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4014 Stanley J. Brodsky1. IntrodutionProgress in the development and testing of quantum hromodynamiswill require a detailed understanding of hadron proesses at the amplitudelevel. For example, exlusive B-meson deays depend ritially on the wave-funtion of the B as well as the �nal-state hadroni wavefuntions. Spinorrelations, suh as single-spin asymmetries in hard QCD reations, re-quire an understanding of the phase struture of hadron amplitudes, physiswell beyond that ontained in probability distributions.One of the hallenges of relativisti quantum �eld theory is to omputethe wavefuntions of bound states, suh as the amplitudes whih determinethe quark and gluon substruture of hadrons in quantum hromodynamis.However, any extension of the Heisenberg�Shrödinger formulation of quan-tum mehanis Hj i = i ��t j i = Ej i to the relativisti domain has toonfront seemingly intratable hurdles: (1) quantum �utuations prelude�nite partile-number wavefuntion representations; (2) the harged parti-les arising from the quantum �utuations of the vauum ontribute to thematrix element of urrents � thus knowledge of the wavefuntions aloneis insu�ient to determine observables; and (3) the boost of an equal-timewavefuntion from one Lorentz frame to another not only hanges parti-le number, but is as ompliated a dynamial problem as solving for thewavefuntion itself.In 1949, Dira [1℄ made the remarkable observation that ordinary �in-stant� time t is not the only possible evolution parameter. In fat, evolutionin �light-front� time � = t+z= = x+ has extraordinary advantages for rela-tivisti systems, stemming from the fat that 7 out of the 10 Poinaré genera-tors, inluding a Lorentz boostK3, are kinematial (interation-independent)when one quantizes a theory at �xed light-front time.The light-front �xes the initial boundary onditions of a omposite sys-tem as its onstituents are interepted by a light-wave evaluated on thehyperplane x+ = t+ z=. In ontrast, determining an atomi wavefuntionat a given instant t = t0 requires measuring the simultaneous satteringof Z photons on the Z eletrons. In fat, the Fok-state representation ofbound states de�ned at equal light-one time, i.e., along the light-front, pro-vides wavefuntions of �xed partile number whih are independent of theeigenstate's four-momentum P �: Furthermore, quantum �utuations of thevauum are absent if one uses light-front time to quantize the system, sothat matrix elements suh as the eletromagneti form fators only dependon the urrents of the onstituents desribed by the light-one wavefun-tions. I will use here the notation A� = (A+; A�; A?); where A� = A0�Azand the metri A � B = 12 (A+B� +A�B+)�A? �B?:
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Fig. 1. Dira's three forms of Hamiltonian dynamis. From Ref. [2℄.In Dira's �Front Form�, the generator of light-front time translations isP� = i ��� : Boundary onditions are set on the transverse plane labeled by x?and x� = z�t: See Fig. 1. Given the Lagrangian of a quantum �eld theory,P� an be onstruted as an operator on the Fok basis, the eigenstates ofthe free theory. Sine eah partile in the Fok basis is on its mass shell,k� � k0 � k3 = k2?+m2k+ ; and its energy k0 = 12 (k+ + k�) is positive, onlypartiles with positive momenta k+ � k0+k3 � 0 an our in the Fok basis.Sine the total plus momentum P+ = Pn k+n is onserved, the light-onevauum annot have any partile ontent. The operator HLC = P+P��P 2?;the �light-one Hamiltonian�, is frame-independent.The Heisenberg equation on the light-front isHLCj	i =M2j	i : (1)This an in priniple be solved by diagonalizing the matrix hnjHLCjmi onthe free Fok basis: [2℄Xm hnjHLCjmi hmj i =M2 hnj	i : (2)For example the interation terms of QCD are illustrated in Fig. 2. Theeigenvalues fM2g of HLC = H0LC + VLC give the squared invariant massesof the bound and ontinuum spetrum of the theory. The light-front Fokspae is the eigenstates of the free light-front Hamiltonian; i.e., it is a Hilbert
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Fig. 2. The front-form matrix of QCD interations in light-one gauge. Up to eightonstituents in a meson are shown. From Ref. [2℄ and H. C. Pauli.spae of non-interating quarks and gluons, eah of whih satisfy k2 = m2and k� = m2+k2?k+ � 0: The projetions fhnj	ig of the eigensolution on then-partile Fok states provide the light-front wavefuntions. Thus solving aquantum �eld theory is equivalent to solving a oupled many-body quantummehanial problem:"M2 � nXi=1 m2?ixi # n =Xn0 Z 
njVLCjn0� n0 ; (3)where the onvolution and sum is understood over the Fok number, trans-verse momenta, plus momenta, and heliity of the intermediate states. Herem2? = m2 + k2?: An essentially equivalent approah to light-front quanti-zation, pioneered by Weinberg [3, 4℄, is to evaluate the equal-time theoryfrom the perspetive of an observer moving in the negative ẑ diretion witharbitrarily large momentum Pz ! �1: The light-one fration x = k+p+ ofa onstituent an be identi�ed with the longitudinal momentum x = kzP zin a hadron moving with large momentum P z: Light-front wavefuntionsare also related to momentum�spae Bethe�Salpeter wavefuntions by inte-grating over the relative momenta k� = k0 � kz sine this projets out thedynamis at x+ = 0:We an ompare the light-front Fok expansion with the n-partileShrödinger momentum spae wavefuntion  N (~pi) of a omposite system is



QCD Phenomenology and Light-Front Wavefuntions 4017the projetion of the exat eigenstate of the equal-time Hamiltonian on then-partile states of the non-interating Hamiltonian, the Fok basis. It repre-sents the amplitude for �nding the onstituents with three-momentum ~pi, or-bital angular momentum, and spin, subjet to three-momentum onservationand angular momentum sum rules. The onstituents are on their mass shell,Ei = q~p 2i +m2i but do not onserve energy Pni=1Ei > E = p~p 2 +M2.However, in a relativisti quantum theory, a bound-state annot be repre-sented as a state with a �xed number of onstituents. For example, theexistene of gluons whih propagate between the valene quarks neessarilyimplies that the hadron wavefuntion must desribe states with an arbitrarynumber of gluons. Thus a hadroni wavefuntion must desribe �utua-tions in partile number n, as well as momenta and spin. One has to takeinto aount �utuations in the wavefuntion whih allow for any numberof sea quarks, as long as the total quantum numbers of the onstituents areompatible with the overall quantum numbers of the baryon.It is espeially onvenient to develop the light-front formalism in thelight-one gauge A+ = A0 + Az = 0. In this gauge the A� �eld beomesa dependent degree of freedom, and it an be eliminated from the gaugetheory Hamiltonian, with the addition of a set of spei� instantaneous light-front time interations. In fat in QCD(1 + 1) theory, this instantaneousinteration provides the on�ning linear x� interation between quarks. In3+1 dimensions, the transverse �eld A? propagates massless spin-one gluonquanta with polarization vetors [5℄ whih satisfy both the gauge ondition"+� = 0 and the Lorentz ondition k � " = 0. Thus no extra ondition on theHilbert spae is required.In QCD, the wavefuntion of a hadron desribes its omposition in termsof the momenta and spin projetions of quark and gluon onstituents. Forexample, the eigensolution of a negatively-harged meson QCD, projetedon its olor-singlet B = 0, Q = �1, Jz = 0 eigenstates fjnig of the freeHamiltonian HQCDLC (g = 0) at �xed � = t� z= has the expansion:���	M ;P+; ~P?; �E = Xn�2;�iZ nYi=1 d2k?idxipxi16�3 16�3Æ0�1� nXj xj1A Æ(2) nX̀~k?`!� ���n;xiP+; xi ~P? + ~k?i; �iE n=M (xi; ~k?i; �i) : (4)The set of light-front Fok state wavefuntions f n=Mg represent the en-semble of quark and gluon states possible when the meson is intereptedat the light-front. The light-front momentum frations xi = k+i =P+� =(k0 + kzi )=(P 0 + P z) with Pni=1 xi = 1 and ~k?i with Pni=1 ~k?i = ~0? repre-



4018 Stanley J. Brodskysent the relative momentum oordinates of the QCD onstituents and areindependent of the total momentum of the state.Remarkably, the light-front wavefuntions  n=p(xi; ~k?i; �i) are indepen-dent of the proton's momentum P+ = P 0 + P z, and P?. Thus one onehas solved for the light-front wavefuntions, one an ompute hadron matrixelements of urrents between hadroni states of arbitrary momentum. Theatual physial transverse momenta are ~p?i = xi ~P? + ~k?i: The �i label thelight-front spin Sz projetions of the quarks and gluons along the quanti-zation z diretion. The spinors of the light-front formalism automatiallyinorporate the Melosh�Wigner rotation. The physial gluon polarizationvetors "�(k; � = �1) are spei�ed in light-one gauge by the onditionsk �" = 0; � �" = "+ = 0: The parton degrees of freedom are thus all physial;there are no ghost or negative metri states.The light-front representation thus provides a frame-independent, quan-tum-mehanial representation of a hadron at the amplitude level, apableof enoding its multi-quark, hidden-olor and gluon momentum, heliity,and �avor orrelations in the form of universal proess-independent hadronwavefuntions.Angular momentum has simplifying features in the light-front formalismsine the projetion Jz is kinematial and onserved. Eah light-front Fokwavefuntion satis�es the angular momentum sum rule:Jz = nXi=1 Szi + n�1Xj=1 lzj :The sum over Szi represents the ontribution of the intrinsi spins of the nFok state onstituents. The sum over orbital angular momentalzj = �i k1j ��k2j � k2j ��k1j ! (5)derives from the n � 1 relative momenta. This exludes the ontributionto the orbital angular momentum due to the motion of the enter of mass,whih is not an intrinsi property of the hadron. The numerator strutureof the light-front wavefuntions is in large part determined by the angularmomentum onstraints.If one imposes periodi boundary onditions in x� = t+z=, then the plusmomenta beome disrete: k+i = 2�L ni; P+ = 2�L K, where Pi ni = K [6, 7℄.For a given �harmoni resolution� K, there are only a �nite number of wayspositive integers ni an sum to a positive integer K. Thus at a given K, thedimension of the resulting light-front Fok state representation of the bound



QCD Phenomenology and Light-Front Wavefuntions 4019state is rendered �nite without violating Lorentz invariane. The eigensolu-tions of a quantum �eld theory, both the bound states and ontinuum solu-tions, an then be found by numerially diagonalizing a frame-independentlight-front Hamiltonian HLC on a �nite and disrete momentum-spae Fokbasis. Solving a quantum �eld theory at �xed light-front time � thus anbe formulated as a relativisti extension of Heisenberg's matrix mehanis.The ontinuum limit is reahed for K ! 1: This formulation of the non-perturbative light-front quantization problem is alled �Disretized Light-Cone Quantization� (DLCQ) [7℄. Lattie gauge theory has also been usedto alulate the pion light-front wavefuntion [8℄.The DLCQ method has been used extensively for solving one-spae andone-time theories [2℄, inluding appliations to supersymmetri quantum�eld theories [9℄ and spei� tests of the Maldaena onjeture [10℄. Therehas been progress in systematially developing the omputation and renor-malization methods needed to make DLCQ viable for QCD in physial spae-time. For example, John Hiller, Gary MCartor, and I [11℄ have shown howDLCQ an be used to solve 3+1 theories despite the large numbers of degreesof freedom needed to enumerate the Fok basis. A key feature of our work isthe introdution of Pauli�Villars �elds to regulate the UV divergenes andperform renormalization while preserving the frame-independene of the the-ory. A reent appliation of DLCQ to a 3 + 1 quantum �eld theory withYukawa interations is given in Ref. [11℄. There has also been importantprogress using the transverse lattie, essentially a ombination of DLCQ in1+1 dimensions together with a lattie in the transverse dimensions [12�14℄.One an also de�ne a trunated theory by eliminating the higher Fok statesin favor of an e�etive potential [15℄. Spontaneous symmetry breaking andother nonperturbative e�ets assoiated with the instant-time vauum arehidden in dynamial or onstrained zero modes on the light-front. An intro-dution is given in Refs. [16, 17℄.Beause of their Lorentz invariane, it is partiularly easy to write downexat expressions for matrix elements of urrents and other loal operators,even the ouplings of gravitons. In fat as I disuss in Setion 3, one anshow that the anomalous gravito-magneti moment B(0), analogous to F2(0)in eletromagneti urrent interations, vanishes identially for any system,omposite or elementary [18℄. This important feature whih follows in gen-eral from the equivalene priniple, is obeyed expliitly in the light-frontformalism.The set of light-front wavefuntions provide a frame-independent, quan-tum-mehanial desription of hadrons at the amplitude level apable ofenoding multi-quark and gluon momentum, heliity, and �avor orrelationsin the form of universal proess-independent hadron wavefuntions. Matrixelements of spaelike urrents suh as the spaelike eletromagneti form



