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QCD PHENOMENOLOGY AND LIGHT-FRONTWAVEFUNCTIONS� ��Stanley J. BrodskyStanford Linear A

elerator CenterStanford, California 94309, USAe-mail: sjbth�sla
.stanford.edu(Re
eived November 16, 2001)A natural 
al
ulus for des
ribing the bound-state stru
ture of relativis-ti
 
omposite systems in quantum �eld theory is the light-front Fo
k ex-pansion whi
h en
odes the properties of a hadrons in terms of a set offrame-independent n-parti
le wavefun
tions. Light-front quantization inthe doubly-transverse light-
one gauge has a number of remarkable advan-tages, in
luding expli
it unitarity, a physi
al Fo
k expansion, the absen
eof ghost degrees of freedom, and the de
oupling properties needed to provefa
torization theorems in high momentum transfer in
lusive and ex
lusiverea
tions. A number of appli
ations are dis
ussed in these le
tures, in-
luding semileptoni
 B de
ays, two-photon ex
lusive rea
tions, di�ra
tivedisso
iation into jets, and deeply virtual Compton s
attering. The relationof the intrinsi
 sea to the light-front wavefun
tions is dis
ussed. Light-frontquantization 
an also be used in the Hamiltonian form to 
onstru
t an eventgenerator for high energy physi
s rea
tions at the amplitude level. Thelight-
one partition fun
tion, summed over exponentially-weighted light-
one energies, has simple boost properties whi
h may be useful for studiesin heavy ion 
ollisions. I also review re
ent work whi
h shows that thestru
ture fun
tions measured in deep inelasti
 lepton s
attering are a�e
tedby �nal-state res
attering, thus modifying their 
onne
tion to light-frontprobability distributions. In parti
ular, the shadowing of nu
lear stru
turefun
tions is due to destru
tive interferen
e e�e
ts from leading-twist di�ra
-tion of the virtual photon, physi
s not in
luded in the nu
lear light-
onewavefun
tions.PACS numbers: 12.38.Lg� Presented at the XLI Cra
ow S
hool of Theoreti
al Physi
s, Zakopane, Poland,June 2�11, 2001.�� Work supported by Department of Energy 
ontra
t DE-AC03-76SF00515.(4013)



4014 Stanley J. Brodsky1. Introdu
tionProgress in the development and testing of quantum 
hromodynami
swill require a detailed understanding of hadron pro
esses at the amplitudelevel. For example, ex
lusive B-meson de
ays depend 
riti
ally on the wave-fun
tion of the B as well as the �nal-state hadroni
 wavefun
tions. Spin
orrelations, su
h as single-spin asymmetries in hard QCD rea
tions, re-quire an understanding of the phase stru
ture of hadron amplitudes, physi
swell beyond that 
ontained in probability distributions.One of the 
hallenges of relativisti
 quantum �eld theory is to 
omputethe wavefun
tions of bound states, su
h as the amplitudes whi
h determinethe quark and gluon substru
ture of hadrons in quantum 
hromodynami
s.However, any extension of the Heisenberg�S
hrödinger formulation of quan-tum me
hani
s Hj i = i ��t j i = Ej i to the relativisti
 domain has to
onfront seemingly intra
table hurdles: (1) quantum �u
tuations pre
lude�nite parti
le-number wavefun
tion representations; (2) the 
harged parti-
les arising from the quantum �u
tuations of the va
uum 
ontribute to thematrix element of 
urrents � thus knowledge of the wavefun
tions aloneis insu�
ient to determine observables; and (3) the boost of an equal-timewavefun
tion from one Lorentz frame to another not only 
hanges parti-
le number, but is as 
ompli
ated a dynami
al problem as solving for thewavefun
tion itself.In 1949, Dira
 [1℄ made the remarkable observation that ordinary �in-stant� time t is not the only possible evolution parameter. In fa
t, evolutionin �light-front� time � = t+z=
 = x+ has extraordinary advantages for rela-tivisti
 systems, stemming from the fa
t that 7 out of the 10 Poin
aré genera-tors, in
luding a Lorentz boostK3, are kinemati
al (intera
tion-independent)when one quantizes a theory at �xed light-front time.The light-front �xes the initial boundary 
onditions of a 
omposite sys-tem as its 
onstituents are inter
epted by a light-wave evaluated on thehyperplane x+ = t+ z=
. In 
ontrast, determining an atomi
 wavefun
tionat a given instant t = t0 requires measuring the simultaneous s
atteringof Z photons on the Z ele
trons. In fa
t, the Fo
k-state representation ofbound states de�ned at equal light-
one time, i.e., along the light-front, pro-vides wavefun
tions of �xed parti
le number whi
h are independent of theeigenstate's four-momentum P �: Furthermore, quantum �u
tuations of theva
uum are absent if one uses light-front time to quantize the system, sothat matrix elements su
h as the ele
tromagneti
 form fa
tors only dependon the 
urrents of the 
onstituents des
ribed by the light-
one wavefun
-tions. I will use here the notation A� = (A+; A�; A?); where A� = A0�Azand the metri
 A � B = 12 (A+B� +A�B+)�A? �B?:
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Fig. 1. Dira
's three forms of Hamiltonian dynami
s. From Ref. [2℄.In Dira
's �Front Form�, the generator of light-front time translations isP� = i ��� : Boundary 
onditions are set on the transverse plane labeled by x?and x� = z�
t: See Fig. 1. Given the Lagrangian of a quantum �eld theory,P� 
an be 
onstru
ted as an operator on the Fo
k basis, the eigenstates ofthe free theory. Sin
e ea
h parti
le in the Fo
k basis is on its mass shell,k� � k0 � k3 = k2?+m2k+ ; and its energy k0 = 12 (k+ + k�) is positive, onlyparti
les with positive momenta k+ � k0+k3 � 0 
an o

