 0), the C = �1 (K0SK0L) state disappears and C = +1 (K0SK0Sor K0LK0L) be
omes maximal.The enhan
ement in K0SK0S and K0LK0L pairs at low Q is exa
tly 
om-pensated by the low Q suppression of the K0SK0L state, so that no BE e�e
tis to be expe
ted as long as all possible �nal states of the K0 �K0 system are
onsidered. A full BE-like enhan
ement is, however, expe
ted for the K0SK0Ssystem by itself.



3946 W. KittelEarly, low statisti
s results 
ome from the hh experiment [81℄, new resultsexist from DELPHI [75, 82℄, OPAL [78℄ and ALEPH [79℄. While the kaon-produ
tion radius is smaller for the hh experiment, it seems to agree withthose measured for both 
harged kaons and pions in the e+e� experiments,within the large spread of values observed. Furthermore, the parameter � islarge in agreement with the expe
tation [80℄.4.4.3. �0�0 or ��0 ��0An interesting generalization of the Bose�Einstein formalism used aboveis to 
onsider Fermi�Dira
 interferen
e, essentially by 
hanging the sign infront of the 
orrelator. This leads to a destru
tive interferen
e at smallphase-spa
e distan
e and allows to determine the emission radius for iden-ti
al fermions in a 
omparison of the amount of their total-spin S = 1 state(destru
tive) to that of their S = 0 state (
onstru
tive) as a fun
tion ofQ [83℄. The method does not need a further referen
e sample. It was ap-plied to e+e� data at LEPI in [84�86℄ and gives a radius of about 0.15 fm.It was, however, veri�ed, that the 
onventional method with JETSET as areferen
e sample gives similarly low a radius.4.4.4. (Transverse) mass dependen
e of the radius parameterThe simultaneous 
omparison of the emission radii for pions, kaons and�'s now suggests a de
rease with in
reasing mass. Su
h a behavior has�rst been observed by NA44 in heavy-ion 
ollisions [73℄. The NA44 results
an be translated into an 1/pmT s
aling of the radius, in agreement withthe expe
tations from a hydrodynami
al model [70℄ with three-dimensional
olle
tive expansion and 
ylindri
al symmetry.In Fig. 10(a), the radius parameter r is shown as a fun
tion of the hadronmass m [88℄ for e+e� annihilation at the Z mass. The large error asso
iatedwith r�� re�e
ts the systemati
 un
ertainty due to the 
hoi
e of the referen
esample. A general trend 
an be observed as a hierar
hyr�� > rKK > r�� : (40)Some e�e
t is to be expe
ted from kinemati
s, i.e. from the mass-dependentintegration limits when transforming from R2(p1;p2) in six-dimensional mo-mentum spa
e to R2(Q) in one-dimensional momentum separation [89℄. Thise�e
t is far too small, however.
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Fig. 10. (a) The radius parameter r as a fun
tion of the hadron mass m. (b) Thelongitudinal emitter radius rz as a fun
tion of mT [90℄. The lines are des
ribed inthe text [88℄. (
) Longitudinal and transverse radius as a fun
tion of the transversemass M? of the two-parti
le system, 
ompared to the M?-threshold values (sameas data in Fig. 10(a)) [91℄.



3948 W. KittelThe authors [88℄ show that a 1=pm behavior 
an be expe
ted alreadyfrom the Heisenberg prin
iple with�p�r = mvr = ~
 ;�E�t = p2�t=m = ~ (41)and r = 
p~�tpm ; (42)where m, v and p are the hadron mass, velo
ity and momentum and r isthe distan
e between the two hadrons. Assuming �E to only depend on thekineti
 energy of the produ
ed parti
le and �t = 10�24 se
, independent ofm, grants the thin solid line in Fig. 10(a). The upper and lower dashed lines
orrespond to an in
rease or de
rease of �t by 0; 5 � 10�24 se
, respe
tively.(The thi
k solid line 
orresponds to a perturbative QCD 
as
ade using thevirial theorem and assuming lo
al parton hadron duality (LPHD).)However, as shown in [88℄, a formula identi
al to (42) also holds forthe radius rz in the longitudinal dire
tion and the average transverse mass�mT = 0:5 (qm2 + p2T1+qm2 + p2T2). Fig. 10(b) shows DELPHI results [90℄
ompared to �t = 10�24se
 (dashed) and the best �tted value of �t =2:1 � 10�24se
 (full line).Alternatively, the transverse mass dependen
e 
an be explained by a gen-eralized inside-outside 
as
ade [91℄ assuming (i) approximate proportionalityof four-momenta and produ
tion spa
e�time position (freeze-out point) ofthe emitted parti
les p� = ax� and (ii) a freeze-out time distributed alongthe hyperbola �20 = t2 � z2 (i.e., a generalization of the so-
alled Bjorken�Gottfried 
onditions). From the two 
onditions above follows dire
tlya2�20 = E2 � p2z = m2T (43)and the generalized Bjorken�Gottfried 
onditionp� = mT�0 x� : (44)Using a more rigorous formulation in terms of the Wigner representation,the authors show how this proportionality leads to an mT dependen
e ofthe radius parameter. Fig. 10(
) gives indeed a dependen
e of both thelongitudinal and the transverse radius on the transverse mass of the two-parti
le system, M2? = �m2T +mT1mT2 sinh2�y1 � y22 � : (45)