4020 Stanley J. Brodskyfators have an exat representation in terms of simple overlaps of the light-front wavefuntions in momentum spae with the same xi and unhangedparton number [19�21℄. The measurement and interpretation of the ba-si parameters of the eletroweak theory and CP violation depends on anunderstanding of the dynamis and phase struture of B deays at the am-plitude level. The light-front Fok representation is speially advantageousin the study of exlusive B deays. For example, we an write down anexat frame-independent representation of deay matrix elements suh asB ! D`� from the overlap of n0 = n parton onserving wavefuntions andthe overlap of n0 = n � 2 from the annihilation of a quark�antiquark pairin the initial wavefuntion [22℄. The handbag ontribution to the leading-twist o�-forward parton distributions measured in deeply virtual Comptonsattering have a similar light-front wavefuntion representation as overlapintegrals of light-front wavefuntions [23, 24℄. I will review this appliationin Setions 3 and 4.Fatorization theorems have reently been proven whih allow one torigorously ompute ertain types of exlusive B deays in terms of the light-front wavefuntions and distribution amplitudes of B meson and the �nalstate hadrons. The proofs are similar to those used in the analysis of exlu-sive amplitudes involving large momentum transfer. I review this topi inSetion 5 and 6.In priniple, the light-front wavefuntions ontain �utuations of stateswith arbitrary number of quark and gluon partons. For example, ontainshigher Fok states suh as uudss > and uud > whih are intrinsi to thephysis of the proton itself; i.e., they are multi-onneted to the valenequarks and are not generated by gluon splitting. A rigorous analysis of themomentum fration and spin arried by intrinsi heavy quarks reently beengiven by Franz et al. [25℄. These quantities sale nominally as 1=m2Q in non-Abelian gauge theory, in striking ontrast to the 1=m4Q saling whih followsfrom the Euler�Heisenberg Lagrangian in QED. In general, the intrinsi seain the proton is asymmetri between the Q(x) and Q(x) distributions, inontrast to the near symmetry of quark and antiquark distributions gener-ated by DGLAP evolution.The fat that the B meson ontains Fok states with intrinsi strangenessand harm leads to a number of new phenomena in exlusive B deays. Inpartiular, sine the harm quarks an failitate weak interations, one anevade the CKM hierarhy. Susan Gardner and I have shown that the olorotet intrinsi harm Fok omponents of the B meson an give signi�antmodi�ations of standard preditions for hannels suh as B ! ��. I willreview this in Setion 8.The quark and gluon probability distributions qi(x;Q) and g(x;Q) of ahadron an be omputed from the absolute squares of the light-front wave-



QCD Phenomenology and Light-Front Wavefuntions 4021funtions, integrated over the transverse momentum up to the resolutionsale Q. All heliity distributions are thus enoded in terms of the light-front wavefuntions. The DGLAP evolution of the struture funtions anbe derived from the high k? properties of the light-front wavefuntions.Thus given the light-front wavefuntions, one an ompute [5℄ all of theleading twist heliity and transversity distributions measured in polarizeddeep inelasti lepton sattering. For example, the heliity-spei� quarkdistributions at resolution � orrespond toq�q=�p(x;�) =Xn;qa Z nYj=1 dxjd2k?j16�3 X�i j (�)n=H(xi; ~k?i; �i)j2�16�3Æ 1� nXi xi! Æ(2) nXi ~k?i! Æ(x� xq)Æ�;�q�(�2 �M2n) ; (6)where the sum is over all quarks qa whih math the quantum numbers,light-front momentum fration x; and heliity of the struk quark. Sim-ilarly, the transversity distributions and o�-diagonal heliity onvolutionsare de�ned as a density matrix of the light-front wavefuntions. This de-�nes the LC fatorization sheme [5℄ where the invariant mass squaredM2n =Pni=1 (k2?i +m2i )=xi of the n partons of the light-front wavefuntionsis limited to M2n < �2.However, it is not true that the leading-twist struture funtionsFi(x;Q2) measured in deep inelasti lepton sattering are idential to thequark and gluon distributions. For example it is usually assumed, follow-ing the parton model, that the F2 struture funtion measured in neutralurrent deep inelasti lepton sattering is at leading order in 1=Q2 simplyF2(x;Q2) = Pq xq(x;Q2), where x = xbj = Q2=2p � q and q(x;Q) an beomputed from the absolute square of the proton's light-front wavefun-tion. I will report on reent work by Paul Hoyer, Nils Marhal, StephanePeigne, Franeso Sannino, and myself whih shows that this standard iden-ti�ation is wrong. In partiular, the shadowing orretions related to theGribov�Glauber mehanism, the interferene e�ets of leading twist di�ra-tive proesses in nulei are separate e�ets in deep inelasti sattering, arenot omputable from the bound state wavefuntions of the target nuleonor nuleus.Remarkably, it is now possible to measure the light-front wavefuntionsof a relativisti hadron by di�ratively dissoiating it into jets whose mo-mentum distribution is orrelated with the valene quarks' momenta [26�29℄.At high energies eah light-front Fok state interats distintly; e.g., Fokstates with small partile number and small impat separation have smallolor dipole moments and an traverse a nuleus with minimal intera-



4022 Stanley J. Brodskytions. This is the basis for the preditions for �olor transpareny� in hardquasi-exlusive [30, 31℄ and di�rative reations [27�29℄. QCD olor trans-pareny thus tests a fundamental ansatz of QCD, that hadroni interationsare a manifestation of gauge interations. The E791 experiment has re-ently provided a remarkable on�rmation of this onsequene of QCD olortranspareny, a key property of LCWFs and the gauge �eld interationsin QCD. The new EVA spetrometer experiment E850 at Brookhaven hasalso reported striking e�ets of olor transpareny in quasi-elasti proton�proton sattering in nulei [32℄. I will review this important development inSetion 7.The CLEO Collaboration has veri�ed the saling and angular preditionsfor hard exlusive two-photon proesses suh as � ! �0 and  ! �+��.The L3 experiment at LEP at CERN has also measured a number of exlu-sive hadron prodution hannels in two-photon proesses, providing impor-tant onstraints on baryon and meson distribution amplitudes and heksof perturbative QCD fatorization. These proesses are partiularly sensi-tive to the meson distribution amplitudes, the non-perturbative wavefun-tions whih ontrol hard QCD exlusive proesses, information essential forprogress in interpreting exlusive B deays. New data from CLEO (Paaret al.) for  ! �+�+ + K+K� at W = ps > 2:5 GeV. is in strikingagreement with the perturbative QCD predition given by Lepage and my-self. Moreover, the angular distribution shows a striking transition to thepredited QCD form asW is raised. The � ! �0 results are in lose agree-ment with the saling and normalization of the PQCD predition, providedthat the pion distribution amplitude ��(x;Q) is lose to the x(1� x) form,the asymptoti solution to the evolution equation. In Setion 6 I review thetheory and emphasized the need for more suh meson pair prodution data,partiularly measurements of ratios and angular dependenies whih arepartiularly sensitive to the meson and baryon distribution amplitudes [5℄,�M (x;Q), and �B(xi; Q). These quantities speify how a hadron shares itslongitudinal momentum among its valene quarks; they ontrol virtually allexlusive proesses involving a hard sale Q, inluding form fators, Comp-ton sattering and photoprodution at large momentum transfer, as well asthe deay of a heavy hadron into spei� �nal states [33, 34℄.The disretized light-front quantization method developed by H.C. Pauliand myself [35℄ is a powerful tehnique for �nding the non-perturbative solu-tions of quantum �eld theories. The basi method is to diagonalize the light-front Hamiltonian in a light-front Fok basis de�ned using periodi boundaryonditions in x� and x?. The method preserves the frame-independene ofthe Front form. The DLCQ method is now used extensively to solve one-spae and one-time theories, inluding supersymmetri theories. New ap-pliations of DLCQ to supersymmetri quantum �eld theories and spei�



QCD Phenomenology and Light-Front Wavefuntions 4023tests of the Maldaena onjeture have reently been given by Pinsky andTrittman.There has been progress reently in systematially developing the om-putation and renormalization methods needed to make DLCQ viable forQCD in physial spaetime. Reently John Hiller, Gary MCartor and Ihave shown how DLCQ an be used to solve 3+ 1 theories despite the largenumbers of degrees of freedom needed to enumerate the Fok basis [11℄. Akey feature of our work, is the introdution of Pauli�Villars �elds in orderto regulate the UV divergenes and perform renormalization, again whilepreserving the frame-independene of the theory. Further disussion willbe given in Setion 9. A review of DLCQ and its appliations is given inRef. [36℄. There also has been important progress using the transverse lat-tie, essentially a ombination of DLCQ in i+1 dimensions together with alattie in the transverse spae.Models of the light-front wavefuntion are important in the absene ofexat solutions. A simple but potentially useful model developed by DaeSung Hwang and myself is disussed in Setion 10.The interation Hamiltonian of QCD in light-one gauge an be derivedby systematially applying the Dira braket method to identify the indepen-dent �elds [37℄. It ontains the usual Dira interations between the quarksand gluons, the three-point and four-point gluon non-Abelian interationsplus instantaneous light-front-time gluon exhange and quark exhange on-tributions Hint = �g  i�A�ij j+g2 fab (��Aa� � ��Aa�)Ab�A�+g24 fabfadeAb�Ad�A�Ae��g22  i+ (?0A?0)ij 1i�� (?A?)jk  k�g22 j+a 1(��)2 j+a ; (7)where j+a =  i+(ta)ij j + fab(��Ab�)A� : (8)In light-front time-ordered perturbation theory, a Green's funtions isexpanded as a power series in the interations with light-front energy denom-inatorsPinitial k�i �Pintermediate k�i + i" replaing the usual energy denomi-nators. [For a review see Ref. [38℄.℄ In general eah Feynman diagram with nverties orresponds to the sum of n! time-ordered ontributions. However,



4024 Stanley J. Brodskyin light-front-time-ordered perturbation theory, only those few graphs whereall k+i � 0 survive. In addition the form of the light-front kineti energies isrational: k� = k2?+m2k+ , replaing the nonanalyti k0 = p~k2 +m2 of equal-time theory. Thus light-front-time-ordered perturbation theory provides aviable omputational method where one an trae the physial evolutionof a proess. The integration measures are only three-dimensional d2k?dx;in e�et, the k� integral of the ovariant perturbation theory is performedautomatially.Alternatively, one derive Feynman rules for QCD in light-one gauge,thus allowing the use of standard ovariant omputational tools and renor-malization methods inluding dimensional regularization. Prem Srivastavaand I [37℄ have reently presented a systemati study of light-front-quantizedgauge theory in light-one gauge using a Dyson�Wik S-matrix expansionbased on light-front-time-ordered produts. The gluon propagator has theform D0jT (Aa�(x)Ab�(0)) j0E = iÆab(2�)4 Z d4k e�ik�x D��(k)k2 + i" ; (9)where we have de�nedD��(k) = D��(k) = �g�� + n�k� + n�k�(n � k) � k2(n � k)2 n�n� : (10)Here n� is a null four-vetor, gauge diretion, whose omponents are hosento be n� = Æ�+, n� = Æ�� . Note alsoD��(k)D��(k) = D�?(k)D?�(k) = �D��(k) ;k�D��(k) = 0 ; n�D��(k) � D��(k) = 0 ;D��(q)D��(k)D��(q0) = �D��(q)D��(q0) : (11)The gauge �eld propagator iD��(k)=(k2 + i") is transverse not only to thegauge diretion n� but also to k�, i.e., it is doubly-transverse. This leadsto appreiable simpli�ations in the omputations in QCD. For example,the oupling of gluons to propagators arrying high momenta is automati.The absene of ollinear divergenes in irreduible diagrams in the light-one gauge greatly simpli�es the leading-twist fatorization of soft and hardgluoni orretions in high momentum transfer inlusive and exlusive rea-tions [5℄ sine the numerators assoiated with the gluon oupling only havetransverse omponents. The renormalization fators in the light-one gaugeare independent of the referene diretion n�. Sine the gluon only has phys-ial polarization, its renormalization fators satisfy Z1 = Z3. Beause of itsexpliit unitarity in eah graph, the doubly-transverse gauge is well suitedfor alulations identifying the �pinh� e�etive harge [39, 40℄.