ur in the Fo
k basis.Sin
e the total plus momentum P+ = Pn k+n is 
onserved, the light-
oneva
uum 
annot have any parti
le 
ontent. The operator HLC = P+P��P 2?;the �light-
one Hamiltonian�, is frame-independent.The Heisenberg equation on the light-front isHLCj	i =M2j	i : (1)This 
an in prin
iple be solved by diagonalizing the matrix hnjHLCjmi onthe free Fo
k basis: [2℄Xm hnjHLCjmi hmj i =M2 hnj	i : (2)For example the intera
tion terms of QCD are illustrated in Fig. 2. Theeigenvalues fM2g of HLC = H0LC + VLC give the squared invariant massesof the bound and 
ontinuum spe
trum of the theory. The light-front Fo
kspa
e is the eigenstates of the free light-front Hamiltonian; i.e., it is a Hilbert
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Fig. 2. The front-form matrix of QCD intera
tions in light-
one gauge. Up to eight
onstituents in a meson are shown. From Ref. [2℄ and H. C. Pauli.spa
e of non-intera
ting quarks and gluons, ea
h of whi
h satisfy k2 = m2and k� = m2+k2?k+ � 0: The proje
tions fhnj	ig of the eigensolution on then-parti
le Fo
k states provide the light-front wavefun
tions. Thus solving aquantum �eld theory is equivalent to solving a 
oupled many-body quantumme
hani
al problem:"M2 � nXi=1 m2?ixi # n =Xn0 Z 
njVLCjn0� n0 ; (3)where the 
onvolution and sum is understood over the Fo
k number, trans-verse momenta, plus momenta, and heli
ity of the intermediate states. Herem2? = m2 + k2?: An essentially equivalent approa
h to light-front quanti-zation, pioneered by Weinberg [3, 4℄, is to evaluate the equal-time theoryfrom the perspe
tive of an observer moving in the negative ẑ dire
tion witharbitrarily large momentum Pz ! �1: The light-
one fra
tion x = k+p+ ofa 
onstituent 
an be identi�ed with the longitudinal momentum x = kzP zin a hadron moving with large momentum P z: Light-front wavefun
tionsare also related to momentum�spa
e Bethe�Salpeter wavefun
tions by inte-grating over the relative momenta k� = k0 � kz sin
e this proje
ts out thedynami
s at x+ = 0:We 
an 
ompare the light-front Fo
k expansion with the n-parti
leS
hrödinger momentum spa
e wavefun
tion  N (~pi) of a 
omposite system is
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tions 4017the proje
tion of the exa
t eigenstate of the equal-time Hamiltonian on then-parti
le states of the non-intera
ting Hamiltonian, the Fo
k basis. It repre-sents the amplitude for �nding the 
onstituents with three-momentum ~pi, or-bital angular momentum, and spin, subje
t to three-momentum 
onservationand angular momentum sum rules. The 
onstituents are on their mass shell,Ei = q~p 2i +m2i but do not 
onserve energy Pni=1Ei > E = p~p 2 +M2.However, in a relativisti
 quantum theory, a bound-state 
annot be repre-sented as a state with a �xed number of 
onstituents. For example, theexisten
e of gluons whi
h propagate between the valen
e quarks ne
essarilyimplies that the hadron wavefun
tion must des
ribe states with an arbitrarynumber of gluons. Thus a hadroni
 wavefun
tion must des
ribe �u
tua-tions in parti
le number n, as well as momenta and spin. One has to takeinto a

ount �u
tuations in the wavefun
tion whi
h allow for any numberof sea quarks, as long as the total quantum numbers of the 
onstituents are
ompatible with the overall quantum numbers of the baryon.It is espe
ially 
onvenient to develop the light-front formalism in thelight-
one gauge A+ = A0 + Az = 0. In this gauge the A� �eld be
omesa dependent degree of freedom, and it 
an be eliminated from the gaugetheory Hamiltonian, with the addition of a set of spe
i�
 instantaneous light-front time intera
tions. In fa
t in QCD(1 + 1) theory, this instantaneousintera
tion provides the 
on�ning linear x� intera
tion between quarks. In3+1 dimensions, the transverse �eld A? propagates massless spin-one gluonquanta with polarization ve
tors [5℄ whi
h satisfy both the gauge 
ondition"+� = 0 and the Lorentz 
ondition k � " = 0. Thus no extra 
ondition on theHilbert spa
e is required.In QCD, the wavefun
tion of a hadron des
ribes its 
omposition in termsof the momenta and spin proje
tions of quark and gluon 
onstituents. Forexample, the eigensolution of a negatively-
harged meson QCD, proje
tedon its 
olor-singlet B = 0, Q = �1, Jz = 0 eigenstates fjnig of the freeHamiltonian HQCDLC (g = 0) at �xed � = t� z=
 has the expansion:���	M ;P+; ~P?; �E = Xn�2;�iZ nYi=1 d2k?idxipxi16�3 16�3Æ0�1� nXj xj1A Æ(2) nX̀~k?`!� ���n;xiP+; xi ~P? + ~k?i; �iE n=M (xi; ~k?i; �i) : (4)The set of light-front Fo
k state wavefun
tions f n=Mg represent the en-semble of quark and gluon states possible when the meson is inter
eptedat the light-front. The light-front momentum fra
tions xi = k+i =P+� =(k0 + kzi )=(P 0 + P z) with Pni=1 xi = 1 and ~k?i with Pni=1 ~k?i = ~0? repre-