Bose�Einstein Correlations in Z Fragmentation and. . . 3949For a set of �reasonable� model parameters [91℄, the experimental results(same as in Fig. 10(a)) are reprodu
ed reasonably well. Note that the ex-perimental data are given at the threshold value of the 
orresponding M?at whi
h transverse momenta and rapidity di�eren
es are small 
omparedto the parti
le masses.The parameters are to be improved, but �? is 
losely related to the av-erage transverse momentum and Æ? has to be 
onsiderably larger than �?in the model to satisfy the un
ertainty prin
iple. Sin
e Æ? 
orresponds toa 
orrelation length between transverse momentum and transverse positionat freeze-out, this 
orrelation is rather weak. Nevertheless, it is su�
ient to
reate a strong variation of the transverse radius, and suggests the existen
eof an important �
olle
tive �ow�, even in the system of parti
les produ
edin e+e� annihilation! Note that strong spa
e�time momentum-spa
e 
orre-lations are expe
ted not only from hydrodynami
 expansion but also fromjet fragmentation.4.5. The multipli
ity (or density) dependen
eIn nu
leus�nu
leus experiments [92, 93℄, the radius r was found to in-
rease with in
reasing 
harged-parti
le multipli
ity n. By relating r to thesize of the overlap region of the two 
olliding parti
les, this in
rease 
an beunderstood in terms of the geometri
al model [94℄: a large overlap shouldimply a large multipli
ity. On the other hand, no eviden
e for a multipli
itydependen
e is found in hadron�nu
leus 
ollisions at 200 GeV/
 [95℄.After some time of 
onfusion, the n dependen
e is now 
lear for hadron�hadron 
ollisions. At energies belowps � 30 GeV (i.e. atps � 8 [96℄, 22 [97℄and 27 GeV [72℄) no n-dependen
e is observed for rG. At higher energies(last Ref. [98℄ and [71℄) an n-dependen
e starts to set in and to grow within
reasing energy (see Fig. 11(a)). At the highest ISR energy (ps = 62GeV) the in
rease is about 40% when the density in rapidity is doubled, butat ps = 31 GeV the in
rease is still very weak. The result is extended tops = 630 GeV by UA1 [99℄ and to 1800 GeV by E735 [100℄ in Fig. 11(b).At very large density, the in
rease of rG with in
reasing density is shownto extrapolate well to the heavy-ion results of NA35 [93℄ in Fig. 11(
). Thee�e
t is reprodu
ed in thermodynami
al and hydrodynami
al models. The� parameter, on the other hand, de
reases with in
reasing n (not shown).At the low-density side, the e�e
t is also observed in e+p 
ollisions byH1 [60℄ (
rosses in Fig. 11(b)). The results from e+e� experiments at lowerenergy [26,101℄ were 
onsistent with no multipli
ity dependen
e as expe
tedfrom the geometri
al model, but also for this type of 
ollisions a multipli
itydependen
e was �nally established at higher energy [77℄ (see Fig. 12(a)). At91 GeV, the radius rG is found to in
rease linearly with in
reasing multi-pli
ity n, showing a small but statisti
ally signi�
ant in
rease of about 10%for 10 � n � 40. As for hh-
ollisions, the 
haoti
ity parameter �G de
reaseswith in
reasing n.
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Fig. 11. (a) Radius rG of the pion sour
e as a fun
tion of 
harged-parti
le densityfor the energies indi
ated [98℄, b) same for p�p 
ollisions at 630 GeV [99℄ and 1800GeV [100℄, as well as e+p 
ollisions at 300 GeV [60℄, 
) Comparison of rG as afun
tion of 
harged-parti
le density �n=�� [99℄ with the results of relativisti
heavy-ion 
ollisions [93℄.
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e of �G and rG on the 
harged-parti
le multipli
ity n fore+e� 
ollisions at the Z mass, (b) same for two-jet events (solid points) and three-jet events (open points) [77℄.In Fig. 12(b), OPAL further shows that the multipli
ity dependen
e isstrongly redu
ed in separate samples of two-jet and three-jet events, theaverage value of rG, however, being 10% bigger for three-jet than for two-jetevents. Folding in the multipli
ity di�eren
e of two- and three-jet events,this at least partly explains the e�e
t as due to multi-jet produ
tion at higherenergies. The de
rease of � is larger in the 3-jet than in the 2-jet sample.As shown quantitatively in [102℄, it is 
ru
ial to study the normalized
umulants K2(Q) (Eq. (11)) rather than the normalized densities R2(Q)(Eq. (10)) in a density dependent analysis and to 
orre
t for a well-de�nedmultipli
ity-dependent bias due to the 
ut in the multipli
ity distribution(the point being that Kq 6= 0 for limited n, even in 
ase of independent emis-sion). In Fig. 13(a) and (b) [103℄, the bias-
orre
ted (so-
alled �internal�)
umulants are given for UA1 as a fun
tion of the inverse rapidity density,for small and large values of Q, respe
tively. The data show(i) a linear dependen
e (similar for like-
harged and unlike-
harged pairs),(ii) vanishing of the 
umulant at large density for large Q,(iii) approa
h towards a �nite limit for large density at small Q (where BE
orrelations are expe
ted to dominate).
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Fig. 13. Inverse density dependen
e of the bias-
orre
ted 
umulant at Q = 0:1 GeV(a) and Q = 7:0 GeV (b) for like-
harged pairs (full 
ir
les) and unlike-
hargedpairs (open 
ir
les). The 
rosses in (a) 
orrespond to �-values [103℄.The large-Q behavior [points (i) and (ii) above℄ is that expe
ted fromparti
le emission from N fully overlapping, identi
al but fully independentsour
es (e.g. strings). From the additivity of unnormalized 
umulants followsimmediately a dilution,K(N)q (y1; : : : ; yq) = NCq(y1; : : : ; yq)N qCq1(y1; : : : ; yq) = 1N (q�1)K(1)q (y1; : : : ; yq) ; (46)where K(N)q is the normalized 
umulant of the N -sour
e system, whileK(1)q is that of an individual sour
e (see also [104�106℄). This results ina normalized 
umulant inversely proportional to N or to the total densitydn=dy = Ndn(1)=dy, as observed in Fig. 13(b).At small Q (Fig. 13(a)), however, the normalized 
umulant approa
hesa 
onstant di�erent from zero at large densities. Naively, this would imply
orrelations between parti
les 
oming from di�erent sour
es, whi
h 
ould beinterpreted as inter-sour
e Bose�Einstein 
orrelations, would not a similare�e
t be observed for unlike-
harged pairs, as well. So also resonan
es playan important part. One has to keep in mind, however, that (46) only holdsfor full overlap of identi
al sour
es and that at Q � 0:1 GeV the overlap isfar from 
omplete and the number of sour
es limited.
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ollisions there is eviden
e that � does notdrop with in
reasing density for ever. Heavy-ion 
ollisions lead to � valuesqui
kly de
reasing with in
reasing density at lower densities (i.e. lower-A
ollisions). In agreement with the expe
tation for overlapping independentsour
es, � drops from 0.79 to 0.32 [107℄ from O�C to O�Cu, O�Ag and O�Au.In high-A 
ollisions, on the other hand, a saturation seems to set in [108,109℄.For S�Pb and Pb�Pb 
entral 
ollisions NA44 [73℄ quotes � = 0:56 and 0.59,respe
tively. Su
h a saturation and eventual in
rease of � would be expe
tedif the densely pa
ked strings of a heavy-ion 
ollision �nally 
oales
e until theyform a large single �reball (per
olation of strings) [109℄.4.6. The emission fun
tionAs has be
ome 
lear from the previous sub-se
tions, the 
orrelation mea-surements alone do not 
ontain the 
omplete information on the geometri
aland dynami
al parameters 
hara
terizing the evolution of the hadroni
 mat-ter. In parti
ular, BEC are not measuring the full geometri
al size of largeand expanding systems, sin
e that expansion results in strong 
orrelationsbetween spa
e�time and momentum spa
e. More 
omprehensive information
an be provided by a 
ombined analysis of data on two-parti
le 
orrelationsand single-parti
le in
lusive spe
tra [21, 87, 110�112℄.4.6.1. The formalismIn the framework of the hydrodynami
al model for three-dimensionallyexpanding 
ylindri
ally-symmetri
 systems [87℄, the emission fun
tion 
orre-sponds to a Boltzmann approximation of the lo
al momentum distribution.Within this model, the invariant single-parti
le spe
trum of pions in rapidityy and transverse mass mT is approximated byf(y;mT) = 1Nev dN�dydm2T= CmT� 
osh �s exp���2�2 � exp ��(y � y0)22�y2 � exp��mTT0 �� exp( huTi2(m2T �m2�)2T0[T0 + (huTi2 + h�TT i)mT℄) : (47)with �y2 = ��2 + T0mT ; (48)1��2� = 1��2 + mTT0 
osh �s ; (49)