QCD Phenomenology and Light-Front Wavefuntions 4025The running oupling onstant and QCD � funtion have also been om-puted at one loop in the doubly-transverse light-one gauge [37℄. It is alsopossible to e�etively quantize QCD using light-front methods in ovariantFeynman gauge [41℄.A remarkable advantage of light-front quantization is that the vauumstate j 0i of the full QCD Hamiltonian evidently oinides with the free va-uum. The light-front vauum is e�etively trivial if the interation Hamil-tonian applied to the perturbative vauum is zero. Note that all partiles inthe Hilbert spae have positive energy k0 = 12(k+ + k�), and thus positivelight-front k�. Sine the plus momenta P k+i is onserved by the intera-tions, the perturbative vauum an only ouple to states with partiles inwhih all k+i = 0; i.e., so alled zero-mode states. In the ase of QED, amassive eletron annot have k+ = 0 unless it also has in�nite energy. Ina remarkable alulation, Bassetto and ollaborators [42℄ have shown thatthe omputation of the spetrum of QCD(1 + 1) in equal time quantizationrequires onstruting the full spetrum of non perturbative ontributions (in-stantons). In ontrast, in the light-front quantization of gauge theory, wherethe k+ = 0 singularity of the instantaneous interation is de�ned by a sim-ple infrared regularization, one obtains the orret spetrum of QCD(1 + 1)without any need for vauum-related ontributions.In the ase of QCD(3 + 1), the momentum-independent four-gluon non-Abelian interation in priniple an ouple the perturbative vauum to astate with four ollinear gluons in whih all of the gluons have all ompo-nents k�i = 0; thus hinting at role for zero modes in theories with masslessquanta. In fat, zero modes of auxiliary �elds are neessary to distinguishthe theta-vaua of massless QED(1+1) [17, 43, 44℄, or to represent a theoryin the presene of stati external boundary onditions or other onstraints.Zero-modes provide the light-front representation of spontaneous symmetrybreaking in salar theories [45℄.There are other appliations of the light-front formalism:1. The distribution of spetator partiles in the �nal state in the protonfragmentation region in deep inelasti sattering at an eletron�protonollider are enoded in the light-front wavefuntions of the target pro-ton. Conversely, the light-front wavefuntions an be used to desribethe oalesene of omoving quarks into �nal state hadrons.2. The light-front wavefuntions also speify the multi-quark and gluonorrelations of the hadron. Despite the many soures of power-law or-retions to the deep inelasti ross setion, ertain types of dynamialontributions will stand out at large xbj sine they arise from ompat,highly-orrelated �utuations of the proton wavefuntion. In partiu-lar, there are partiularly interesting dynamial O(1=Q2) orretions



4026 Stanley J. Brodskywhih are due to the interferene of quark urrents; i.e., ontributionswhih involve leptons sattering amplitudes from two di�erent quarksof the target nuleon [46℄.3. The higher Fok states of the light hadrons desribe the sea quarkstruture of the deep inelasti struture funtions, inluding �intrinsi�strangeness and harm �utuations spei� to the hadron's struturerather than gluon substruture [47, 48℄. Ladder relations onnetingstate of di�erent partile number follow from the QCD equation ofmotion and lead to Regge behavior of the quark and gluon distributionsat x! 0 [49℄.4. The gauge- and proess-independent meson and baryon valene-quarkdistribution amplitudes �M (x;Q), and �B(xi; Q) whih ontrol exlu-sive proesses involving a hard sale Q, inluding heavy quark deays,are given by the valene light-front Fok state wavefuntions integratedover the transverse momentum up to the resolution sale Q. The evo-lution equations for distribution amplitudes follow from the perturba-tive high transverse momentum behavior of the light-front wavefun-tions [38℄.5. Proofs of fatorization theorems in hard exlusive and inlusive rea-tions are greatly simpli�ed sine the propagating gluons in light-onegauge ouple only to transverse urrents; ollinear divergenes are thusautomatially suppressed.6. The deuteron form fator at high Q2 is sensitive to wavefuntion on-�gurations where all six quarks overlap within an impat separationb?i < O(1=Q): The leading power-law fall o� predited by QCDis Fd(Q2) = f(�s(Q2))=(Q2)5, where, asymptotially, f(�s(Q2)) /�s(Q2)5+2 [50,51℄. In general, the six-quark wavefuntion of a deute-ron is a mixture of �ve di�erent olor-singlet states. The dominantolor on�guration at large distanes orresponds to the usual proton�neutron bound state. However, at small impat spae separation, all�ve Fok olor-singlet omponents eventually evolve to a state withequal weight, i.e., the deuteron wavefuntion evolves to 80% �hid-den olor� [51℄. The relatively large normalization of the deuteronform fator observed at large Q2 hints at sizable hidden-olor ontri-butions [52℄. Hidden olor omponents an also play a predominantrole in the reation d! J= pn at threshold if it is dominated by themulti-fusion proess gg ! J= [53℄. Hard exlusive nulear proessesan also be analyzed in terms of �redued amplitudes� whih removethe e�ets of nuleon substruture.



QCD Phenomenology and Light-Front Wavefuntions 4027Light-front wavefuntions are thus the frame-independent interpolatingfuntions between hadron and quark and gluon degrees of freedom. Hadronamplitudes are omputed from the onvolution of the light-front wavefun-tions with irreduible quark�gluon amplitudes. More generally, all multi-quark and gluon orrelations in the bound state are represented by thelight-front wavefuntions. The light-front Fok representation is thus a rep-resentation of the underlying quantum �eld theory. I will disuss progress inomputing light-front wavefuntions diretly from QCD in Setions 9 and 10.Light-front quantization an also be used in the Hamiltonian form toonstrut an event generator for high energy physis reations at the ampli-tude level. The light-front partition funtion, summed over exponentially-weighted light-front energies, has simple boost properties whih may be use-ful for studies in heavy ion ollisions. I disuss these topis in Setions 14and 15. 2. Other theoretial toolsIn addition to the light-front Fok expansion, a number of other usefultheoretial tools are available to eliminate theoretial ambiguities in QCDpreditions:(1) Conformal symmetry provides a template for QCD preditions [54℄,leading to relations between observables whih are present even in atheory whih is not sale invariant. For example, the natural rep-resentation of distribution amplitudes is in terms of an expansion oforthonormal onformal funtions multiplied by anomalous dimensionsdetermined by QCD evolution equations [55�57℄. Thus an importantguide in QCD analyzes is to identify the underlying onformal rela-tions of QCD whih are manifest if we drop quark masses and e�etsdue to the running of the QCD ouplings. In fat, if QCD has aninfrared �xed point (vanishing of the Gell-Mann�Low funtion at lowmomenta), the theory will losely resemble a sale-free onformallysymmetri theory in many appliations.(2) Commensurate sale relations [58, 59℄ are perturbative QCD predi-tions whih relate observable to observable at �xed relative sale, suhas the �generalized Crewther relation� [60℄, whih onnets the Bjorkenand Gross�Llewellyn Smith deep inelasti sattering sum rules to mea-surements of the e+e� annihilation ross setion. Suh relations haveno renormalization sale or sheme ambiguity. The oe�ients in theperturbative series for ommensurate sale relations are idential tothose of onformal QCD; thus no infrared renormalons are present [54℄.One an identify the required onformal oe�ients at any �nite orderby expanding the oe�ients of the usual PQCD expansion around



4028 Stanley J. Brodskya formal infrared �xed point, as in the Banks�Zak method [40℄. Allnon-onformal e�ets are absorbed by �xing the ratio of the respetivemomentum transfer and energy sales. In the ase of �xed-point the-ories, ommensurate sale relations relate both the ratio of ouplingsand the ratio of sales as the �xed point is approahed [54℄.(3) �V and Skeleton Shemes. A physially natural sheme for de�ning theQCD oupling in exlusive and other proesses is the �V (Q2) shemede�ned from the potential of stati heavy quarks. Heavy-quark lattiegauge theory an provide highly preise values for the oupling. Allvauum polarization orretions due to fermion pairs are then auto-matially and analytially inorporated into the Gell-Mann�Low fun-tion, thus avoiding the problem of expliitly omputing and resummingquark mass orretions related to the running of the oupling [61℄. Theuse of a �nite e�etive harge suh as �V as the expansion parame-ter also provides a basis for regulating the infrared nonperturbativedomain of the QCD oupling. A similar oupling and sheme an bebased on an assumed skeleton expansion of the theory [39, 40℄.(4) The Abelian Correspondene Priniple. One an onsider QCD predi-tions as analyti funtions of the number of olors NC and �avors NF .In partiular, one an show at all orders of perturbation theory thatPQCD preditions redue to those of an Abelian theory at NC ! 0with b� = CF�s and bNF = 2NF =CF held �xed [62℄. There is thus adeep onnetion between QCD proesses and their orresponding QEDanalogs.3. Appliations of light-front wavefuntionsto urrent matrix elementsThe light-front Fok representation of urrent matrix elements has anumber of simplifying properties. The spae-like loal operators for the ou-pling of photons, gravitons and the deep inelasti struture funtions an allbe expressed as overlaps of light-front wavefuntions with the same numberof Fok onstituents. This is possible sine one an hoose the speial frameq+ = 0 [19, 20℄ for spae-like momentum transfer and take matrix elementsof �plus� omponents of urrents suh as J+ and T++. No ontributionsto the urrent matrix elements from vauum �utuations our. Similarly,given the loal operators for the energy�momentum tensor T ��(x) and theangular momentum tensor M���(x), one an diretly ompute momentumfrations, spin properties, and the form fators A(q2) and B(q2) appearingin the oupling of gravitons to omposite systems [18℄.



QCD Phenomenology and Light-Front Wavefuntions 4029In the ase of a spin-12 omposite system, the Dira and Pauli form fatorsF1(q2) and F2(q2) are de�ned byhP 0jJ�(0)jP i = u(P 0) hF1(q2)� + F2(q2) i2M ���q� iu(P ) ; (12)where q� = (P 0�P )� and u(P ) is the bound state spinor. In the light-frontformalism it is onvenient to identify the Dira and Pauli form fators fromthe heliity-onserving and heliity-�ip vetor urrent matrix elements of theJ+ urrent [21℄:�P + q; " ����J+(0)2P+ ����P; "� = F1(q2) ; (13)�P + q; " ����J+(0)2P+ ����P; #� = �(q1 � iq2)F2(q2)2M : (14)The magneti moment of a omposite system is one of its most basi prop-erties. The magneti moment is de�ned at the q2 ! 0 limit,� = e2M [F1(0) + F2(0)℄ ; (15)where e is the harge and M is the mass of the omposite system. We usethe standard light-front frame (q� = q0 � q3):q = (q+; q�; ~q?) = �0; �q2P+ ; ~q?� ;P = (P+; P�; ~P?) = �P+; M2P+ ;~0?� ; (16)where q2 = �2P �q = �~q2? is 4-momentum square transferred by the photon.The Pauli form fator and the anomalous magneti moment � = e2M F2(0)an then be alulated from the expression�(q1 � iq2)F2(q2)2M =Xa Z d2~k?dx16�3 Xj ej  "�a (xi; ~k0?i; �i) #a(xi; ~k?i; �i) ;(17)where the summation is over all ontributing Fok states a and struk on-stituent harges ej . The arguments of the �nal-state light-front wavefuntionare ~k0?i = ~k?i + (1� xi)~q? (18)for the struk onstituent and~k0?i = ~k?i � xi~q? (19)



4030 Stanley J. Brodskyfor eah spetator. Notie that the magneti moment must be alulatedfrom the spin-�ip non-forward matrix element of the urrent. In the ultra-relativisti limit where the radius of the system is small ompared to itsCompton sale 1=M , the anomalous magneti moment must vanish [21℄.The light-front formalism is onsistent with this theorem.The form fators of the energy�momentum tensor for a spin-12 ompositeare de�ned byhP 0jT ��(0)jP i = u(P 0) hA(q2)(�P �) +B(q2) i2MP (���)�q�+C(q2) 1M (q�q� � g��q2) i u(P ) ; (20)where q� = (P 0 � P )�, P � = 12(P 0 + P )�, a(�b�) = 12(a�b� + a�b�), andu(P ) is the spinor of the system. One an also readily obtain the light-frontrepresentation of the A(q2) and B(q2) form fators of the energy-tensorEq. (20) [18℄. In the interation piture, only the non-interating parts ofthe energy momentum tensor T++(0) need to be omputed:�P + q; " ����T++(0)2(P+)2 ����P; "� = A(q2) ; (21)�P + q; " ����T++(0)2(P+)2 ����P; #� = �(q1 � iq2)B(q2)2M : (22)The A(q2) and B(q2) form fators Eqs. (21) and (22) are similar to theF1(q2) and F2(q2) form fators Eqs. (13) and (14) with an additional fatorof the light-front momentum fration x = k+=P+ of the struk onstituentin the integrand. The B(q2) form fator is obtained from the non-forwardspin-�ip amplitude. The value of B(0) is obtained in the q2 ! 0 limit. Theangular momentum projetion of a state is given by
J i� = 12"ijk Z d3xDT 0kxj � T 0jxkE= A(0) 
Li�+ [A(0) +B(0)℄ u(P )12�iu(P ) : (23)This result is derived using a wave-paket desription of the state. The 
Li�term is the orbital angular momentum of the enter of mass motion withrespet to an arbitrary origin and an be dropped. The oe�ient of the 
Li�term must be 1; A(0) = 1 also follows when we evaluate the four-momentumexpetation value hP �i. Thus the total intrinsi angular momentum Jz of