4018 Stanley J. Brodskysent the relative momentum 
oordinates of the QCD 
onstituents and areindependent of the total momentum of the state.Remarkably, the light-front wavefun
tions  n=p(xi; ~k?i; �i) are indepen-dent of the proton's momentum P+ = P 0 + P z, and P?. Thus on
e onehas solved for the light-front wavefun
tions, one 
an 
ompute hadron matrixelements of 
urrents between hadroni
 states of arbitrary momentum. Thea
tual physi
al transverse momenta are ~p?i = xi ~P? + ~k?i: The �i label thelight-front spin Sz proje
tions of the quarks and gluons along the quanti-zation z dire
tion. The spinors of the light-front formalism automati
allyin
orporate the Melosh�Wigner rotation. The physi
al gluon polarizationve
tors "�(k; � = �1) are spe
i�ed in light-
one gauge by the 
onditionsk �" = 0; � �" = "+ = 0: The parton degrees of freedom are thus all physi
al;there are no ghost or negative metri
 states.The light-front representation thus provides a frame-independent, quan-tum-me
hani
al representation of a hadron at the amplitude level, 
apableof en
oding its multi-quark, hidden-
olor and gluon momentum, heli
ity,and �avor 
orrelations in the form of universal pro
ess-independent hadronwavefun
tions.Angular momentum has simplifying features in the light-front formalismsin
e the proje
tion Jz is kinemati
al and 
onserved. Ea
h light-front Fo
kwavefun
tion satis�es the angular momentum sum rule:Jz = nXi=1 Szi + n�1Xj=1 lzj :The sum over Szi represents the 
ontribution of the intrinsi
 spins of the nFo
k state 
onstituents. The sum over orbital angular momentalzj = �i k1j ��k2j � k2j ��k1j ! (5)derives from the n � 1 relative momenta. This ex
ludes the 
ontributionto the orbital angular momentum due to the motion of the 
enter of mass,whi
h is not an intrinsi
 property of the hadron. The numerator stru
tureof the light-front wavefun
tions is in large part determined by the angularmomentum 
onstraints.If one imposes periodi
 boundary 
onditions in x� = t+z=
, then the plusmomenta be
ome dis
rete: k+i = 2�L ni; P+ = 2�L K, where Pi ni = K [6, 7℄.For a given �harmoni
 resolution� K, there are only a �nite number of wayspositive integers ni 
an sum to a positive integer K. Thus at a given K, thedimension of the resulting light-front Fo
k state representation of the bound
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tions 4019state is rendered �nite without violating Lorentz invarian
e. The eigensolu-tions of a quantum �eld theory, both the bound states and 
ontinuum solu-tions, 
an then be found by numeri
ally diagonalizing a frame-independentlight-front Hamiltonian HLC on a �nite and dis
rete momentum-spa
e Fo
kbasis. Solving a quantum �eld theory at �xed light-front time � thus 
anbe formulated as a relativisti
 extension of Heisenberg's matrix me
hani
s.The 
ontinuum limit is rea
hed for K ! 1: This formulation of the non-perturbative light-front quantization problem is 
alled �Dis
retized Light-Cone Quantization� (DLCQ) [7℄. Latti
e gauge theory has also been usedto 
al
ulate the pion light-front wavefun
tion [8℄.The DLCQ method has been used extensively for solving one-spa
e andone-time theories [2℄, in
luding appli
ations to supersymmetri
 quantum�eld theories [9℄ and spe
i�
 tests of the Malda
ena 
onje
ture [10℄. Therehas been progress in systemati
ally developing the 
omputation and renor-malization methods needed to make DLCQ viable for QCD in physi
al spa
e-time. For example, John Hiller, Gary M
Cartor, and I [11℄ have shown howDLCQ 
an be used to solve 3+1 theories despite the large numbers of degreesof freedom needed to enumerate the Fo
k basis. A key feature of our work isthe introdu
tion of Pauli�Villars �elds to regulate the UV divergen
es andperform renormalization while preserving the frame-independen
e of the the-ory. A re
ent appli
ation of DLCQ to a 3 + 1 quantum �eld theory withYukawa intera
tions is given in Ref. [11℄. There has also been importantprogress using the transverse latti
e, essentially a 
ombination of DLCQ in1+1 dimensions together with a latti
e in the transverse dimensions [12�14℄.One 
an also de�ne a trun
ated theory by eliminating the higher Fo
k statesin favor of an e�e
tive potential [15℄. Spontaneous symmetry breaking andother nonperturbative e�e
ts asso
iated with the instant-time va
uum arehidden in dynami
al or 
onstrained zero modes on the light-front. An intro-du
tion is given in Refs. [16, 17℄.Be
ause of their Lorentz invarian
e, it is parti
ularly easy to write downexa
t expressions for matrix elements of 
urrents and other lo
al operators,even the 
ouplings of gravitons. In fa
t as I dis
uss in Se
tion 3, one 
anshow that the anomalous gravito-magneti
 moment B(0), analogous to F2(0)in ele
tromagneti
 
urrent intera
tions, vanishes identi
ally for any system,
omposite or elementary [18℄. This important feature whi
h follows in gen-eral from the equivalen
e prin
iple, is obeyed expli
itly in the light-frontformalism.The set of light-front wavefun
tions provide a frame-independent, quan-tum-me
hani
al des
ription of hadrons at the amplitude level 
apable ofen
oding multi-quark and gluon momentum, heli
ity, and �avor 
orrelationsin the form of universal pro
ess-independent hadron wavefun
tions. Matrixelements of spa
elike 
urrents su
h as the spa
elike ele
tromagneti
 form
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tors have an exa
t representation in terms of simple overlaps of the light-front wavefun
tions in momentum spa
e with the same xi and un
hangedparton number [19�21℄. The measurement and interpretation of the ba-si
 parameters of the ele
troweak theory and CP violation depends on anunderstanding of the dynami
s and phase stru
ture of B de
ays at the am-plitude level. The light-front Fo
k representation is spe
ially advantageousin the study of ex
lusive B de
ays. For example, we 
an write down anexa
t frame-independent representation of de
ay matrix elements su
h asB ! D`� from the overlap of n0 = n parton 
onserving wavefun
tions andthe overlap of n0 = n � 2 from the annihilation of a quark�antiquark pairin the initial wavefun
tion [22℄. The handbag 
ontribution to the leading-twist o�-forward parton distributions measured in deeply virtual Comptons
attering have a similar light-front wavefun
tion representation as overlapintegrals of light-front wavefun
tions [23, 24℄. I will review this appli
ationin Se
tions 3 and 4.Fa
torization theorems have re
ently been proven whi
h allow one torigorously 
ompute 
ertain types of ex
lusive B de
ays in terms of the light-front wavefun
tions and distribution amplitudes of B meson and the �nalstate hadrons. The proofs are similar to those used in the analysis of ex
lu-sive amplitudes involving large momentum transfer. I review this topi
 inSe
tion 5 and 6.In prin
iple, the light-front wavefun
tions 
ontain �u
tuations of stateswith arbitrary number of quark and gluon partons. For example, 
ontainshigher Fo
k states su
h as uudss > and uud

 > whi
h are intrinsi
 to thephysi
s of the proton itself; i.e., they are multi-
onne
ted to the valen
equarks and are not generated by gluon splitting. A rigorous analysis of themomentum fra
tion and spin 
arried by intrinsi
 heavy quarks re
ently beengiven by Franz et al. [25℄. These quantities s
ale nominally as 1=m2Q in non-Abelian gauge theory, in striking 
ontrast to the 1=m4Q s
aling whi
h followsfrom the Euler�Heisenberg Lagrangian in QED. In general, the intrinsi
 seain the proton is asymmetri
 between the Q(x) and Q(x) distributions, in
ontrast to the near symmetry of quark and antiquark distributions gener-ated by DGLAP evolution.The fa
t that the B meson 
ontains Fo
k states with intrinsi
 strangenessand 
harm leads to a number of new phenomena in ex
lusive B de
ays. Inparti
ular, sin
e the 
harm quarks 
an fa
ilitate weak intera
tions, one 
anevade the CKM hierar
hy. Susan Gardner and I have shown that the 
oloro
tet intrinsi
 