3954 W. Kittel�s = y � y01 +��2mTT0 : (50)The width �y of the rapidity distribution given by (48) is determined bythe width �� of the longitudinal spa
e�time rapidity � distribution of thepion emitters and by the thermal smearing width pT0=mT, where T0 is thefreeze-out temperature (at the mean freeze-out time �f) at the axis of thehydrodynami
al tube, T0 = Tf(rT = 0). For the 
ase of a slowly expandingsystem one expe
ts �� � T0=mT, while for the 
ase of a relativisti
 lon-gitudinal expansion the geometri
al extension �� 
an be mu
h larger thanthe thermal smearing (provided mT > T0).Ex
ept for the inhomogeneity 
aused by the longitudinal expansion, (47)also 
onsiders the inhomogeneity related to the transverse expansion (withthe mean radial 
omponent huTi of hydrodynami
al four-velo
ity) and tothe transverse temperature inhomogeneity, 
hara
terized by the quantity��TT � = T0Trms � 1 ; (51)where Trms = Tf(rT = rT(rms)) is the freeze-out temperature at the trans-verse rms radius rT(rms) and at time �f .The power � in (47) is related [87℄ to the number d of dimensions inwhi
h the expanding system is inhomogeneous. For the spe
ial 
ase of theone-dimensional inhomogeneity (d = 1) 
aused by the longitudinal expan-sion, � = 1 � 0:5d = 0:5 (provided ��2 � T0=mT). The transverse inho-mogeneity of the system leads to smaller values of �. The minimum valueof � = �1 is a
hieved at d = 4 for the spe
ial 
ase of a three-dimensionallyexpanding system with temporal 
hange of lo
al temperature during theparti
le emission pro
ess.The parameter y0 in (47) denotes the midrapidity in the intera
tion 
.m.s.and 
an slightly di�er from 0 due to di�erent spe
ies of 
olliding parti
les.The parameter C is an overall normalization 
oe�
ient.Note that (47) yields the single-parti
le spe
tra of the 
ore (the 
en-tral part of the intera
tion that supposedly undergoes 
olle
tive expansion).However, also long-lived resonan
es 
ontribute to the single-parti
le spe
-tra through their de
ay produ
ts. Their 
ontribution 
an be determined inthe 
ore-halo pi
ture [70,113℄ by the momentum dependen
e of the strengthparameter �(y;mT) of the two-parti
le Bose�Einstein 
orrelation fun
tion.Experimentally, the parameter is however found to be approximately in-dependent of mT [114�116℄. Hen
e this 
orre
tion 
an be absorbed in theoverall normalization.The two-dimensional distribution (47) 
an be simpli�ed for one-dimen-sional sli
es [38, 87, 116℄:



Bose�Einstein Correlations in Z Fragmentation and. . . 39551. At �xed mT, the rapidity distribution redu
es to the approximateparametrization f(y;mT) = Cm exp ��(y � y0)22�y2 � ; (52)where Cm is an mT-dependent normalization 
oe�
ient and y0 is de-�ned above. The width parameter �y2 extra
ted for di�erent mT-sli
es is predi
ted to depend linearly on 1=mT, with slope T0 and in-ter
ept ��2 (
f. (48)).Note, that for stati
 �reballs or spheri
ally expanding shells (52) and(48) are satis�ed with �� = 0 [38℄. Hen
e, the experimental determi-nation of the 1=mT dependen
e of the �y parameter 
an be utilizedto distinguish between longitudinally expanding �nite systems versusstati
 �reballs or spheri
ally expanding shells.2. At �xed y, the m2T-distribution redu
es to the approximate parametri-zation f(y;mT) = Cym�T exp��mTTe�� ; (53)where Cy is a y-dependent normalization 
oe�
ient and � is de�nedas above.The y-dependent �e�e
tive temperature� Te�(y) 
an be approximated asTe�(y) = T�1 + a(y � y0)2 ; (54)where T� is the maximum of Te�(y) a
hieved at y = y0, anda = T0T�2m2�(��2 + T0m� )2 (55)with T0 and ��2 as de�ned above.The approximations (52) and (53) expli
itly predi
t a spe
i�
 narrowingof the rapidity and transverse mass spe
tra with in
reasingmT and y, respe
-tively (
f. (48) and (54)). The 
hara
ter of these variations is expe
ted [38℄to be di�erent for the various s
enarios of hadron matter evolution.4.6.2. The resultsThe �y2 values obtained from �ts of the NA22 data [116℄ by (52) aregiven as a fun
tion of 1=mT in Fig. 14(a). A �t to the widening of the rapiditydistribution (i.e. in
rease of �y2) with in
reasing 1=mT by (48) gives an



3956 W. Kittelinter
ept ��2 = 1:91� 0:12 and slope T0 = 159� 38 MeV. Thus, the widthof the y-distribution is dominated by the spatial (longitudinal) distributionof pion emitters (inherent to longitudinally expanding systems) and not bythe thermal properties of the hadron matter, as would be expe
ted for stati
or radially expanding sour
es. Sin
e ��2 is signi�
antly bigger than 0, stati
�reballs or spheri
ally expanding shells, able to des
ribe the two-parti
le
orrelation data in [115℄, fail to reprodu
e the single-parti
le spe
tra.(a)
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Fig. 14. (a) The (1=mT)-dependen
e of (�y)2 for in
lusive �� meson rapidity distri-butions at jyj < 1:5. The straight line is the �t result a

ording to parametrization(48). (b) Te� as a fun
tion of y �tted a

ording to parametrization (54) [116℄.The Te� values obtained from �ts of the same data by (53) are given as afun
tion of y in Fig. 14(b). Te�(y) tends to de
rease with in
reasing jyj andapproximately follows (54) with T� = 160 � 1 MeV, a = 0:083 � 0:007 andy0 = �0:065 � 0:039. Note, however, an asymmetry in the Te� distributionwith respe
t to y = 0: ex
ept for the last point, Te� is higher in the mesonthan in the proton hemisphere.The values of the exponential parameter � �tted in (53) are near zero,
orresponding to a two-dimensional inhomogeneity of the expanding system(� = 1 � 0:5d). One 
on
ludes, therefore, that apart from a longitudinalinhomogeneity 
aused by the relativisti
 longitudinal �ow, the hadron matter