QCD Phenomenology and Light-Front Wavefuntions 4031a nuleon an be identi�ed with the values of the form fators A(q2) andB(q2) at q2 = 0 : hJzi = �12�z� [A(0) +B(0)℄ : (24)The anomalous moment oupling B(0) to a graviton an in fat be shownto vanish for any omposite system. This remarkable result, �rst derivedby Okun and Kobzarev [63�67℄, follows diretly from the Lorentz boostproperties of the light-front Fok representation [18℄.Dae Sung Hwang, Bo-Qiang Ma, Ivan Shmidt, and I [18℄ have reentlyshown that the light-front wavefuntions generated by the radiative orre-tions to the eletron in QED provides a simple system for understanding thespin and angular momentum deomposition of relativisti systems. This per-turbative model also illustrates the interonnetions between Fok states ofdi�erent number. The model is patterned after the quantum struture whihours in the one-loop Shwinger �=2� orretion to the eletron magnetimoment [21℄. In e�et, we an represent a spin-12 system as a omposite ofa spin-12 fermion and spin-one vetor boson with arbitrary masses. A sim-ilar model has been used to illustrate the matrix elements and evolution oflight-front heliity and orbital angular momentum operators [68℄. This rep-resentation of a omposite system is partiularly useful beause it is basedon two onstituents but yet is totally relativisti. We an then expliitlyompute the form fators F1(q2) and F2(q2) of the eletromagneti urrent,and the various ontributions to the form fators A(q2) and B(q2) of theenergy�momentum tensor.Another remarkable advantage of the light-front formalism is that exlu-sive semileptoni B-deay amplitudes suh asB ! A`� an also be evaluatedexatly [22℄. The time-like deay matrix elements require the omputationof the diagonal matrix element n ! n where parton number is onserved,and the o�-diagonal n+ 1! n� 1 onvolution where the urrent operatorannihilates a qq0 pair in the initial B wavefuntion. See Fig. 3. This termis a onsequene of the fat that the time-like deay q2 = (p` + p�)2 > 0requires a positive light-front momentum fration q+ > 0. Conversely forspae-like urrents, one an hoose q+ = 0, as in the Drell�Yan�West repre-sentation of the spae-like eletromagneti form fators. However, as an beseen from the expliit analysis of the form fator in a perturbative model, theo�-diagonal onvolution an yield a nonzero q+=q+ limiting form as q+ ! 0.This extra term appears spei�ally in the ase of �bad� urrents suh as J�in whih the oupling to qq �utuations in the light-front wavefuntions arefavored. In e�et, the q+ ! 0 limit generates Æ(x) ontributions as residuesof the n+1! n� 1 ontributions. The neessity for suh �zero mode� Æ(x)
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Fig. 3. Exat representation of eletroweak deays and time-like form fators in thelight-front Fok representation.terms has been noted by Chang, Root and Yan [69℄, Burkardt [70℄, and Jiand Choi [71℄.The o�-diagonal n + 1 ! n � 1 ontributions give a new perspetivefor the physis of B-deays. A semileptoni deay involves not only matrixelements where a quark hanges �avor, but also a ontribution where theleptoni pair is reated from the annihilation of a qq0 pair within the Fokstates of the initial B wavefuntion. The semileptoni deay thus an ourfrom the annihilation of a nonvalene quark�antiquark pair in the initialhadron. This feature will arry over to exlusive hadroni B-deays, suh asB0 ! ��D+. In this ase the pion an be produed from the oalesene ofa du pair emerging from the initial higher partile number Fok wavefuntionof the B. The D meson is then formed from the remaining quarks after theinternal exhange of a W boson.In priniple, a preise evaluation of the hadroni matrix elements neededfor B-deays and other exlusive eletroweak deay amplitudes requiresknowledge of all of the light-front Fok wavefuntions of the initial and �nalstate hadrons. In the ase of model gauge theories suh as QCD(1 + 1) [72℄or ollinear QCD [73℄ in one-spae and one-time dimensions, the ompleteevaluation of the light-front wavefuntion is possible for eah baryon or me-son bound-state using the DLCQ method. It would be interesting to usesuh solutions as a model for physial B-deays.



QCD Phenomenology and Light-Front Wavefuntions 40334. Light-front representation of deeply virtualCompton satteringThe virtual Compton sattering proess d�dt (�p ! p) for large initialphoton virtuality q2 = �Q2 has extraordinary sensitivity to fundamentalfeatures of the proton's struture. Even though the �nal state photon ison-shell, the deeply virtual proess probes the elementary quark strutureof the proton near the light front as an e�etive loal urrent. In ontrastto deep inelasti sattering, whih measures only the absorptive part of theforward virtual Compton amplitude ImT�p!�p, deeply virtual Comptonsattering allows the measurement of the phase and spin struture of protonmatrix elements for general momentum transfer squared t. In addition, theinterferene of the virtual Compton amplitude and Bethe�Heitler wide anglesattering Bremsstrahlung amplitude where the photon is emitted from thelepton line leads to an eletron�positron asymmetry in the e�p! e�p rosssetion whih is proportional to the real part of the Compton amplitude[74�76℄. The deeply virtual Compton amplitude �p ! p is related byrossing to another important proess � ! hadron pairs at �xed invariantmass whih an be measured in eletron�photon ollisions [77℄.To leading order in 1=Q, the deeply virtual Compton sattering ampli-tude �(q)p(P )! (q0)p(P 0) fatorizes as the onvolution in x of the ampli-tude t�� for hard Compton sattering on a quark line with the generalizedCompton form fators H(x; t; �); E(x; t; �), ~H(x; t; �); and ~E(x; t; �) of thetarget proton [64, 65, 78�87℄. Here x is the light-front momentum frationof the struk quark, and � = Q2=2P � q plays the role of the Bjorken vari-able. The square of the four-momentum transfer from the proton is givenby t = �2 = 2P � � = � (�2M2+~�2?)(1��) , where � is the di�erene of initialand �nal momenta of the proton (P = P 0 + �). We will be interested indeeply virtual Compton sattering where q2 is large ompared to the massesand t. Then, to leading order in 1=Q2, �q22PI �q = � : Thus � plays the role ofthe Bjorken variable in deeply virtual Compton sattering. For a �xed valueof �t, the allowed range of � is given by0 � � � (�t)2M2  s1 + 4M2(�t) � 1 ! : (25)The form fator H(x; t; �) desribes the proton response when the heliityof the proton is unhanged, and E(x; t; �) is for the ase when the protonheliity is �ipped. Two additional funtions ~H(x; t; �); and ~E(x; t; �) ap-pear, orresponding to the dependene of the Compton amplitude on quarkheliity.



4034 Stanley J. BrodskyReently, Markus Diehl, Dae Sung Hwang and I [23℄ have shown howthe deeply virtual Compton amplitude an be evaluated expliitly in theFok state representation using the matrix elements of the urrents and theboost properties of the light-front wavefuntions. For the n ! n diagonalterm (�n = 0), the arguments of the �nal-state hadron wavefuntion arex1��1�� , ~k?1 � 1�x11�� ~�? for the struk quark and xi1�� , ~k?i + xi1�� ~�? for then�1 spetators. We thus obtain formulae for the diagonal (parton-number-onserving) ontribution to the generalized form fators for deeply virtualCompton amplitude in the domain [84, 85, 88℄ � � x1 � 1:p1� �f1 (n!n)(x1; t; �) � �24p1� � f2 (n!n)(x1; t; �)=Xn; � nYi=1 1Z0 dxi(i 6=1) Z d2~k?i2(2�)3 Æ0�1� nXj=1 xj1A Æ(2)0� nXj=1 ~k?j1A� " �(n) (x0i; ~k0?i; �i)  "(n)(xi; ~k?i; �i)(p1� �)1�n ; (26)p1� � � 1 + �2(1 � �) � (�1 � i�2)2M f2 (n!n)(x1; t; �)=Xn; � nYi=1 1Z0 dxi(i 6=1) Z d2~k?i2(2�)3 Æ0�1� nXj=1 xj1A Æ(2)0� nXj=1 ~k?j1A� " �(n) (x0i; ~k0?i; �i)  #(n)(xi; ~k?i; �i)(p1� �)1�n ; (27)where( x01 = x1��1�� ; ~k0?1 = ~k?1 � 1�x11�� ~�? for the struk quark,x0i = xi1�� ; ~k0?i = ~k?i + xi1�� ~�? for the (n� 1) spetators. (28)A sum over all possible heliities �i is understood. If quark masses arenegleted, the urrents onserve heliity. We also an hek thatPni=1 x0i=1,Pni=1 ~k0?i = ~0?.For the n + 1 ! n � 1 o�-diagonal term (�n = �2), onsider the asewhere partons 1 and n+1 of the initial wavefuntion annihilate into the ur-rent leaving n� 1 spetators. Then xn+1 = � �x1, ~k?n+1 = ~�?�~k?1. Theremaining n�1 partons have total momentum ((1� �)P+;�~�?). The �nalwavefuntion then has arguments x0i = xi1�� and ~k0?i = ~k?i + xi1�� ~�?. We



QCD Phenomenology and Light-Front Wavefuntions 4035thus obtain the formulae for the o�-diagonal matrix element of the Comptonamplitude in the domain 0 � x1 � �:p1� �f1 (n+1!n�1)(x1; t; �) � �24p1� � f2 (n+1!n�1)(x1; t; �)=Xn; � 1Z0 dxn+1 Z d2~k?12(2�)3 Z d2~k?n+12(2�)3 nYi=2 1Z0 dxi Z d2~k?i2(2�)3�Æ0�1� n+1Xj=1 xj1A Æ(2)0�n+1Xj=1 ~k?j1A [p1� �℄1�n� " �(n�1)(x0i; ~k0?i; �i)  "(n+1)(fx1; xi; xn+1 = � � x1g;f~k?1; ~k?i; ~k?n+1 = ~�? � ~k?1g; f�1; �i; �n+1 = ��1g) ; (29)p1� � � 1 + �2(1� �) � (�1 � i�2)2M f2 (n+1!n�1)(x1; t; �)=Xn; � 1Z0 dxn+1 Z d2~k?12(2�)3 Z d2~k?n+12(2�)3 nYi=2 1Z0 dxi Z d2~k?i2(2�)3�Æ0�1� n+1Xj=1 xj1A Æ(2)0�n+1Xj=1 ~k?j1A [p1� �℄1�n� " �(n�1)(x0i; ~k0?i; �i)  #(n+1)(fx1; xi; xn+1 = � � x1g;f~k?1; ~k?i; ~k?n+1 = ~�? � ~k?1g; f�1; �i; �n+1 = ��1g) ; (30)where i = 2; 3; � � � ; n label the n� 1 spetator partons whih appear in the�nal-state hadron wavefuntion withx0i = xi1� � ; ~k0?i = ~k?i + xi1� � ~�? : (31)We an again hek that the arguments of the �nal-state wavefuntion satisfyPni=2 x0i = 1, Pni=2 ~k0?i = ~0?.