harm Fo
k 
omponents of the B meson 
an give signi�
antmodi�
ations of standard predi
tions for 
hannels su
h as B ! ��. I willreview this in Se
tion 8.The quark and gluon probability distributions qi(x;Q) and g(x;Q) of ahadron 
an be 
omputed from the absolute squares of the light-front wave-
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tions, integrated over the transverse momentum up to the resolutions
ale Q. All heli
ity distributions are thus en
oded in terms of the light-front wavefun
tions. The DGLAP evolution of the stru
ture fun
tions 
anbe derived from the high k? properties of the light-front wavefun
tions.Thus given the light-front wavefun
tions, one 
an 
ompute [5℄ all of theleading twist heli
ity and transversity distributions measured in polarizeddeep inelasti
 lepton s
attering. For example, the heli
ity-spe
i�
 quarkdistributions at resolution � 
orrespond toq�q=�p(x;�) =Xn;qa Z nYj=1 dxjd2k?j16�3 X�i j (�)n=H(xi; ~k?i; �i)j2�16�3Æ 1� nXi xi! Æ(2) nXi ~k?i! Æ(x� xq)Æ�;�q�(�2 �M2n) ; (6)where the sum is over all quarks qa whi
h mat
h the quantum numbers,light-front momentum fra
tion x; and heli
ity of the stru
k quark. Sim-ilarly, the transversity distributions and o�-diagonal heli
ity 
onvolutionsare de�ned as a density matrix of the light-front wavefun
tions. This de-�nes the LC fa
torization s
heme [5℄ where the invariant mass squaredM2n =Pni=1 (k2?i +m2i )=xi of the n partons of the light-front wavefun
tionsis limited to M2n < �2.However, it is not true that the leading-twist stru
ture fun
tionsFi(x;Q2) measured in deep inelasti
 lepton s
attering are identi
al to thequark and gluon distributions. For example it is usually assumed, follow-ing the parton model, that the F2 stru
ture fun
tion measured in neutral
urrent deep inelasti
 lepton s
attering is at leading order in 1=Q2 simplyF2(x;Q2) = Pq xq(x;Q2), where x = xbj = Q2=2p � q and q(x;Q) 
an be
omputed from the absolute square of the proton's light-front wavefun
-tion. I will report on re
ent work by Paul Hoyer, Nils Mar
hal, StephanePeigne, Fran
es
o Sannino, and myself whi
h shows that this standard iden-ti�
ation is wrong. In parti
ular, the shadowing 
orre
tions related to theGribov�Glauber me
hanism, the interferen
e e�e
ts of leading twist di�ra
-tive pro
esses in nu
lei are separate e�e
ts in deep inelasti
 s
attering, arenot 
omputable from the bound state wavefun
tions of the target nu
leonor nu
leus.Remarkably, it is now possible to measure the light-front wavefun
tionsof a relativisti
 hadron by di�ra
tively disso
iating it into jets whose mo-mentum distribution is 
orrelated with the valen
e quarks' momenta [26�29℄.At high energies ea
h light-front Fo
k state intera
ts distin
tly; e.g., Fo
kstates with small parti
le number and small impa
t separation have small
olor dipole moments and 
an traverse a nu
leus with minimal intera
-
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tions for �
olor transparen
y� in hardquasi-ex
lusive [30, 31℄ and di�ra
tive rea
tions [27�29℄. QCD 
olor trans-paren
y thus tests a fundamental ansatz of QCD, that hadroni
 intera
tionsare a manifestation of gauge intera
tions. The E791 experiment has re-
ently provided a remarkable 
on�rmation of this 
onsequen
e of QCD 
olortransparen
y, a key property of LCWFs and the gauge �eld intera
tionsin QCD. The new EVA spe
trometer experiment E850 at Brookhaven hasalso reported striking e�e
ts of 
olor transparen
y in quasi-elasti
 proton�proton s
attering in nu
lei [32℄. I will review this important development inSe
tion 7.The CLEO Collaboration has veri�ed the s
aling and angular predi
tionsfor hard ex
lusive two-photon pro
esses su
h as 
�
 ! �0 and 

 ! �+��.The L3 experiment at LEP at CERN has also measured a number of ex
lu-sive hadron produ
tion 
hannels in two-photon pro
esses, providing impor-tant 
onstraints on baryon and meson distribution amplitudes and 
he
ksof perturbative QCD fa
torization. These pro
esses are parti
ularly sensi-tive to the meson distribution amplitudes, the non-perturbative wavefun
-tions whi
h 
ontrol hard QCD ex
lusive pro
esses, information essential forprogress in interpreting ex
lusive B de
ays. New data from CLEO (Paaret al.) for 

 ! �+�+ + K+K� at W = ps > 2:5 GeV. is in strikingagreement with the perturbative QCD predi
tion given by Lepage and my-self. Moreover, the angular distribution shows a striking transition to thepredi
ted QCD form asW is raised. The 
�
 ! �0 results are in 
lose agree-ment with the s
aling and normalization of the PQCD predi
tion, providedthat the pion distribution amplitude ��(x;Q) is 
lose to the x(1� x) form,the asymptoti
 solution to the evolution equation. In Se
tion 6 I review thetheory and emphasized the need for more su
h meson pair produ
tion data,parti
ularly measurements of ratios and angular dependen
ies whi
h areparti
ularly sensitive to the meson and baryon distribution amplitudes [5℄,�M (x;Q), and �B(xi; Q). These quantities spe
ify how a hadron shares itslongitudinal momentum among its valen
e quarks; they 
ontrol virtually allex
lusive pro
esses involving a hard s
ale Q, in
luding form fa
tors, Comp-ton s
attering and photoprodu
tion at large momentum transfer, as well asthe de
ay of a heavy hadron into spe
i�
 �nal states [33, 34℄.The dis
retized light-front quantization method developed by H.C. Pauliand myself [35℄ is a powerful te
hnique for �nding the non-perturbative solu-tions of quantum �eld theories. The basi
 method is to diagonalize the light-front Hamiltonian in a light-front Fo
k basis de�ned using periodi
 boundary
onditions in x� and x?. The method preserves the frame-independen
e ofthe Front form. The DLCQ method is now used extensively to solve one-spa
e and one-time theories, in
luding supersymmetri
 theories. New ap-pli
ations of DLCQ to supersymmetri
 quantum �eld theories and spe
i�
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tions 4023tests of the Malda
ena 
onje
ture have re
ently been given by Pinsky andTrittman.There has been progress re
ently in systemati
ally developing the 
om-putation and renormalization methods needed to make DLCQ viable forQCD in physi
al spa
etime. Re
ently John Hiller, Gary M
Cartor and Ihave shown how DLCQ 
an be used to solve 3+ 1 theories despite the largenumbers of degrees of freedom needed to enumerate the Fo
k basis [11℄. Akey feature of our work, is the introdu
tion of Pauli�Villars �elds in orderto regulate the UV divergen
es and perform renormalization, again whilepreserving the frame-independen
e of the theory. Further dis
ussion willbe given in Se
tion 9. A review of DLCQ and its appli
ations is given inRef. [36℄. There also has been important progress using the transverse lat-ti
e, essentially a 
ombination of DLCQ in i+1 dimensions together with alatti
e in the transverse spa
e.Models of the light-front wavefun
tion are important in the absen
e ofexa
t solutions. A simple but potentially useful model developed by DaeSung Hwang and myself is dis
ussed in Se
tion 10.The intera
tion Hamiltonian of QCD in light-
one gauge 
an be derivedby systemati
ally applying the Dira
 bra
ket method to identify the indepen-dent �elds [37℄. It 
ontains the usual Dira
 intera
tions between the quarksand gluons, the three-point and four-point gluon non-Abelian intera
tionsplus instantaneous light-front-time gluon ex
hange and quark ex
hange 
on-tributions Hint = �g  i
�A�ij j+g2 fab
 (��Aa� � ��Aa�)Ab�A
�+g24 fab
fadeAb�Ad�A
�Ae��g22  i
+ (
?0A?0)ij 1i�� (
?A?)jk  k�g22 j+a 1(��)2 j+a ; (7)where j+a =  i
+(ta)ij j + fab
(��Ab�)A
� : (8)In light-front time-ordered perturbation theory, a Green's fun
tions isexpanded as a power series in the intera
tions with light-front energy denom-inatorsPinitial k�i �Pintermediate k�i + i" repla
ing the usual energy denomi-nators. [For a review see Ref. [38℄.℄ In general ea
h Feynman diagram with nverti
es 
orresponds to the sum of n! time-ordered 
ontributions. However,