Bose�Einstein Correlations in Z Fragmentation and. . . 3957also has a transverse inhomogeneity (
aused by transverse expansion or atransverse temperature gradient) or undergoes a temporal 
hange of lo
altemperature during the parti
le emission pro
ess.4.6.3. The transverse dire
tionFurther information on hadron�matter evolution in the transverse dire
-tion 
an be extra
ted from (47) with parameters huTi and h�TT i 
hara
teriz-ing the strength of the transverse expansion and temperature inhomogeneity.A moderate value of the mean transverse four-velo
ity huTi = 0:20 �0:07 indi
ates that the transverse inhomogeneity is mainly stipulated by therather large temperature inhomogeneity h�TT i = 0:71 � 0:14. Using (51),one infers that the freeze-out temperature de
reases from T0 = 140� 3 MeVat the 
entral axis of the hydrodynami
al tube to Trms = 82 � 7 MeV at aradial distan
e equal to the transverse rms radius of the tube.4.6.4. Combination with two-parti
le 
orrelationsDue to the non-stati
 nature of the sour
e, the e�e
tive size parametersrL; rout; rside vary with the average transverse mass �mT = 12(mT1 + mT2)and the average rapidity Y = 12(y1 + y2) of the pion pair. In the LCMS thee�e
tive radii 
an be approximated [38, 87, 111℄ byr2L = �2f ��2� ; (56)r2out = r2� + �2T��2� ; (57)r2side = r2� (58)with 1��2� = 1��2 + �mTT0 ; (59)r2� = r2g1 + �mTT0 (huTi2 + h�TT i) ; (60)where the parameters ��2; T0; huTi and h�TT i are de�ned and estimatedfrom the invariant spe
tra above; rg is related to the transverse geometri-
al rms radius of the sour
e as rg(rms) = p2rg; �f is the mean freeze-out(hadronization) time; ��� is related to the duration ��f of pion emissionand to the temporal inhomogeneity of the lo
al temperature. If the latterhas a small strength (as one 
an dedu
e from the restri
ted inhomogeneitydimension estimated above), an approximate relation ��f � ��� holds. Thevariable �T is the transverse velo
ity of the pion pair.



3958 W. KittelUsing (56) and (59) with T0 = 140 � 3 MeV and ��2 = 1:85 � 0:04,together with rL �tted in di�erent �mT ranges, one �nds a mean freeze-outtime of �f = 1:4� 0:1 fm/
.The transverse-plane radii rout and rside measured in [115℄ for the whole�mT range are: rout = 0:91�0:08 fm and rside = 0:54�0:07 fm. Substitutinginto (57) and (58), one obtains (at �T = 0:484
 [115℄): ��� = 1:3 � 0:3fm/
. Sin
e the mean duration time of pion emission 
an be estimated as��f � ���, the data grant ��f � �f . A possible interpretation is that inmeson-proton 
ollisions the radiation pro
ess o

urs during almost all thehydrodynami
al evolution of the hadroni
 matter produ
ed.An estimation for the parameter rg 
an be obtained from (58) and (60)using the quoted values of rside; T0; huTi and h�TT i. The geometri
al rmstransverse radius of the hydrodynami
al tube, rg(rms) = p2rg = 1:2 � 0:2fm, turns out to be larger than the proton rms transverse radius.The set of parameters of the 
ombined analysis of single-parti
le spe
traand Bose�Einstein 
orrelations in (�+=K+)p 
ollisions [116℄ is 
ompared tothat obtained [117℄ from averaging over Pb+Pb experiments (NA49, NA44and WA98) in Table III. TABLE IIIFit parameters of the Buda�Lund Hydro (B�LH) model in a 
ombined analysis ofNA22 [116℄, NA49, NA44, WA98 [117℄ spe
tra and 
orrelation data.Param. NA22 Heavy ionaveragedT0 [MeV℄ 140� 3 139� 6huTi 0:20� 0:07 0:55� 0:06rg [fm℄ 1:2� 0:2 7:1� 0:2�f [fm/
℄ 1:4� 0:1 5:9� 0:6��f [fm/
℄ 1:3� 0:3 1:6� 1:5�� 1:36� 0:02 2:1� 0:4h�TT i 0:71� 0:14 0:06� 0:05y0 0:082� 0:006 0 (�xed)



Bose�Einstein Correlations in Z Fragmentation and. . . 3959The temperature T0 near 140 MeV 
omes out surprisingly similar for hhand PbPb 
ollisions. The geometri
al radius rg and the mean freeze-out time�f are of 
ourse larger for PbPb than for hh 
ollisions, but surprising is thesimilarity of the duration ��f of emission in both. The fa
t that ��f � �fin hh 
ollisions, indi
ates that the radiation pro
ess o