4036 Stanley J. BrodskyThe above representation is the general form for the generalized formfators of the deeply virtual Compton amplitude for any omposite system.Thus given the light-front Fok state wavefuntions of the eigensolutionsof the light-front Hamiltonian, we an ompute the amplitude for virtualCompton sattering inluding all spin orrelations. The formulae are au-rate to leading order in 1=Q2. Radiative orretions to the quark Comptonamplitude of order �s(Q2) from diagrams in whih a hard gluon interatsbetween the two photons have also been negleted.
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QCD Phenomenology and Light-Front Wavefuntions 4037The light-front formalism provides a physial fatorization sheme whihonveniently separates and fatorizes soft non-perturbative physis fromhard perturbative dynamis in both exlusive and inlusive reations [5,91℄.In hard inlusive reations all intermediate states are divided aordingto M2n < �2 and M2n > �2 domains. The lower mass regime is assoiatedwith the quark and gluon distributions de�ned from the absolute squares ofthe LC wavefuntions in the light front fatorization sheme. In the highinvariant mass regime, intrinsi transverse momenta an be ignored, so thatthe struture of the proess at leading power has the form of hard sat-tering on ollinear quark and gluon onstituents, as in the parton model.The attahment of gluons from the LC wavefuntion to a propagator in ahard subproess is power-law suppressed in LC gauge, so that the minimalquark�gluon partile-number subproesses dominate. It is then straightfor-ward to derive the DGLAP equations from the evolution of the distributionswith log�2. The anomaly ontribution to singlet heliity struture funtiong1(x;Q) an be expliitly identi�ed in the LC fatorization sheme as dueto the �g ! qq fusion proess. The anomaly ontribution would be zero ifthe gluon is on shell. However, if the o�-shellness of the state is larger thanthe quark pair mass, one obtains the usual anomaly ontribution [92℄.In exlusive amplitudes, the LC wavefuntions are the interpolating am-plitudes onneting the quark and gluons to the hadroni states. In anexlusive amplitude involving a hard sale Q2 all intermediate states an bedivided aording toM2n < �2 < Q2 andM2n < �2 invariant mass domains.The high invariant mass ontributions to the amplitude has the strutureof a hard sattering proess TH in whih the hadrons are replaed by theirrespetive (ollinear) quarks and gluons. In light-one gauge only the mini-mal Fok states ontribute to the leading power-law fall-o� of the exlusiveamplitude. The wavefuntions in the lower invariant mass domain an beintegrated up to an arbitrary intermediate invariant mass uto� �. Theinvariant mass domain beyond this uto� is inluded in the hard satteringamplitude TH . The TH satisfy dimensional ounting rules [93℄. Final-stateand initial state orretions from gluon attahments to lines onneted tothe olor-singlet distribution amplitudes anel at leading twist. Expliitexamples of perturbative QCD fatorization will be disussed in more detailin the next setion.The key non-perturbative input for exlusive proesses is thus the gaugeand frame independent hadron distribution amplitude [5, 91℄ de�ned as theintegral of the valene (lowest partile number) Fok wavefuntion; e.g. forthe pion ��(xi;�) � Z d2k?  (�)qq=�(xi; ~k?i; �) ; (32)where the global uto� � is identi�ed with the resolution Q. The distribu-



4038 Stanley J. Brodskytion amplitude ontrols leading-twist exlusive amplitudes at high momen-tum transfer, and it an be related to the gauge-invariant Bethe�Salpeterwavefuntion at equal light-front time. The logarithmi evolution of hadrondistribution amplitudes �H(xi; Q) an be derived from the perturbatively-omputable tail of the valene light-front wavefuntion in the high trans-verse momentum regime [5,91℄. The onformal basis for the evolution of thethree-quark distribution amplitudes for the baryons [94℄ has reently beenobtained by Braun et al. [57℄.The existene of an exat formalism provides a basis for systemati ap-proximations and a ontrol over negleted terms. For example, one an an-alyze exlusive semi-leptoni B-deays whih involve hard internal momen-tum transfer using a perturbative QCD formalism [33, 34, 95�98℄ patternedafter the perturbative analysis of form fators at large momentum trans-fer. The hard-sattering analysis again proeeds by writing eah hadroniwavefuntion as a sum of soft and hard ontributions n =  softn (M2n < �2) +  hardn (M2n > �2) ; (33)where M2n is the invariant mass of the partons in the n-partile Fok stateand � is the separation sale. The high internal momentum ontributionsto the wavefuntion  hardn an be alulated systematially from QCD per-turbation theory by iterating the gluon exhange kernel. The ontributionsfrom high momentum transfer exhange to the B-deay amplitude an thenbe written as a onvolution of a hard-sattering quark�gluon sattering am-plitude TH with the distribution amplitudes �(xi;�), the valene wavefun-tions obtained by integrating the onstituent momenta up to the separationsale Mn < � < Q. Furthermore in proesses suh as B ! �D wherethe pion is e�etively produed as a rapidly-moving small Fok state witha small olor-dipole interations, �nal state interations are suppressed byolor transpareny. This is the basis for the perturbative hard-satteringanalyses [33, 34, 95, 97, 98℄. In a systemati analysis, one an identify thehard PQCD ontribution as well as the soft ontribution from the onvo-lution of the light-front wavefuntions. Furthermore, the hard-satteringontribution an be systematially improved.Given the solution for the hadroni wavefuntions  (�)n with M2n < �2,one an onstrut the wavefuntion in the hard regime withM2n > �2 usingprojetion operator tehniques. The onstrution an be done perturbativelyin QCD sine only high invariant mass, far o�-shell matrix elements areinvolved. One an use this method to derive the physial properties ofthe LC wavefuntions and their matrix elements at high invariant mass.Sine M2n =Pni=1 �k2?+m2x �i, this method also allows the derivation of theasymptoti behavior of light-front wavefuntions at large k?, whih in turn



QCD Phenomenology and Light-Front Wavefuntions 4039leads to preditions for the fall-o� of form fators and other exlusive matrixelements at large momentum transfer, suh as the quark ounting rules forprediting the nominal power-law fall-o� of two-body sattering amplitudesat �xed �:m: [93℄ and heliity seletion rules [99℄. The phenomenologialsuesses of these rules an be understood within QCD if the oupling �V (Q)freezes in a range of relatively small momentum transfer [100℄.6. Two-photon proessesThe simplest and perhaps the most elegant illustration of an exlusivereation in QCD is the evaluation of the photon-to-pion transition formfator F!�(Q2) [5, 101℄ whih is measurable in single-tagged two-photonee! ee�0 reations. The form fator is de�ned via the invariant amplitude�� = �ie2F�(Q2)"����p��"�q� : As in inlusive reations, one must speifya fatorization sheme whih divides the integration regions of the loop in-tegrals into hard and soft momenta, ompared to the resolution sale ~Q. Atleading twist, the transition form fator then fatorizes as a onvolution ofthe � ! qq amplitude (where the quarks are ollinear with the �nal statepion) with the valene light-front wavefuntion of the pion:FM (Q2) = 4p3 1Z0 dx�M (x; ~Q)TH!M (x;Q2) : (34)The hard sattering amplitude for � ! qq isTHM (x;Q2) = [(1 � x)Q2℄�1 (1 +O(�s)) :The leading QCD orretions have been omputed by Braaten [102℄. Theevaluation of the next-to-leading orretions in the physial �V sheme isgiven in Ref. [100℄. For the asymptoti distribution amplitude �asympt� (x) =p3f�x(1 � x) one predits Q2F�(Q2) = 2f� �1� 53 �V (Q�)� � where Q� =e�3=2Q is the BLM sale for the pion form fator. The PQCD preditionshave been tested in measurements of e ! e�0 by the CLEO Collabora-tion [103℄. See Fig. 5 (b). The observed �at saling of the Q2F�(Q2)data from Q2 = 2 to Q2 = 8 GeV2 provides an important on�rmation ofthe appliability of leading twist QCD to this proess. The magnitude ofQ2F�(Q2) is remarkably onsistent with the predited form, assuming theasymptoti distribution amplitude and inluding the LO QCD radiative or-retion with �V (e�3=2Q)=� ' 0:12. One ould allow for some broadeningof the distribution amplitude with a orresponding inrease in the value of�V at small sales. Radyushkin [104℄, Ong [105℄, and Kroll [106℄ have also



4040 Stanley J. Brodskynoted that the saling and normalization of the photon-to-pion transitionform fator tends to favor the asymptoti form for the pion distribution am-plitude and rules out broader distributions suh as the two-humped formsuggested by QCD sum rules [107℄.
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QCD Phenomenology and Light-Front Wavefuntions 4041for meson pairs is that the ontributions of Landsho� pith singularities arepower-law suppressed at the Born level � even before taking into aountSudakov form fator suppression. There are also no anomalous ontributionsfrom the x ! 1 endpoint integration region. Thus, as in the alulation ofthe meson form fators, eah �xed-angle heliity amplitude an be writtento leading order in 1=Q in the fatorized form [Q2 = p2T = tu=s; ~Qx =min(xQ; (l � x)Q)℄:M!MM = 1Z0 dx 1Z0 dy�M (y; ~Qy)TH(x; y; s; �:m:�M (x; ~Qx) ; (35)where TH is the hard-sattering amplitude  ! (qq)(qq) for the produtionof the valene quarks ollinear with eah meson, and �M (x; ~Q) is the ampli-tude for �nding the valene q and q with light-front frations of the meson'smomentum, integrated over transverse momenta k? < ~Q: The ontribu-tion of non-valene Fok states are power-law suppressed. Furthermore, theheliity-seletion rules [99℄ of perturbative QCD predit that vetor mesonsare produed with opposite heliities to leading order in 1=Q and all or-ders in �s. The dependene in x and y of several terms in T�;�0 is quitesimilar to that appearing in the meson's eletromagneti form fator. Thusmuh of the dependene on �M (x;Q) an be eliminated by expressing it interms of the meson form fator. In fat, the ratio of the  ! �+�� ande+e� ! �+�� amplitudes at large s and �xed �:m: is nearly insensitive tothe running oupling and the shape of the pion distribution amplitude:d�dt ( ! �+��)d�dt ( ! �+��) � 4jF�(s)j21� os2 �:m: : (36)The omparison of the PQCD predition for the sum of �+�� plus K+K�hannels with reent CLEO data [109℄ is shown in Fig. 6. The CLEO datafor harged pion and kaon pairs show a lear transition to the saling andangular distribution predited by PQCD [101℄ for W = p(s > 2 GeV.See Fig. 6. It is learly important to measure the magnitude and angulardependene of the two-photon prodution of neutral pions and �+�� rosssetions in view of the strong sensitivity of these hannels to the shape ofmeson distribution amplitudes. QCD also predits that the prodution rosssetion for harged �-pairs (with any heliity) is muh larger that for thatof neutral � pairs, partiularly at large �:m: angles. Similar preditionsare possible for other heliity-zero mesons. The ross setions for Comptonsattering on protons and the rossed reation  ! pp at high momentumtransfer have also been evaluated [110,111℄, providing important tests of theproton distribution amplitude.
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QCD Phenomenology and Light-Front Wavefuntions 4043Radyushkin [113℄ has argued that the Compton amplitude is dominatedby soft end-point ontributions of the proton wavefuntions where the twophotons both interat on a quark line arrying nearly all of the proton'smomentum. This desription appears to agree with the Compton data atleast at forward angles where �t < 10 GeV2. From this viewpoint, thedominane of the fatorizable PQCD leading twist ontributions requiresmomentum transfers muh higher than those urrently available. However,the endpoint model annot explain the empirial suess of the perturba-tive QCD �xed �:m: saling s7d�=dt(p ! �+n) � onst at relatively lowmomentum transfer in pion photoprodution [116℄.Clearly muh more experimental input on hadron wavefuntions is needed,partiularly from measurements of two-photon exlusive reations into me-son and baryon pairs at the high luminosity B fatories. For example, theratio d�dt ( ! �0�0)=d�dt ( ! �+��) is partiularly sensitive to the shapeof pion distribution amplitude. Baryon pair prodution in two-photon rea-tions at threshold may reveal physis assoiated with the soliton strutureof baryons in QCD [117,118℄. In addition, �xed target experiments an pro-vide muh more information on fundamental QCD proesses suh as deeplyvirtual Compton sattering and large angle Compton sattering.7. Di�rative dissoiation and light-one wavefuntionsDi�rative dissoiation in QCD an be understood as a three-step pro-ess:1. The initial hadron an be deomposed in terms of its quark and gluononstituents in terms of its light-front Fok-state omponents.2. In the seond step, the inoming hadron is resolved by Pomeron orOdderon (multi-gluon) exhange with the target or by Coulomb dissoia-tion. The exhanged interation has to supply su�ient momentum trans-fer q� to put the di�rated state X on shell. Light-front energy onser-vation requires q� = (m2X �m2�)=P+� ; where mX is the invariant mass ofX. In a heavy target rest system, the longitudinal momentum transfer isqz = (m2X �m2�)=E�lab: Thus the momentum transfer t = q2 to the targetan be su�iently small so that the target remains intat.In perturbative QCD, the pomeron is generally be represented as mul-tiple gluon exhange between the target and projetile. E�etively this in-teration ours over a short light-front time interval, and thus like photonexhange, the perturbative QCD pomeron an be e�etively represented asa loal operator. This desription is believed to be appliable when thepomeron has to resolve ompat states and is the basis for the terminology�hard pomeron�. The BFKL formalism generalizes the perturbative QCDtreatment by an all-orders perturbative resummation, generating a pomeron