4024 Stanley J. Brodskyin light-front-time-ordered perturbation theory, only those few graphs whereall k+i � 0 survive. In addition the form of the light-front kineti
 energies isrational: k� = k2?+m2k+ , repla
ing the nonanalyti
 k0 = p~k2 +m2 of equal-time theory. Thus light-front-time-ordered perturbation theory provides aviable 
omputational method where one 
an tra
e the physi
al evolutionof a pro
ess. The integration measures are only three-dimensional d2k?dx;in e�e
t, the k� integral of the 
ovariant perturbation theory is performedautomati
ally.Alternatively, one derive Feynman rules for QCD in light-
one gauge,thus allowing the use of standard 
ovariant 
omputational tools and renor-malization methods in
luding dimensional regularization. Prem Srivastavaand I [37℄ have re
ently presented a systemati
 study of light-front-quantizedgauge theory in light-
one gauge using a Dyson�Wi
k S-matrix expansionbased on light-front-time-ordered produ
ts. The gluon propagator has theform D0jT (Aa�(x)Ab�(0)) j0E = iÆab(2�)4 Z d4k e�ik�x D��(k)k2 + i" ; (9)where we have de�nedD��(k) = D��(k) = �g�� + n�k� + n�k�(n � k) � k2(n � k)2 n�n� : (10)Here n� is a null four-ve
tor, gauge dire
tion, whose 
omponents are 
hosento be n� = Æ�+, n� = Æ�� . Note alsoD��(k)D��(k) = D�?(k)D?�(k) = �D��(k) ;k�D��(k) = 0 ; n�D��(k) � D��(k) = 0 ;D��(q)D��(k)D��(q0) = �D��(q)D��(q0) : (11)The gauge �eld propagator iD��(k)=(k2 + i") is transverse not only to thegauge dire
tion n� but also to k�, i.e., it is doubly-transverse. This leadsto appre
iable simpli�
ations in the 
omputations in QCD. For example,the 
oupling of gluons to propagators 
arrying high momenta is automati
.The absen
e of 
ollinear divergen
es in irredu
ible diagrams in the light-
one gauge greatly simpli�es the leading-twist fa
torization of soft and hardgluoni
 
orre
tions in high momentum transfer in
lusive and ex
lusive rea
-tions [5℄ sin
e the numerators asso
iated with the gluon 
oupling only havetransverse 
omponents. The renormalization fa
tors in the light-
one gaugeare independent of the referen
e dire
tion n�. Sin
e the gluon only has phys-i
al polarization, its renormalization fa
tors satisfy Z1 = Z3. Be
ause of itsexpli
it unitarity in ea
h graph, the doubly-transverse gauge is well suitedfor 
al
ulations identifying the �pin
h� e�e
tive 
harge [39, 40℄.
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tions 4025The running 
oupling 
onstant and QCD � fun
tion have also been 
om-puted at one loop in the doubly-transverse light-
one gauge [37℄. It is alsopossible to e�e
tively quantize QCD using light-front methods in 
ovariantFeynman gauge [41℄.A remarkable advantage of light-front quantization is that the va
uumstate j 0i of the full QCD Hamiltonian evidently 
oin
ides with the free va
-uum. The light-front va
uum is e�e
tively trivial if the intera
tion Hamil-tonian applied to the perturbative va
uum is zero. Note that all parti
les inthe Hilbert spa
e have positive energy k0 = 12(k+ + k�), and thus positivelight-front k�. Sin
e the plus momenta P k+i is 
onserved by the intera
-tions, the perturbative va
uum 
an only 
ouple to states with parti
les inwhi
h all k+i = 0; i.e., so 
alled zero-mode states. In the 
ase of QED, amassive ele
tron 
annot have k+ = 0 unless it also has in�nite energy. Ina remarkable 
al
ulation, Bassetto and 
ollaborators [42℄ have shown thatthe 
omputation of the spe
trum of QCD(1 + 1) in equal time quantizationrequires 
onstru
ting the full spe
trum of non perturbative 
ontributions (in-stantons). In 
ontrast, in the light-front quantization of gauge theory, wherethe k+ = 0 singularity of the instantaneous intera
tion is de�ned by a sim-ple infrared regularization, one obtains the 
orre
t spe
trum of QCD(1 + 1)without any need for va
uum-related 
ontributions.In the 
ase of QCD(3 + 1), the momentum-independent four-gluon non-Abelian intera
tion in prin
iple 
an 
ouple the perturbative va
uum to astate with four 
ollinear gluons in whi
h all of the gluons have all 
ompo-nents k�i = 0; thus hinting at role for zero modes in theories with masslessquanta. In fa
t, zero modes of auxiliary �elds are ne
essary to distinguishthe theta-va
ua of massless QED(1+1) [17, 43, 44℄, or to represent a theoryin the presen
e of stati
 external boundary 
onditions or other 
onstraints.Zero-modes provide the light-front representation of spontaneous symmetrybreaking in s
alar theories [45℄.There are other appli
ations of the light-front formalism:1. The distribution of spe
tator parti
les in the �nal state in the protonfragmentation region in deep inelasti
 s
attering at an ele
tron�proton
ollider are en
oded in the light-front wavefun
tions of the target pro-ton. Conversely, the light-front wavefun
tions 
an be used to des
ribethe 
oales
en
e of 
omoving quarks into �nal state hadrons.2. The light-front wavefun
tions also spe
ify the multi-quark and gluon
orrelations of the hadron. Despite the many sour
es of power-law 
or-re
tions to the deep inelasti
 