urs during all theevolution of hadroni
 matter in this type of 
ollisions. On the other hand,��f < �f for PbPb 
ollisions suggests that there the radiation pro
ess onlysets in at the end of the evolution. Other important di�eren
es are the largetransverse �ow velo
ity huTi and small transverse temperature gradient inPbPb as 
ompared to hh 
ollisions.4.6.5. The spa
e�time distribution of � emissionFigure 15(a) gives a re
onstru
tion of the spa
e�time distribution of pionemission points [116℄, expressed as a fun
tion of the 
ms time variable tand the 
ms longitudinal 
oordinate z. The momentum-integrated emissionfun
tion along the z-axis, i.e., at (x; y) = (0; 0) is given byS(t; z) / exp��(� � �f)22��2f � exp��(� � y0)22��2 � : (61)It relates the parameters �tted to the NA22 data with parti
le produ
-tion in spa
e�time. Note that the 
oordinates (t; z), 
an be expressed withthe help of the longitudinal proper-time � and spa
e�time rapidity � as(� 
osh �; � sinh�).One �nds a stru
ture resembling a boomerang, i.e., parti
le produ
tiontakes pla
e 
lose to the regions of z = t and z = �t, with gradually de
reas-ing probability for ever larger values of spa
e�time rapidity. Although themean proper-time for parti
le produ
tion is �f = 1:4 fm/
, and the dispersionof parti
le produ
tion in spa
e�time rapidity is rather small (�� = 1:36), a
hara
teristi
 long tail of parti
le emission is observed on both sides of thelight-
one, giving more than 40 fm longitudinal extension in z and 20 fm/
duration of parti
le produ
tion in the time variable t.An, at �rst sight, similar behavior is seen in Fig. 15(
) for PbPb 
olli-sions [117℄. An important quantitative di�eren
e is, however, that parti
leemission starts immediately in hadron�hadron 
ollision, but only after about4�5 fm/
 in PbPb 
ollisions!The information on huTi and h�TT i from the analysis of the transversemomentum distribution 
an be used to re
onstru
t the details of the trans-verse density pro�le. An exa
t, non-relativisti
 hydro solution was found[119℄ using an ideal gas equation of state. In this hydro solution, both��TT � ? mhuTi2T0 ; (62)
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Fig. 15. The re
onstru
ted emission fun
tion S(t; z) in arbitrary verti
al units, asa fun
tion of time t and longitudinal 
oordinate z (left diagrams), as well as there
onstru
ted emission fun
tion S(x; y) in arbitrary verti
al units, as a fun
tion ofthe transverse 
oordinates x and y (right pi
tures), for hh (upper pi
tures) andPbPb (lower pi
tures) 
ollisions, respe
tively [116�118℄.are possible. The < sign 
orresponds to a self-similar expanding �re-ball,while the > sign 
orresponds to a self-similar expanding ring of �re (seeFig. 16).Assuming the validity of this non-relativisti
 solution, one 
an re
on-stru
t the detailed shape of the transverse density pro�le. The result lookslike a ring of �re in the x; y plane in hh intera
tions (Fig. 15(b)), while inPbPb 
ollisions it has a Gaussian shape (Fig. 15(d)).The formation of a ring of �re in hh 
ollisions is due to the rather smalltransverse �ow and the sudden drop of the temperature in the transversedire
tion, whi
h leads to large pressure gradients in the 
enter and smallpressure gradients and a density augmentation at the expanding radius of the�re-ring. This transverse distribution, together with the s
aling longitudinalexpansion, 
reates an elongated, tube-like sour
e in three dimensions, withthe density of parti
le produ
tion being maximal on the surfa
e of the tube.
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Fig. 16. Illustration of the development of smoke-ring solutions for large tempera-ture gradients in exa
t solutions of non-relativisti
 hydrodynami
s [119℄.The pion emission fun
tion S(x; y) for PbPb 
ollisions, on the otherhand, 
orresponds to the radial expansion, whi
h is a well established phe-nomenon in heavy-ion 
ollisions from low-energy to high-energy rea
tions.This transverse distribution, together with the s
aling longitudinal expan-sion, 
reates a 
ylindri
ally symmetri
, large and transversally homogeneous�reball, expanding three-dimensionally with a large mean radial 
omponenthuTi of hydrodynami
al four-velo
ity.Be
ause of this large di�eren
e observed for those two types of 
ollision,analysis of the emission fun
tion in e+e� 
ollisions is of 
ru
ial importan
efor the understanding of the a
tual WW overlap and has been started.4.7. The �0�0 systemIn a string model, unlike ����-pairs, pairs of prompt �0's 
an be emit-ted in adja
ent string break-ups. In momentum spa
e, the 
orrelation fun
-tion is, therefore, expe
ted to be wider for neutral pions than for 
hargedones. Neutral pions, furthermore, do not su�er from Coulomb repulsion.However, the dete
tion of several �0's in one event requires high e�
ien
yof 
-dete
tion in a wide energy range and geometri
al a

eptan
e. Further-more, the 
orrelation fun
tion at small Q is strongly in�uen
ed by resonan
ede
ays as � ! �0�0�0, �0 ! �0�0�, K0S; f0 ! �0�0 and other �nal-stateintera
tions [120℄.First eviden
e for Bose�Einstein 
orrelations in �0�0 pairs was foundin [121℄. In a �rst measurement of the radius in ��Xe intera
tions at 3.5 GeV[122℄, the size of the �0 emission region was found 
ompatible with that for
harged pions.