4044 Stanley J. Brodskywith a �xed Regge interept �P (0). Next to leading order alulations withBLM sale �xing leads to a predited interept �P (0) ' 0:4 [119℄. However,when the exhange interations are soft, a multiperipheral desription interms of meson ladders may dominate the physis. This is the basis for thetwo-omponent pomeron model of Donnahie and Landsho� [120℄.Consider a ollinear frame where the inident momentum P+� is large ands = (p� + ptarget)2 ' p+� p�target: The matrix element of an exhanged gluonwith momentum qi between the projetile and an intermediate state jNi isdominated by the �plus urrent�: 
�jj+(0) exp(i12q+i x� � iq?i � x?jN�. Notethat the oherent sum of ouplings of an exhanged gluon to the pion systemvanishes when its momentum is small ompared to the harateristi mo-mentum sales in the projetile light-front wavefuntion: q?i�x? � 1 andq+i �x� � 1. The destrutive interferene of the gauge ouplings to the on-stituents of the projetile follows simply from the fat that the olor hargeoperator has zero matrix element between distint eigenstates of the QCDHamiltonian: hAjQjBi � R d2x?dx� hAjj+(0)jBi = 0 [121℄. At high ener-gies the hange in k+i of the onstituents an be ignored, so that Fok statesof a hadron with small transverse size interat weakly even in a nulear targetbeause of their small dipole moment [27,30℄. To a good approximation thesum of ouplings to the onstituents of the projetile an be represented asa derivative with respet to transverse momentum. Thus photon exhangemeasures a weighted sum of transverse derivatives �k? n(xi; k?i ; �i); andtwo-gluon exhange measures the seond transverse partial derivative [122℄.3. The �nal step is the hadronization of the n onstituents of the pro-jetile Fok state into �nal state hadrons. Sine q+i is small, the number ofpartons in the initial Fok state and the �nal state hadrons are unhanged.Their oalesene is thus governed by the onvolution of initial and �nal-state Fok state wavefuntions. In the ase of states with high k?, the �nalstate will hadronize into jets, eah re�eting the respetive xi of the Fokstate onstituents. In the ase of higher Fok states with intrinsi sea quarkssuh as an extra  pair (intrinsi harm), one will observe leading J= oropen harm hadrons in the projetile fragmentation region; i.e., the hadron'sfragments will tend to have the same rapidity as that of the projetile.For example, di�rative multi-jet prodution in heavy nulei provides anovel way to measure the shape of the LC Fok state wavefuntions and testolor transpareny. Consider the reation [27,28,123℄ �A! Jet1+Jet2+A0at high energy where the nuleus A0 is left intat in its ground state. Thetransverse momenta of the jets balane so that ~k?i+~k?2 = ~q? < R�1A : Thelight-front longitudinal momentum frations also need to add to x1+x2 � 1so that �pL < R�1A . The proess an then our oherently in the nuleus.Beause of olor transpareny, the valene wavefuntion of the pion withsmall impat separation, will penetrate the nuleus with minimal intera-



QCD Phenomenology and Light-Front Wavefuntions 4045tions, di�rating into jet pairs [27℄. The x1 = x, x2 = 1 � x dependene ofthe di-jet distributions will thus re�et the shape of the pion valene light-front wavefuntion in x; similarly, the ~k?1�~k?2 relative transverse momentaof the jets gives key information on the seond derivative of the underlyingshape of the valene pion wavefuntion [28,122,123℄. The di�rative nulearamplitude extrapolated to t = 0 should be linear in nulear number A ifolor transpareny is orret. The integrated di�rative rate should thensale as A2=R2A � A4=3.The results of a di�rative di-jet dissoiation experiment of this typeE791 at Fermilab using 500 GeV inident pions on nulear targets [124℄ ap-pear to be onsistent with olor transpareny. The measured longitudinalmomentum distribution of the jets [125℄ is onsistent with a pion light-frontwavefuntion of the pion with the shape of the asymptoti distribution am-plitude, �asympt� (x) = p3f�x(1�x). Data from CLEO [103℄ for the � ! �0transition form fator also favor a form for the pion distribution amplitudelose to the asymptoti solution to the perturbative QCD evolution equa-tion [5℄.The interpretation of the di�rative di-jet proesses as measures of thehadron distribution amplitudes has reently been questioned by Braun etal. [126℄ and by Chernyak [127℄ who have alulated the hard sattering am-plitude for suh proesses at next-to-leading order. However, these analysesneglet the integration over the transverse momentum of the valene quarksand thus miss the logarithmi ordering whih is required for fatorization ofthe distribution amplitude and olor-�ltering in nulear targets.As noted above, the di�rative dissoiation of a hadron or nuleus analso our via the Coulomb dissoiation of a beam partile on an eletronbeam (e.g. at HERA or eRHIC) or on the strong Coulomb �eld of a heavynuleus (e.g. at RHIC or nulear ollisions at the LHC) [122℄. The amplitudefor Coulomb exhange at small momentum transfer is proportional to the�rst derivative Pi ei �~kTi of the light-front wavefuntion, summed over theharged onstituents. The Coulomb exhange reations fall o� less fast athigh transverse momentum ompared to pomeron exhange reations sinethe light-front wavefuntion is e�etive di�erentiated twie in two-gluon ex-hange reations.It will also be interesting to study di�rative tri-jet prodution using pro-ton beams pA! Jet1+Jet2+Jet3+A0 to determine the fundamental shapeof the 3-quark struture of the valene light-front wavefuntion of the nu-leon at small transverse separation [28℄. For example, onsider the Coulombdissoiation of a high energy proton at HERA. The proton an dissoiateinto three jets orresponding to the three-quark struture of the valenelight-front wavefuntion. We an demand that the produed hadrons all falloutside an opening angle � in the proton's fragmentation region. E�etively



4046 Stanley J. Brodskyall of the light-front momentum Pj xj ' 1 of the proton's fragments willthus be produed outside an �exlusion one�. This then limits the invariantmass of the ontributing Fok state M2n > �2 = P+2 sin2 �=4 from below,so that perturbative QCD ounting rules an predit the fall-o� in the jetsystem invariant mass M. At large invariant mass one expets the three-quark valene Fok state of the proton to dominate. The segmentation of theforward detetor in azimuthal angle � an be used to identify struture andorrelations assoiated with the three-quark light-front wavefuntion [122℄.An interesting possibility is that the distribution amplitude of the �(1232)for Jz = 1=2; 3=2 is lose to the asymptoti form x1x2x3, but that the protondistribution amplitude is more omplex. This ansatz an also be motivatedby assuming a quark�diquark struture of the baryon wavefuntions. Thedi�erenes in shapes of the distribution amplitudes ould explain why thep ! � transition form fator appears to fall faster at large Q2 than theelasti p ! p and the other p ! N� transition form fators [128℄. Onean use also measure the di-jet struture of real and virtual photons beams�A ! Jet1 + Jet2 + A0 to measure the shape of the light-front wavefun-tion for transversely-polarized and longitudinally-polarized virtual photons.Suh experiments will open up a diret window on the amplitude strutureof hadrons at short distanes. The light-front formalism is also appliableto the desription of nulei in terms of their nuleoni and mesoni degreesof freedom [129, 130℄. Self-resolving di�rative jet reations in high energyeletron�nuleus ollisions and hadron�nuleus ollisions at moderate mo-mentum transfers an thus be used to resolve the light-front wavefuntionsof nulei.The �rst tests of olor transpareny involved large momentum transferquasi-elasti sattering proesses in nulei. Suh reations are predited inperturbative QCD to depend on the sattering of small impat size hadronwavefuntion on�gurations [30℄. The onset of olor transpareny in proton�proton sattering in nulei was �rst seen by Experiment E834 at BNL byobserving a rise in the ratio of quasi-elasti to elasti pp sattering at largeangles and energies up to ps � 5 GeV [131℄. Quasi-elasti proton�protonsattering is advantageous over the analogous eletron�proton sattering re-ation sine the wavefuntions of the inoming and outgoing hadron in highenergy proton reations would not su�er rapid expansion. However, E834also revealed another remarkable feature of quasi-elasti pp sattering: thequenhing of olor transpareny at the largest measured energy measured byE834, in diret ontradition to the preditions perturbative QCD. A morereent experiment, E850, using the EVA spetrometer has now on�rmedthis unexpeted e�et through new measurements of the transpareny ratioat higher energies [32℄.



QCD Phenomenology and Light-Front Wavefuntions 4047The quenhing of olor transpareny observed in the E834 and E850 ex-periments is almost as important disovery as olor transpareny itself. Itsignals a nonperturbative e�et in QCD whih learly must be understood.The quenhing ours at the enter-of-mass energy of 5 GeV where the ppelasti ross setion also displays another remarkable e�et: the rate of sat-tering where the spins of the initial protons are parallel and normal to thesattering plane grows rapidly and beomes approximately 4 times as largeas the spin-antiparallel rate [132℄. De Teramond and I [133℄ have notedthat both phenomenon our just at the threshold for open harm hadronprodution. We have shown in fat that resonane prodution in pp elastisattering due to a uuduud   spin-1 resonane will in fat lead to a remark-ably large spin orrelation ANN and quenhing of olor transpareny abovethe harm threshold. If this explanation is validated (by the observation ofa signi�ant open harm ross setion near 5 GeV enter of mass energy),then E834 and E850 will have provided the �rst evidene for an exoti QCDstate with hidden harm.8. Higher Fok states and the intrinsi seaSine a hadroni wavefuntion desribes states o� of the light-front en-ergy shell, there is a �nite probability of the projetile having �utuationsontaining extra quark�antiquark pairs, suh as intrinsi strangeness harm,and bottom. In ontrast to the quark pairs arising from gluon splitting,intrinsi quarks are multiply-onneted to the valene quarks and are thuspart of the dynamis of the hadron.Reently Franz, Polyakov, and Goeke have analyzed the properties ofthe intrinsi heavy-quark �utuations in hadrons using the operator-produtexpansion [25℄. For example, the light-one momentum fration arried byintrinsi heavy quarks in the proton xQQ as measured by the T++ omponentof the energy�momentum tensor is related in the heavy-quark limit to theforward matrix element hpjtr(G+�G+�G��)=m2Qjpi; where G�� is the gauge�eld strength tensor. Diagrammatially, this an be desribed as a heavyquark loop in the proton self-energy with four gluons attahed to the light,valene quarks. Sine the non-Abelian ommutator [A�; A� ℄ is involved,the heavy quark pairs in the proton wavefuntion are neessarily in a olor-otet state. It follows from dimensional analysis that the momentum frationarried by the QQ pair sales as k2?=m2Q where k? is the typial momentumin the hadron wave funtion. [In ontrast, in the ase of Abelian theories, theontribution of an intrinsi, heavy lepton pair to the bound state's struture�rst appears in O(1=m4L). One relevant operator orresponds to the Born�Infeld (F��)4 light-by-light sattering insertion, and the momentum frationof heavy leptons in an atom sales as k4?=m4L.℄



4048 Stanley J. BrodskyThe intrinsi sea is thus sensitive to the hadroni bound-state struture[47, 134℄. The maximal ontribution of an intrinsi heavy quark ours atxQ ' m?Q=Pim? where m? = qm2 + k2?; i.e. at large xQ, sine thisminimizes the invariant massM2n. The measurements of the harm struturefuntion by the EMC experiment are onsistent with intrinsi harm at largex in the nuleon with a probability of order 0:6�0:3% [48℄ whih is onsistentwith the reent estimates based on instanton �utuations [25℄.Thus one an identify two ontributions to the heavy quark sea, the �ex-trinsi� ontributions whih orrespond to ordinary gluon splitting, and the�intrinsi� sea whih is multi-onneted via gluons to the valene quarks.Intrinsi harm an be materialized by di�rative dissoiation into open orhidden harm states suh as pp! J= Xp0;�Xp0. At HERA one an mea-sure intrinsi harm in the proton by Coulomb dissoiation: pe ! �Xe0;and J= Xe0: Sine the intrinsi heavy quarks tend to have the same ra-pidity as that of the projetile, they are produed at large xF in the beamfragmentation region.The presene of intrinsi harm quarks in the B wave funtion providesnew mehanisms for B deays. The harateristi momenta haraterizingthe B meson is most likely higher by a fator of 2 ompared to the momentumsale of light mesons, This e�et is analogous to the higher momentum saleof muonium �+e� versus that of positronium e+e� in atomi physis beauseof the larger redued mass. Thus one an expet a higher probability forintrinsi harm in heavy hadrons ompared to light hadrons. For example,Chang and Hou have onsidered the prodution of �nal states with threeharmed quarks suh as B ! J= D� and B ! J= D� [135℄; these �nalstates are di�ult to realize in the valene model, yet they our naturallywhen the b quark of the intrinsi harm Fok state j bui deays via b! ud.In fat, the J= spetrum for inlusive B ! J= X deays measured byCLEO and Belle shows a distint enhanement at the low J= momentumwhere suh deays would kinematially our. Alternatively, this exessould re�et the opening of baryoni hannels suh as B ! J= p� [136℄.Reently, Susan Gardner and I have shown that the presene of intrinsiharm in the hadrons' light-front wave funtions, even at a few perent level,provides new, ompetitive deay mehanisms for B deays whih are nomi-nally CKM-suppressed [137℄. For example, the weak deays of the B-mesonto two-body exlusive states onsisting of strange plus light hadrons, suh asB ! �K, are expeted to be dominated by penguin ontributions sine thetree-level b! suu deay is CKM suppressed. However, higher Fok states inthe B wave funtion ontaining harm quark pairs an mediate the deay viaa CKM-favored b! s tree-level transition. Suh intrinsi harm ontribu-tions an be phenomenologially signi�ant. Sine they mimi the amplitude