ross se
tion, 
ertain types of dynami
al
ontributions will stand out at large xbj sin
e they arise from 
ompa
t,highly-
orrelated �u
tuations of the proton wavefun
tion. In parti
u-lar, there are parti
ularly interesting dynami
al O(1=Q2) 
orre
tions
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h are due to the interferen
e of quark 
urrents; i.e., 
ontributionswhi
h involve leptons s
attering amplitudes from two di�erent quarksof the target nu
leon [46℄.3. The higher Fo
k states of the light hadrons des
ribe the sea quarkstru
ture of the deep inelasti
 stru
ture fun
tions, in
luding �intrinsi
�strangeness and 
harm �u
tuations spe
i�
 to the hadron's stru
turerather than gluon substru
ture [47, 48℄. Ladder relations 
onne
tingstate of di�erent parti
le number follow from the QCD equation ofmotion and lead to Regge behavior of the quark and gluon distributionsat x! 0 [49℄.4. The gauge- and pro
ess-independent meson and baryon valen
e-quarkdistribution amplitudes �M (x;Q), and �B(xi; Q) whi
h 
ontrol ex
lu-sive pro
esses involving a hard s
ale Q, in
luding heavy quark de
ays,are given by the valen
e light-front Fo
k state wavefun
tions integratedover the transverse momentum up to the resolution s
ale Q. The evo-lution equations for distribution amplitudes follow from the perturba-tive high transverse momentum behavior of the light-front wavefun
-tions [38℄.5. Proofs of fa
torization theorems in hard ex
lusive and in
lusive rea
-tions are greatly simpli�ed sin
e the propagating gluons in light-
onegauge 
ouple only to transverse 
urrents; 
ollinear divergen
es are thusautomati
ally suppressed.6. The deuteron form fa
tor at high Q2 is sensitive to wavefun
tion 
on-�gurations where all six quarks overlap within an impa
t separationb?i < O(1=Q): The leading power-law fall o� predi
ted by QCDis Fd(Q2) = f(�s(Q2))=(Q2)5, where, asymptoti
ally, f(�s(Q2)) /�s(Q2)5+2
 [50,51℄. In general, the six-quark wavefun
tion of a deute-ron is a mixture of �ve di�erent 
olor-singlet states. The dominant
olor 
on�guration at large distan
es 
orresponds to the usual proton�neutron bound state. However, at small impa
t spa
e separation, all�ve Fo
k 
olor-singlet 
omponents eventually evolve to a state withequal weight, i.e., the deuteron wavefun
tion evolves to 80% �hid-den 
olor� [51℄. The relatively large normalization of the deuteronform fa
tor observed at large Q2 hints at sizable hidden-
olor 
ontri-butions [52℄. Hidden 
olor 
omponents 
an also play a predominantrole in the rea
tion 
d! J= pn at threshold if it is dominated by themulti-fusion pro
ess 
gg ! J= [53℄. Hard ex
lusive nu
lear pro
esses
an also be analyzed in terms of �redu
ed amplitudes� whi
h removethe e�e
ts of nu
leon substru
ture.
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tions 4027Light-front wavefun
tions are thus the frame-independent interpolatingfun
tions between hadron and quark and gluon degrees of freedom. Hadronamplitudes are 
omputed from the 
onvolution of the light-front wavefun
-tions with irredu
ible quark�gluon amplitudes. More generally, all multi-quark and gluon 
orrelations in the bound state are represented by thelight-front wavefun
tions. The light-front Fo
k representation is thus a rep-resentation of the underlying quantum �eld theory. I will dis
uss progress in
omputing light-front wavefun
tions dire
tly from QCD in Se
tions 9 and 10.Light-front quantization 
an also be used in the Hamiltonian form to
onstru
t an event generator for high energy physi
s rea
tions at the ampli-tude level. The light-front partition fun
tion, summed over exponentially-weighted light-front energies, has simple boost properties whi
h may be use-ful for studies in heavy ion 
ollisions. I dis
uss these topi
s in Se
tions 14and 15. 2. Other theoreti
al toolsIn addition to the light-front Fo
k expansion, a number of other usefultheoreti
al tools are available to eliminate theoreti
al ambiguities in QCDpredi
tions:(1) Conformal symmetry provides a template for QCD predi
tions [54℄,leading to relations between observables whi
h are present even in atheory whi
h is not s
ale invariant. For example, the natural rep-resentation of distribution amplitudes is in terms of an expansion oforthonormal 
onformal fun
tions multiplied by anomalous dimensionsdetermined by QCD evolution equations [55�57℄. Thus an importantguide in QCD analyzes is to identify the underlying 
onformal rela-tions of QCD whi
h are manifest if we drop quark masses and e�e
tsdue to the running of the QCD 
ouplings. In fa
t, if QCD has aninfrared �xed point (vanishing of the Gell-Mann�Low fun
tion at lowmomenta), the theory will 
losely resemble a s
ale-free 
onformallysymmetri
 theory in many appli
ations.(2) Commensurate s
ale relations [58, 59℄ are perturbative QCD predi
-tions whi
h relate observable to observable at �xed relative s
ale, su
has the �generalized Crewther relation� [60℄, whi
h 
onne
ts the Bjorkenand Gross�Llewellyn Smith deep inelasti
 s
attering sum rules to mea-surements of the e+e� annihilation 
ross se
tion. Su
h relations haveno renormalization s
ale or s
heme ambiguity. The 
oe�
ients in theperturbative series for 
ommensurate s
ale relations are identi
al tothose of 
onformal QCD; thus no infrared renormalons are present [54℄.One 
an identify the required 
onformal 
oe�
ients at any �nite orderby expanding the 
oe�
ients of the usual PQCD expansion around