3962 W. KittelThe question was taken up again by L3 [123℄, where both rG and � arefound to be on the low side when 
ompared to the ���� results obtainedunder the same experimental 
onditions. The di�eren
e in � 
an at leastpartially be explained by the 
ontribution of resonan
es. The di�eren
e insize parameter is r�� � r00 = 0:150 � 0:075 � 0:068 fm.4.8. Higher-order Bose�Einstein 
orrelations4.8.1. The formalismIt is 
onvenient to use the normalized in
lusive density and 
orrelationfun
tions already de�ned in Eqs.(10) and (11). The normalized in
lusivedensity for two identi
al pions isR2(1; 2) = 1 +K2(1; 2) : (63)In the limit of a 
ompletely 
haoti
 and stati
 pion sour
e, K2(1; 2) redu
esto the square of the Fourier transform F (p1�p2; E1�E2) of the spa
e�timedistribution of the sour
e, K2(1; 2) = jF (1; 2)j2; where pi and Ei (i = 1; 2)are the three-momentum and energy of pion i, respe
tively.If the Gaussian parametrization is used for jF (Q22)j2, then one hasK2(Q22) = jF (Q22)j2 = exp(�r2GQ22) : (64)In terms of the Qij variables and for the 
ase of a 
ompletely 
haoti
sour
e, the normalized in
lusive three-pion density is [124, 125℄R3(1; 2; 3) = 1 + jF (Q212)j2 + jF (Q223)j2 + jF (Q231)j2+2RefF (Q212)F (Q223)F (Q231)g ; (65)so that the genuine three-parti
le 
orrelation readsK3(1; 2; 3) = 2RefF (Q212)F (Q223)F (Q231)g : (66)In general, the genuine three-parti
le 
orrelation K3(1; 2; 3) is not ex-pressed 
ompletely in terms of the two-parti
le 
orrelation fun
tion (64),but 
ontains also new information on the phase �ij of the Fourier transformof the sour
e, 
os� = K3(1; 2; 3)2pK2(1; 2)K2(2; 3)K2(3; 1) ; (67)with � � �12 + �23 + �31 being a fun
tion of Qij and 
os�! 1 as Qij ! 0.Geometri
al asymmetry in the produ
tion me
hanism (emission fun
tion)due to �ow or resonan
e de
ays will only lead to small (few per
ent) re-du
tion of 
os� from unity [126℄. Equation (67) is not valid for (partially)



Bose�Einstein Correlations in Z Fragmentation and. . . 3963
oherent sour
es and more 
ompli
ated expressions are needed [126℄. If 
os�
onsiderably di�ers from unity at Qij > 0, one 
an infer that partial 
oher-en
e is present (or, alternatively, that K3 is suppressed due to dilution inthe 
ase of many independent sour
es!).To the extent that phase fa
tors may be negle
ted and the Gaussianapproximation would hold, K3 is related to K2 via the expressionK3(Q23) = 2 exp(�r22 Q23) = 2qK2(Q23) (68)with Q23 � Q2123 = (P1 + P2 + P3)2 � 9M2� = Q212 +Q213 +Q223 : (69)4.8.2. Genuine three-parti
le 
orrelationsNon-zero genuine 
orrelations up to order q = 5 were �rst established bythe NA22 
ollaboration [127℄ in terms of 
umulant moments. So they mustshow up here, as well. The fun
tion K3(Q23) + 1 is given in Fig. 17(a). Anon-zero K3 is indeed observed in the data for Q23� < 0:2 (GeV/
)2 [61℄, butnot in FRITIOF.Both observations, the existen
e of genuine three-parti
le 
orrelationsand the underestimate in JETSET are supported by DELPHI [128℄. InFig. 17(b), the three-parti
le 
orrelation fun
tion K3 + 1 is shown for like-
harged triplets (upper) and unlike-
harged triplets (lower), respe
tively,together with the predi
tion of JETSET with and without BE 
orrelations.The parameters used to in
lude the BE 
orrelations are the same as in thetwo-parti
le 
orrelation study of DELPHI [30℄. The model is in reasonableagreement with the data for the (+ + �) and (+ � �) 
on�gurations butunderestimates the enhan
ement for the (+ ++) and (���) 
orrelations.Bose�Einstein interferen
e in JETSET not only 
hanges the distributionof like-sign 
orrelations, but also the unlike-sign ones and leads to betteragreement with the data.Statisti
ally a better eviden
e for genuine three-parti
le BE 
orrelationsnow 
omes from OPAL [129℄. This is shown in Fig. 17(
), together witha Gaussian �t over the range 0:25 < Q3 < 2:0 GeV, giving r3 = 0:580 �0:004 � 0:025 fm and �3 = 0:504 � 0:010 � 0:041. Within two standarddeviations, the value for r3 agrees with the relation r3 = r2=p2 (see (68))when 
ompared to r2 obtained in [77℄.The question is, whether the observed genuine three-parti
le 
orrelation
an be fully expressed in terms of the simple produ
t of two-parti
le 
orre-lation fun
tions a