QCD Phenomenology and Light-Front Wavefuntions 4049struture of �harming� penguin ontributions [138�141℄, harming penguinsneed not be penguins at all [137℄.One an also distinguish �intrinsi gluons� [142℄ whih are assoiatedwith multi-quark interations and extrinsi gluon ontributions assoiatedwith quark substruture. One an also use this framework to isolate thephysis of the anomaly ontribution to the Ellis�Ja�e sum rule [92℄. Thusneither gluons nor sea quarks are solely generated by DGLAP evolution, andone annot de�ne a resolution sale Q0 where the sea or gluon degrees offreedom an be negleted.It is usually assumed that a heavy quarkonium state suh as the J= always deays to light hadrons via the annihilation of its heavy quark on-stituents to gluons. However, as Karliner and I [143℄ have shown, the transi-tion J= ! �� an also our by the rearrangement of the  from the J= into the j qqi intrinsi harm Fok state of the � or �. On the other hand,the overlap rearrangement integral in the deay  0 ! �� will be suppressedsine the intrinsi harm Fok state radial wavefuntion of the light hadronswill evidently not have nodes in its radial wavefuntion. This observationprovides a natural explanation of the long-standing puzzle [144℄ why the J= deays prominently to two-body pseudosalar-vetor �nal states, breakinghadron heliity onservation [99℄, whereas the  0 does not.The higher Fok state of the proton juu d s si should resemble a jK�iintermediate state, sine this minimizes its invariant mass M. In suh astate, the strange quark has a higher mean momentum fration x than thes [145�147℄. Similarly, the heliity of the intrinsi strange quark in thison�guration will be anti-aligned with the heliity of the nuleon [145,147℄.This Q $ Q asymmetry is a striking feature of the intrinsi heavy-quarksea.9. Non-perturbative solutions of light-front quantized QCDIs there any hope of omputing light-front wavefuntions from �rst prin-iples? The solution of the light-front Hamiltonian equation HQCDLC j	i =M2j	i is an eigenvalue problem whih in priniple determines the massessquared of the entire bound and ontinuum spetrum of QCD. If one intro-dues periodi or anti-periodi boundary onditions, the eigenvalue problemis redued to the diagonalization of a disrete Hermitian matrix representa-tion of HQCDLC : The light-front momenta satisfy x+ = 2�L ni and P+ = 2�L K,where Pi ni = K: The number of quanta in the ontributing Fok states isrestrited by the hoie of harmoni resolution. A uto� on the invariantmass of the Fok states trunates the size of the matrix representation in thetransverse momenta. This is the essene of the DLCQ method [35℄, whihhas now beome a standard tool for solving both the spetrum and light-



4050 Stanley J. Brodskyfront wavefuntions of one-spae one-time theories � virtually any 1 + 1quantum �eld theory, inluding �redued QCD� (whih has both quark andgluoni degrees of freedom) an be ompletely solved using DLCQ [73,148℄.The method yields not only the bound-state and ontinuum spetrum, butalso the light-front wavefuntion for eah eigensolution [149, 150℄.Dalley et al. have shown how one an use DLCQ in one spae-one time,with a transverse lattie to solve mesoni and gluoni states in 3 + 1 QCD[151℄. The spetrum obtained for gluonium states is in remarkable agreementwith lattie gauge theory results, but with a huge redution of numeriale�ort. Hiller and I [152℄ have shown how one an use DLCQ to ompute theeletron magneti moment in QED without resort to perturbation theory.There has been reent progress developing the omputational tools andrenormalization methods whih an make DLCQ a viable omputationalmethod for QCD in physial spae-time. John Hiller, Gary MCartor, andI [11℄ have shown how DLCQ an be used to solve (3+1) theories and ob-tain the spetrum and light-front wavefuntions of the bound state solu-tions despite the large numbers of degrees of freedom needed to enumeratethe Fok basis. A key feature of our work is the introdution of Pauli�Villars �elds [153℄ in the DLCQ basis whih regulate the UV divergenesand perform renormalization while preserving the frame-independene ofthe theory [154, 155℄.A reent appliation of DLCQ and Pauli�Villars regularization to a (3+1)quantum �eld theory with Yukawa interations is given in Ref. [11℄. Onlyone heavy fermion is allowed in the Fok states. We inlude an additionale�etive interation whih represents the ontribution of the missing Z graphand anels an infrared singularity introdued by the instantaneous fermioninteration. Canellation of ultraviolet in�nities is then arranged by hoosingimaginary ouplings or an inde�nite metri. In our most reent work we usedthree heavy salars, two of whih have negative norm.In DLCQ, all light-front momentum variables are disretized, with p+ !n�=L and ~p? ! ~n?�=L?, in terms of longitudinal and transverse lengthsales L and L?. The total longitudinal momentum is P+ = K�=L andmomentum frations are given by x = n=K. Wave funtions and the masseigenvalue problem, where HLC = P+P�, are naturally expressed in termsof momentum frations and the resolution K. Hene L disappears, and Ke�etively takes its plae as the resolution sale. The transverse sale L? isset by a momentum uto� and a transverse resolution. The integrals overwave funtions whih make up the mass eigenvalue problem HLC� =M2�are then approximated by the trapezoidal quadrature rule. This yields a ma-trix eigenvalue problem whih is typially quite large but also quite sparse.Lanzos tehniques [156℄ are used to extrat eigenvalues and eigenvetors forthe lowest states, even in the ase of an inde�nite metri [11℄.



QCD Phenomenology and Light-Front Wavefuntions 4051The massM of the dressed single-fermion state is held �xed. This is im-posed by rearranging the mass eigenvalue problem into an eigenvalue prob-lem for the quantity ÆM2:x24M2 � M2 + p2?x �Xj �2j + q2?jyj 35 ~�� Z Yj dy0jd2q0?jpxx0K~�0 = ÆM2 ~� ;(37)where K represents the original kernel and amplitudes are related by � =px~�.The oupling g is onstrained by imposing a ondition on the bosonoupation number: h: �2(0) :i � �y� : �2(0) : ��. This quantity an beomputed fairly e�iently as the sumh:�2(0):i = 1Xni=0Z ntotYj dq+j d2q?jXs (�1)(ni)� nXk=1 2q+k =P+!������(ni)�s (qj ;P �Xj qj)�����2 : (38)The onstraint on h:�2(0):i an be satis�ed by solving it simultaneously withthe eigenvalue problem.With the parameters �xed, we an ompute various quantities, suh asthe parton wavefuntions and momentum distributions, the form fator slopeat zero momentum transfer, the average numbers of onstituents, and theaverage onstituent momenta. A representative plot of the bosoni struturefuntion fB(y) � 1Xni=0Xs Z Yj dq+j d2q?j(�1)(ni) n0Xk=1�Æ�y � q+kP+� ������(ni)�s (qj;P �Xi qj)�����2 ; (39)is given in Fig. 7. We have also worked at somewhat stronger ouplingswhere deviations from �rst order perturbation theory beomes apparent;however, high resolution is required, with K = 21 to 39 and as many as 15transverse momentum points. This resolution ould be ahieved by limitingthe number of onstituents to 3, after verifying that the ontribution fromhigher setors was su�iently small.The suess of appliation of DLCQ to the Yukawa theory with Pauli�Villars regularization is enouraging. One an ompute masses and wave
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Fig. 7. The boson struture funtion fB at various numerial resolutions forh: �2(0) :i = 0:5, with M = �, uto� �2 = 50�2, and Pauli�Villars masses�21 = 10�2, �22 = 20�2, and �23 = 30�2. The solid line is from �rst-order per-turbation theory.funtions for eigenstates for quantum �eld theories in physial spae-time.Another proedure, now under investigation, is to use one heavy salar andone heavy fermion, both with negative norm, as suggested by the work ofPaston et al. [157℄ This method has the advantage of being free of instanta-neous fermion interations. An alternative and interesting regularization isto apply DLCQ to �nite supersymmetri 3+1 theories, and then introduesupersymmetri breaking.We plan to ontinue to be explored these possibilities with various modeltheories, leading eventually to the diret appliation to QCD(3+1). In fat,Paston et al. [158℄ have already obtained a PV-like regularization of QCDwhih ould, in priniple, be solved by DLCQ; however, given present om-puting power the number of �elds is possibly too large for meaningful al-ulations.One an also formulate DLCQ so that supersymmetry is exatly pre-served in the disrete approximation, thus ombining the power of DLCQwith the beauty of supersymmetry [159�161℄. The �SDLCQ� method hasbeen applied to several interesting supersymmetri theories, to the analysisof zero modes, vauum degeneray, massless states, mass gaps, and theoriesin higher dimensions, and even tests of the Maldaena onjeture [159℄. Bro-ken supersymmetry is interesting in DLCQ, sine it may serve as a methodfor regulating non-Abelian theories [155℄.



QCD Phenomenology and Light-Front Wavefuntions 4053There are also many possibilities for obtaining approximate solutions oflight-front wavefuntions in QCD. QCD sum rules, lattie gauge theory mo-ments, and QCD inspired models suh as the bag model, hiral theories,provide important onstraints. Guides to the exat behavior of LC wave-funtions in QCD an also be obtained from analyti or DLCQ solutions totoy models suh as �redued� QCD(1 + 1): The light-front and many-bodyShrödinger theory formalisms must math In the nonrelativisti limit.It would be interesting to see if light-front wavefuntions an inorporatehiral onstraints suh as soliton (Skyrmion) behavior for baryons and otheronsequenes of the hiral limit in the soft momentum regime. Solvable the-ories suh as QCD(1+1) are also useful for understanding suh phenomena.It has been shown that the anomaly ontribution for the �0 !  deayamplitude is satis�ed by the light-front Fok formalism in the limit wherethe mass of the pion is light ompared to its size [162℄.10. Non-perturbative alulations of the piondistribution amplitudeThe distribution amplitude �(x; eQ) an be omputed from the integralover transverse momenta of the renormalized hadron valene wavefuntionin the light-one gauge at �xed light-front time [38℄:�(x; eQ) = Z d2 ~k? � eQ2 � ~k?2x(1� x)! ( eQ)(x; ~k?) ; (40)where a global uto� in invariant mass is identi�ed with the resolution ~Q.The distribution amplitude �(x; ~Q) is boost and gauge invariant and evolvesin ln ~Q through an evolution equation [5,91,94℄. Sine it is formed from thesame produt of operators as the non-singlet struture funtion, the anoma-lous dimensions ontrolling �(x;Q) dependene in the ultraviolet logQ saleare the same as those whih appear in the DGLAP evolution of struturefuntions [55℄. The deay � ! �� normalizes the wave funtion at theorigin: a0=6 = R 10 dx�(x;Q) = f�=(2p3): One an also ompute the distri-bution amplitude from the gauge invariant Bethe�Salpeter wavefuntion atequal light-front time. This also allows ontat with both QCD sum rulesand lattie gauge theory; for example, moments of the pion distributionamplitudes have been omputed in lattie gauge theory [163�165℄.Dalley [108℄ has reently alulated the pion distribution amplitude fromQCD using a ombination of the disretized DLCQ method for the x� andx+ light-front oordinates with the transverse lattie method [166, 167℄ inthe transverse diretions, A �nite lattie spaing a an be used by hoos-ing the parameters of the e�etive theory in a region of renormalization



4054 Stanley J. Brodskygroup stability to respet the required gauge, Poinaré, hiral, and ontin-uum symmetries. The overall normalization gives f� = 101 MeV omparedwith the experimental value of 93 MeV. Figure 5 (a) ompares the resultingDLCQ/transverse lattie pion wavefuntion with the best �t to the di�ra-tive di-jet data (see the next setion) after orretions for hadronization andexperimental aeptane [26℄. The theoretial urve is somewhat broaderthan the experimental result. However, there are experimental unertaintiesfrom hadronization and theoretial errors introdued from �nite DLCQ res-olution, using a nearly massless pion, ambiguities in setting the fatorizationsale Q2, as well as errors in the evolution of the distribution amplitude from1 to 10 GeV2. Instanton models also predit a pion distribution amplitudelose to the asymptoti form [168℄. In ontrast, reent lattie results fromDel Debbio et al. [165℄ predit a muh narrower shape for the pion distribu-tion amplitude than the distribution predited by the transverse lattie. Anew result for the proton distribution amplitude treating nuleons as hiralsolitons has reently been derived by Diakonov and Petrov [169℄. Dyson�Shwinger models [170℄ of hadroni Bethe�Salpeter wavefuntions an alsobe used to predit light-front wavefuntions and hadron distribution am-plitudes by integrating over the relative k� momentum. There is also thepossibility of deriving Bethe�Salpeter wavefuntions within light-front gaugequantized QCD [41℄ in order to properly math to the light-one gauge Fokstate deomposition.11. Calulating and modelling light-front wavefuntionsMany features of the light-front wavefuntions follow from general argu-ments. Light-front wavefuntions satisfy the equation of motion:HQCDLC j	i = (H0LC + VLC)j	i =M2j	iwhih has the Heisenberg matrix form in Fok spae:"M2 � nXi=1 m2?ixi # n =Xn0 Z 
njV jn0� n0 ;where the onvolution and sum is understood over the Fok number, trans-verse momenta, plus momenta and heliity of the intermediate states. Herem2? = m2 + k2?: Thus, in general, every light-front Fok wavefuntion hasthe form:  n = �nM2 �Pni=1 m2?ixi ;where �n =Pn0 R Vnn0 n. The main dynamial dependene of a light-frontwavefuntion away from the extrema is ontrolled by its light-front energy