4028 Stanley J. Brodskya formal infrared �xed point, as in the Banks�Zak method [40℄. Allnon-
onformal e�e
ts are absorbed by �xing the ratio of the respe
tivemomentum transfer and energy s
ales. In the 
ase of �xed-point the-ories, 
ommensurate s
ale relations relate both the ratio of 
ouplingsand the ratio of s
ales as the �xed point is approa
hed [54℄.(3) �V and Skeleton S
hemes. A physi
ally natural s
heme for de�ning theQCD 
oupling in ex
lusive and other pro
esses is the �V (Q2) s
hemede�ned from the potential of stati
 heavy quarks. Heavy-quark latti
egauge theory 
an provide highly pre
ise values for the 
oupling. Allva
uum polarization 
orre
tions due to fermion pairs are then auto-mati
ally and analyti
ally in
orporated into the Gell-Mann�Low fun
-tion, thus avoiding the problem of expli
itly 
omputing and resummingquark mass 
orre
tions related to the running of the 
oupling [61℄. Theuse of a �nite e�e
tive 
harge su
h as �V as the expansion parame-ter also provides a basis for regulating the infrared nonperturbativedomain of the QCD 
oupling. A similar 
oupling and s
heme 
an bebased on an assumed skeleton expansion of the theory [39, 40℄.(4) The Abelian Corresponden
e Prin
iple. One 
an 
onsider QCD predi
-tions as analyti
 fun
tions of the number of 
olors NC and �avors NF .In parti
ular, one 
an show at all orders of perturbation theory thatPQCD predi
tions redu
e to those of an Abelian theory at NC ! 0with b� = CF�s and bNF = 2NF =CF held �xed [62℄. There is thus adeep 
onne
tion between QCD pro
esses and their 
orresponding QEDanalogs.3. Appli
ations of light-front wavefun
tionsto 
urrent matrix elementsThe light-front Fo
k representation of 
urrent matrix elements has anumber of simplifying properties. The spa
e-like lo
al operators for the 
ou-pling of photons, gravitons and the deep inelasti
 stru
ture fun
tions 
an allbe expressed as overlaps of light-front wavefun
tions with the same numberof Fo
k 
onstituents. This is possible sin
e one 
an 
hoose the spe
ial frameq+ = 0 [19, 20℄ for spa
e-like momentum transfer and take matrix elementsof �plus� 
omponents of 
urrents su
h as J+ and T++. No 
ontributionsto the 
urrent matrix elements from va
uum �u
tuations o

ur. Similarly,given the lo
al operators for the energy�momentum tensor T ��(x) and theangular momentum tensor M���(x), one 
an dire
tly 
ompute momentumfra
tions, spin properties, and the form fa
tors A(q2) and B(q2) appearingin the 
oupling of gravitons to 
omposite systems [18℄.
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tions 4029In the 
ase of a spin-12 
omposite system, the Dira
 and Pauli form fa
torsF1(q2) and F2(q2) are de�ned byhP 0jJ�(0)jP i = u(P 0) hF1(q2)
� + F2(q2) i2M ���q� iu(P ) ; (12)where q� = (P 0�P )� and u(P ) is the bound state spinor. In the light-frontformalism it is 
onvenient to identify the Dira
 and Pauli form fa
tors fromthe heli
ity-
onserving and heli
ity-�ip ve
tor 
urrent matrix elements of theJ+ 
urrent [21℄:�P + q; " ����J+(0)2P+ ����P; "� = F1(q2) ; (13)�P + q; " ����J+(0)2P+ ����P; #� = �(q1 � iq2)F2(q2)2M : (14)The magneti
 moment of a 
omposite system is one of its most basi
 prop-erties. The magneti
 moment is de�ned at the q2 ! 0 limit,� = e2M [F1(0) + F2(0)℄ ; (15)where e is the 
harge and M is the mass of the 
omposite system. We usethe standard light-front frame (q� = q0 � q3):q = (q+; q�; ~q?) = �0; �q2P+ ; ~q?� ;P = (P+; P�; ~P?) = �P+; M2P+ ;~0?� ; (16)where q2 = �2P �q = �~q2? is 4-momentum square transferred by the photon.The Pauli form fa
tor and the anomalous magneti
 moment � = e2M F2(0)
an then be 
al
ulated from the expression�(q1 � iq2)F2(q2)2M =Xa Z d2~k?dx16�3 Xj ej  "�a (xi; ~k0?i; �i) #a(xi; ~k?i; �i) ;(17)where the summation is over all 
ontributing Fo
k states a and stru
k 
on-stituent 
harges ej . The arguments of the �nal-state light-front wavefun
tionare ~k0?i = ~k?i + (1� xi)~q? (18)for the stru
k 
onstituent and~k0?i = ~k?i � xi~q? (19)
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h spe
tator. Noti
e that the magneti
 moment must be 
al
ulatedfrom the spin-�ip non-forward matrix element of the 
urrent. In the ultra-relativisti
 limit where the radius of the system is small 
ompared to itsCompton s
ale 1=M , the anomalous magneti
 moment must vanish [21℄.The light-front formalism is 
onsistent with this theorem.The form fa
tors of the energy�momentum tensor for a spin-12 
ompositeare de�ned byhP 0jT ��(0)jP i = u(P 0) hA(q2)
(�P �) +B(q2) i2MP (���)�q�+C(q2) 1M (q�q� � g��q2) i u(P ) ; (20)where q� = (P 0 � P )�, P � = 12(P 0 + P )�, a(�b�) = 12(a�b� + a�b�), andu(P ) is the spinor of the system. One 
an also readily obtain the light-frontrepresentation of the A(q2) and B(q2) form fa
tors of the energy-tensorEq. (20) [18℄. In the intera
tion pi
ture, only the non-intera
ting parts ofthe energy momentum tensor T++(0) need to be 
omputed:�P + q; " ����T++(0)2(P+)2 ����P; "� = A(q2) ; (21)�P + q; " ����T++(0)2(P+)2 ����P; #� = �(q1 � iq2)B(q2)2M : (22)The A(q2) and B(q2) form fa
tors Eqs. (21) and (22) are similar to theF1(q2) and F2(q2) form fa
tors Eqs. (13) and (14) with an additional fa
torof the light-front momentum fra
tion x = k+=P+ of the stru
k 
onstituentin the integrand. The B(q2) form fa
tor is obtained from the non-forwardspin-�ip amplitude. The value of B(0) is obtained in the q2 ! 0 limit. Theangular momentum proje
tion of a state is given by
J i� = 12"ijk Z d3xDT 0kxj � T 0jxkE= A(0) 
Li�+ [A(0) +B(0)℄ u(P )12�iu(P ) : (23)This result is derived using a wave-pa
ket des
ription of the state. The 
Li�term is the orbital angular momentum of the 
enter of mass motion withrespe
t to an arbitrary origin and 
an be dropped. The 
oe�
ient of the 
Li�term must be 1; A(0) = 1 also follows when we evaluate the four-momentumexpe
tation value hP �i. Thus the total intrinsi
 angular momentum Jz of
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tions 4031a nu
leon 
an be identi�ed with the values of the form fa
tors A(q2) andB(q2) at q2 = 0 : hJzi = �12�z� [A(0) +B(0)℄ : (24)The anomalous moment 
oupling B(0) to a graviton 
an in fa
t be shownto vanish for any 
omposite system. This remarkable result, �rst derivedby Okun and Kobzarev [63�67℄, follows dire
tly from the Lorentz boostproperties of the light-front Fo
k representation [18℄.Dae Sung Hwang, Bo-Qiang Ma, Ivan S
hmidt, and I [18℄ have re
entlyshown that the light-front wavefun
tions generated by the radiative 
orre
-tions to the ele
tron in QED provides a simple system for understanding thespin and angular momentum de
omposition of relativisti
 systems. This per-turbative model also illustrates the inter
onne
tions between Fo
k states ofdi�erent number. The model is patterned after the quantum stru
ture whi
ho