ording to (68), or whether information 
an be extra
tedon the relative phases of (66). If relation (68) holds, the fun
tion 1+K3(Q23)
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Fig. 17. (a) The normalized three parti
le 
orrelation fun
tion K3(Q23) added to 1.The full line is the result of a �t by (70), the dashed line 
orresponds to FRITIOFresults [61℄. (b) The fun
tionK3(Q)+1 for like-sign triplets and unlike-sign triplets.The predi
tions of JETSET without BE (dashed line) and with BE 
orrelations(full line) are also shown [128℄. (
) Like-sign triplets after Coulomb 
orre
tion, witha Gaussian �t (solid line) [129℄.
an be des
ribed by the parameters r2 = 0:85�0:01 fm and �2 = 0:38�0:02dedu
ed from the �t of the normalized two-parti
le density R2(Q22):K3(Q23) + 1 = 
[1 + 2�3=22 exp(�12r22Q23)℄(1 + ÆQ23) : (70)Within the errors of NA22, the resulting parameters r2 and �2 do not 
ontra-di
t those of the two-parti
le 
orrelations and, therefore, are 
onsistent withEq. (67) and, therefore, with in
oherent produ
tion of pions. DELPHI andOPAL unfortunately did not make use of this possibility, but L3 did [131℄.
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os� (Eq. (67)) as a fun
tion of Q3 for the 
ase that the
umulants K2 and K3 are parametrized in terms of a �rst-order Edgeworthexpansion of a Gaussian. The L3 result is 
onsistent with 
os� = 1 for allQ3 and, therefore, with full in
oheren
e.
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os� as a fun
tion of Q3 assuming R2 is des
ribed by the �rst-orderEdgeworth expansion of the Gaussian [131℄.Three-pion 
orrelations have also been studied in heavy-ion 
ollisions[132, 133℄ and h
os�i = 0:20 � 0:02 � 0:19, i.e. no genuine three-parti
le
orrelations are found outside the (large) errors for SPb [133℄. The authorsinterprete this result as eviden
e for partial 
oheren
e [133℄.What is parti
ularly remarkable, however, is that the same experiment(NA44) with the same methodology �nds an average h
os�i = 0:85�0:02�0:21 for PbPb 
ollisions [133℄ and that this is supported by a value ofh
os�i = 0:606 � 0:005 � 0:179 earlier reported by WA98 [132℄.So, if we trust NA44 (and I have no reason not to) and try to sti
k with
onventional pion interferometry, we end with a beautiful dilemma:(i) e+e� 
ollisions are 
onsistent with fully in
oherent pion produ
tion(
os � � 1)!(ii) SPb 
ollisions are 
onsistent with 
oherent produ
tion (
os� � 0)!(iii) PbPb is somewhere in between!
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ould not be more opposite to any reasonable expe
tation from 
on-ventional interferometry [134℄. The hint for an alternative interpretation
omes from a 
omparison of Eqs. (67) and (46). What 
onventional inter-ferometry 
alls the 
osine of a phase has in fa
t nothing to do with a phase.It is simply the ratio of K3 and twi
e K3=22 . It may be a 
hallenge for thestring model to explain why this is unity for an e+e� string. If that 
anbe explained, the rest looks easy and very mu
h in line with the behaviorof the strength parameter � dis
ussed at the end of Se
t. 4.5: The ratio
os� � K3=2K3=22 de
reases with the number of independent sour
es N likeN2=2N3=2 / N1=2. As � does, it de
reases with in
reasing atomi
 massnumber A up to SPb 
ollisions. The saturation or in
rease of � at andabove this A has been explained by per
olation [109℄ of strings in Se
t. 4.5.Exa
tly the same explanation 
an be used to understand an in
rease of theratio (not the phase!) 
os� between SPb and PbPb 
ollisions.5. Con
lusionsIn view of possible inter-W Bose�Einstein Correlations distorting fullyhadroni
 WW �nal states in e+e� 
ollisions, the state of the art has beensummarized on Bose�Einstein 
orrelations in Z fragmentation. Where not(yet) available from the Z, information has been borrowed from other typesof rea
tions. We 
onsider this experimental information a major 
hallengeto existing and future models.1. Bose�Einstein 
orrelations de�nitely exist in Z fragmentation. Thereis no reason that they should not exist within a single W (intra-WBEC). To understand possible presen
e or absen
e of BEC betweenpions originating from di�erent W 's (inter-W BEC), profound knowl-edge of BEC in the high statisti
s Z fragmentation data is obligatory.2. The 
orrelation is far from spheri
ally symmetri
. The 
orrelation do-main (de�ned by the lengths of homogeneity in three spa
e dire
tions)is elongated along the event axis. Be
ause of strong spa
e-momentum
orrelations, this elongation is small, however, as 
ompared to thelength of the total string.3. The 
orrelation is far from Gaussian. Good results have been obtainedwith an Edgeworth expansion, but even power-law behavior is notex
luded.4. A 1=pmT s
aling �rst observed in heavy-ion 
ollisions is now alsoobserved in Z fragmentation and may suggest a �transverse� �ow eventhere.
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orrelations in high-multipli
ity hh and AA 
ollisions sug-gests the la
k of 
ross talk between neighboring strings at low densityof strings, but per
olation may set in at the highest densities.6. The full emission fun
tion in spa
e�time 
an be extra
ted from a 
om-bination of in
lusive single-parti
le distributions and BE 
orrelationfun
tions. So far, this has only be done in hh and AA 
ollisions, inthe framework of a model for three-dimensional hydrodynami
 expan-sion. While a Gaussian shaped �reball is observed for AA 
ollisions,a �retube is observed for hh 
ollisions. A study of e+e� 
ollisions isunder way.7. Consistently with the expe
tation from the string model, the radiusfor �0�0 
orrelations is found to be smaller than that for ���� 
orre-lations.8. Genuine three-parti
le 
orrelations exist in Z fragmentation and, a
-
ording to 
onventional interpretation, would allow to extra
t a �phase�unmeasurable in two-parti
le 
orrelations. The resulting zero phase ine+e� is 
onsistent with what would be expe
ted for fully in
oherentemission. Comparison to the results obtained for heavy-ion 
ollisions,however, raises doubts on the 
onventional interpretation.I would like to thank the organizers and in parti
ular Andrzej Biaªas fortheir kind invitation to a most pleasant meeting and Tamas Csörg® for alarge number of edu
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