QCD Phenomenology and Light-Front Wavefuntions 4055denominator. The maximum of the wavefuntion ours when the invariantmass of the partons is minimal; i.e., when all partiles have equal rapidityand are all at rest in the rest frame. In fat, Dae Sung Hwang and I [121℄have noted that one an rewrite the wavefuntion in the form: n = �nM2[Pni=1 (xi�x̂i)2xi + Æ2℄ ;where xi = x̂i � m?i=Pni=1m?i is the ondition for minimal rapidity dif-ferenes of the onstituents. The key parameter is M2 �Pni=1m2?i=x̂i ��M2Æ2: We an also interpret Æ2 ' 2"=M where " = Pni=1m?i � M isthe e�etive binding energy. This form shows that the wavefuntion is aquadrati form around its maximum, and that the width of the distributionin (xi � x̂i)2 (where the wavefuntion falls to half of its maximum) is on-trolled by xiÆ2 and the transverse momenta k?i . Note also that the heaviestpartiles tend to have the largest x̂i; and thus the largest momentum fra-tion of the partiles in the Fok state, a feature familiar from the intrinsiharm model. For example, the b quark has the largest momentum frationat small k? in the B meson's valene light-front wavefuntion� but the dis-tribution spreads out to an asymptotially symmetri distribution aroundxb � 1=2 when k? � m2b :We an also disern some general properties of the numerator of the light-front wavefuntions. �n(xi; k?i; �i). The transverse momentum dependeneof �n guarantees Jz onservation for eah Fok state. For example, one ofthe three light-front Fok wavefuntions of a Jz = +1=2 lepton in QEDperturbation theory is  "+ 12 +1(x;~k?) = �p2 (�k1+ik2)x(1�x) ' ; where' = '(x;~k?) = ep1�xM2 � ~k2?+m2x � ~k2?+�21�x :The orbital angular momentum projetion in this ase is `z = �1: Thespin struture indiated by perturbative theory provides a template for thenumerator struture of the light-front wavefuntions even for omposite sys-tems. The struture of the eletron's Fok state in perturbative QED showsthat it is natural to have a negative ontribution from relative orbital an-gular momentum whih balanes the Sz of its photon onstituents. We analso expet a signi�ant orbital ontribution to the proton's Jz sine gluonsarry roughly half of the proton's momentum, thus providing insight intothe �spin risis� in QCD.The high x ! 1 and high k? limits of the hadron wavefuntions on-trol proesses and reations in whih the hadron wavefuntions are highlystressed. Suh on�gurations involve far-o�-shell intermediate states and



4056 Stanley J. Brodskyan be systematially treated in perturbation theory [5, 171℄. This leads toounting rule behavior for the quark and gluon distributions at x! 1. No-tie that x ! 1 orresponds to kz ! �1 for any onstituent with nonzeromass or transverse momentum.The above disussion suggests that an approximate form for the hadronlight-front wavefuntions ould be onstruted through variational priniplesand by minimizing the expetation value of HQCDLC :12. Struture funtions are not parton distributionsEver sine the earliest days of the parton model, it has been assumed thatthe leading-twist struture funtions Fi(x;Q2) measured in deep inelastilepton sattering are determined by the probability distribution of quarksand gluons as determined by the light-front wavefuntions of the target. Forexample, the quark distribution isPq=N (xB ; Q2) =Xn k2i?<Q2Z "Yi dxi d2k?i# j n(xi; k?i)j2Xj=q Æ(xB � xj):The identi�ation of struture funtions with the square of light-front wave-funtions is usually made in LC gauge n � A = A+ = 0, where the path-ordered exponential in the operator produt for the forward virtual Comptonamplitude apparently redues to unity. Thus the deep inelasti lepton sat-tering ross setion (DIS) appears to be fully determined by the probabilitydistribution of partons in the target. However, Paul Hoyer, Nils Marhal,Stephane Peigne, Franeso Sannino, and I [172℄ have reently shown thatthe leading-twist ontribution to DIS is a�eted by di�rative resattering ofa quark in the target, a oherent e�et whih is not inluded in the light-frontwavefuntions, even in light-one gauge. The distintion between struturefuntions and parton probabilities is already implied by the Glauber�Gribovpiture of nulear shadowing [173�176℄. In this framework shadowing arisesfrom interferene between omplex resattering amplitudes involving on-shell intermediate states, as in Fig. 8. In ontrast, the wave funtion ofa stable target is stritly real sine it does not have on energy-shell on-�gurations. A probabilisti interpretation of the DIS ross setion is thuspreluded.It is well-known that in Feynman and other ovariant gauges one hasto evaluate the orretions to the �handbag� diagram due to the �nal stateinterations of the struk quark (the line arrying momentum p1 in Fig. 9)with the gauge �eld of the target. In light-one gauge, this e�et also in-volves resattering of a spetator quark, the p2 line in Fig. 9. The light-one gauge is singular � in partiular, the gluon propagator d��LC(k) =



QCD Phenomenology and Light-Front Wavefuntions 4057ik2+i" ��g�� + n�k�+k�n�n�k � has a pole at k+ = 0 whih requires an ana-lyti presription. In �nal-state sattering involving on-shell intermediatestates, the exhanged momentum k+ is of O (1=�) in the target rest frame,whih enhanes the seond term in the propagator. This enhanement allowsresattering to ontribute at leading twist even in LC gauge.
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4058 Stanley J. BrodskyThe alulation of the resattering e�et of DIS in Feynman and light-one gauge through three loops is given in detail in Ref. [172℄. The resultan be resummed and is most easily expressed in eikonal form in terms oftransverse distanes r?; R? onjugate to p2?; k?. The deep inelasti rosssetion an be expressed asQ4 d�dQ2 dxB = �16�2 1� yy2 12M� Z dp�2p�2 d2~r? d2 ~R? j ~M j2 ; (41)where j ~M (p�2 ; ~r?; ~R?)j = ������sin hg2W (~r?; ~R?)=2ig2W (~r?; ~R?)=2 ~A(p�2 ; ~r?; ~R?)������ (42)is the resummed result. The Born amplitude is~A(p�2 ; ~r?; ~R?) = 2eg2MQp�2 V (mjjr?)W (~r?; ~R?) ; (43)where m2jj = p�2 MxB +m2 andV (mr?) � Z d2~p?(2�)2 ei~r?�~p?p2? +m2 = 12�K0(mr?) : (44)The resattering e�et of the dipole of the qq is ontrolled byW (~r?; ~R?) � Z d2~k?(2�)2 1� ei~r?�~k?k2? ei ~R?�~k? = 12� log j~R? + ~r?jR? ! : (45)The fat that the oe�ient of ~A in (42) is less than unity for all ~r?; ~R?shows that the resattering orretions redue the ross setion. It is theanalog of nulear shadowing in our model.We have also found the same result for the deep inelasti ross setionsin light-one gauge. Three presriptions for de�ning the propagator pole atk+ = 0 have been used in the literature:1k+i ! � 1k+i ��i = 8><>: k+i �(k+i � i�i)(k+i + i�i)��1 (PV)�k+i � i�i��1 (K)�k+i � i�i"(k�i )��1 (ML) (46)the prinipal-value, Kovhegov [177℄, and Mandelstam�Leibbrandt [178℄ pre-sriptions. The `sign funtion' is denoted "(x) = �(x)��(�x). With the



QCD Phenomenology and Light-Front Wavefuntions 4059PV presription we have I� = R dk+2 h 1k+2 i�2 = 0: Sine an individual diagrammay ontain pole terms � 1=k+i , its value an depend on the presriptionused for light-one gauge. However, the k+i = 0 poles anel when all di-agrams are added; the net is thus presription-independent, and it agreeswith the Feynman gauge result. It is interesting to note that the diagramsinvolving resattering of the struk quark p1 do not ontribute to the leading-twist struture funtions if we use the Kovhegov presription to de�ne thelight-one gauge. In other presriptions for light-one gauge the resatteringof the struk quark line p1 leads to an infrared divergent phase fator exp i�:� = g2 I� � 14� K0(�R?) +O(g6) ; (47)where � is an infrared regulator, and I� = 1 in theK presription. The phaseis exatly ompensated by an equal and opposite phase from �nal-state in-terations of line p2. This irrelevant hange of phase an be understood bythe fat that the di�erent presriptions are related by a residual gauge trans-formation proportional to Æ(k+) whih leaves the light-one gauge A+ = 0ondition una�eted.Di�rative ontributions whih leave the target intat thus ontributeat leading twist to deep inelasti sattering. These ontributions do not re-solve the quark struture of the target, and thus they are ontributions tostruture funtions whih are not parton probabilities. More generally, theresattering ontributions shadow and modify the observed inelasti ontri-butions to DIS.Our analysis in the K presription for light-one gauge resembles the�ovariant parton model� of Landsho�, Polkinghorne and Short [76, 179℄when interpreted in the target rest frame. In this desription of small xDIS, the virtual photon with positive q+ �rst splits into the pair p1 and p2.The aligned quark p1 has no �nal state interations. However, the antiquarkline p2 an interat in the target with an e�etive energy ŝ / k2?=x whilestaying lose to its mass shell. Thus at small x and large ŝ, the antiquarkp2 line an �rst multiple satter in the target via pomeron and Reggeonexhange, and then it an �nally satter inelastially or be annihilated. TheDIS ross setion an thus be written as an integral of the �qp!X rosssetion over the p2 virtuality. In this way, the shadowing of the antiquark inthe nuleus �qA!X ross setion yields the nulear shadowing of DIS [175℄.Our analysis, when interpreted in frames with q+ > 0; also supports theolor dipole desription of deep inelasti lepton sattering at small x. Evenin the ase of the aligned jet on�gurations, one an understand DIS as dueto the oherent olor gauge interations of the inoming quark-pair state ofthe photon interating �rst oherently and �nally inoherently in the target.



4060 Stanley J. Brodsky13. A light-front event amplitude generatorThe light-front formalism an be used as an �event amplitude genera-tor� for high energy physis reations where eah partile's �nal state isompletely labeled in momentum, heliity, and phase. The appliation ofthe light-front time evolution operator P� to an initial state systematiallygenerates the tree and virtual loop graphs of the T -matrix in light-front time-ordered perturbation theory in light-one gauge. The loop integrals only in-volve integrations over the momenta of physial quanta and physial phasespae Q d2k?idk+i . Renormalized amplitudes an be expliitly onstrutedby subtrating from the divergent loops amplitudes with nearly identialintegrands orresponding to the ontribution of the relevant mass and ou-pling ounter terms (the �alternating denominator method�) [4℄. The naturalrenormalization sheme to use for de�ning the oupling in the event ampli-tude generator is a physial e�etive harge suh as the pinh sheme [39℄.The argument of the oupling is then unambiguous [180℄. The DLCQ bound-ary onditions an be used to disretize the phase spae and limit the num-ber of ontributing intermediate states without violating Lorentz invariane.Sine one avoids dimensional regularization and nonphysial ghost degreesof freedom, this method of generating events at the amplitude level ouldprovide a simple but powerful tool for simulating events both in QCD andthe Standard Model.14. The light-front partition funtionIn the usual treatment of lassial thermodynamis, one onsiders anensemble of partiles n = 1; 2; : : : N whih have energies fEng at a given�instant� time t. The partition funtion is de�ned as Z = Pn exp�EnkT :Similarly, in quantum mehanis, one de�nes a quantum-statistial partitionfuntion as Z = tr exp��H whih sums over the exponentiated-weightedenergy eigenvalues of the system.In the ase of relativisti systems, it is natural to haraterize the systemat a given light-front time � = t+ z=; i.e., one determines the state of eahpartile in the ensemble as its enounters the light-front. Thus we an de�nea light-front partition funtionZLC =Xn exp� p�nkTLCby summing over the partiles' light-front energies p� = p0 � pz = p2?+m2p+ .The total momentum is P+ = P p+n ; ~P? = Pn ~p?n, and the total mass isde�ned from P+P� � P 2? = M2. The produt MP�TLC is boost invariant.
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