urs in the one-loop S
hwinger �=2� 
orre
tion to the ele
tron magneti
moment [21℄. In e�e
t, we 
an represent a spin-12 system as a 
omposite ofa spin-12 fermion and spin-one ve
tor boson with arbitrary masses. A sim-ilar model has been used to illustrate the matrix elements and evolution oflight-front heli
ity and orbital angular momentum operators [68℄. This rep-resentation of a 
omposite system is parti
ularly useful be
ause it is basedon two 
onstituents but yet is totally relativisti
. We 
an then expli
itly
ompute the form fa
tors F1(q2) and F2(q2) of the ele
tromagneti
 
urrent,and the various 
ontributions to the form fa
tors A(q2) and B(q2) of theenergy�momentum tensor.Another remarkable advantage of the light-front formalism is that ex
lu-sive semileptoni
 B-de
ay amplitudes su
h asB ! A`� 
an also be evaluatedexa
tly [22℄. The time-like de
ay matrix elements require the 
omputationof the diagonal matrix element n ! n where parton number is 
onserved,and the o�-diagonal n+ 1! n� 1 
onvolution where the 
urrent operatorannihilates a qq0 pair in the initial B wavefun
tion. See Fig. 3. This termis a 
onsequen
e of the fa
t that the time-like de
ay q2 = (p` + p�)2 > 0requires a positive light-front momentum fra
tion q+ > 0. Conversely forspa
e-like 
urrents, one 
an 
hoose q+ = 0, as in the Drell�Yan�West repre-sentation of the spa
e-like ele
tromagneti
 form fa
tors. However, as 
an beseen from the expli
it analysis of the form fa
tor in a perturbative model, theo�-diagonal 
onvolution 
an yield a nonzero q+=q+ limiting form as q+ ! 0.This extra term appears spe
i�
ally in the 
ase of �bad� 
urrents su
h as J�in whi
h the 
oupling to qq �u
tuations in the light-front wavefun
tions arefavored. In e�e
t, the q+ ! 0 limit generates Æ(x) 
ontributions as residuesof the n+1! n� 1 
ontributions. The ne
essity for su
h �zero mode� Æ(x)
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Fig. 3. Exa
t representation of ele
troweak de
ays and time-like form fa
tors in thelight-front Fo
k representation.terms has been noted by Chang, Root and Yan [69℄, Burkardt [70℄, and Jiand Choi [71℄.The o�-diagonal n + 1 ! n � 1 
ontributions give a new perspe
tivefor the physi
s of B-de
ays. A semileptoni
 de
ay involves not only matrixelements where a quark 
hanges �avor, but also a 
ontribution where theleptoni
 pair is 
reated from the annihilation of a qq0 pair within the Fo
kstates of the initial B wavefun
tion. The semileptoni
 de
ay thus 
an o

urfrom the annihilation of a nonvalen
e quark�antiquark pair in the initialhadron. This feature will 
arry over to ex
lusive hadroni
 B-de
ays, su
h asB0 ! ��D+. In this 
ase the pion 
an be produ
ed from the 
oales
en
e ofa du pair emerging from the initial higher parti
le number Fo
k wavefun
tionof the B. The D meson is then formed from the remaining quarks after theinternal ex
hange of a W boson.In prin
iple, a pre
ise evaluation of the hadroni
 matrix elements neededfor B-de
ays and other ex
lusive ele
troweak de
ay amplitudes requiresknowledge of all of the light-front Fo
k wavefun
tions of the initial and �nalstate hadrons. In the 
ase of model gauge theories su
h as QCD(1 + 1) [72℄or 
ollinear QCD [73℄ in one-spa
e and one-time dimensions, the 
ompleteevaluation of the light-front wavefun
tion is possible for ea
h baryon or me-son bound-state using the DLCQ method. It would be interesting to usesu
h solutions as a model for physi
al B-de
ays.
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tions 40334. Light-front representation of deeply virtualCompton s
atteringThe virtual Compton s
attering pro
ess d�dt (
�p ! 
p) for large initialphoton virtuality q2 = �Q2 has extraordinary sensitivity to fundamentalfeatures of the proton's stru
ture. Even though the �nal state photon ison-shell, the deeply virtual pro
ess probes the elementary quark stru
tureof the proton near the light front as an e�e
tive lo
al 
urrent. In 
ontrastto deep inelasti
 s
attering, whi
h measures only the absorptive part of theforward virtual Compton amplitude ImT
�p!
�p, deeply virtual Comptons
attering allows the measurement of the phase and spin stru
ture of protonmatrix elements for general momentum transfer squared t. In addition, theinterferen
e of the virtual Compton amplitude and Bethe�Heitler wide angles
attering Bremsstrahlung amplitude where the photon is emitted from thelepton line leads to an ele
tron�positron asymmetry in the e�p! e�
p 
rossse
tion whi
h is proportional to the real part of the Compton amplitude[74�76℄. The deeply virtual Compton amplitude 
�p ! 
p is related by
rossing to another important pro
ess 
�
 ! hadron pairs at �xed invariantmass whi
h 
an be measured in ele
tron�photon 
ollisions [77℄.To leading order in 1=Q, the deeply virtual Compton s
attering ampli-tude 
�(q)p(P )! 
(q0)p(P 0) fa
torizes as the 
onvolution in x of the ampli-tude t�� for hard Compton s
attering on a quark line with the generalizedCompton form fa
tors H(x; t; �); E(x; t; �), ~H(x; t; �); and ~E(x; t; �) of thetarget proton [64, 65, 78�87℄. Here x is the light-front momentum fra
tionof the stru
k quark, and � = Q2=2P � q plays the role of the Bjorken vari-able. The square of the four-momentum transfer from the proton is givenby t = �2 = 2P � � = � (�2M2+~�2?)(1��) , where � is the di�eren
e of initialand �nal momenta of the proton (P = P 0 + �). We will be interested indeeply virtual Compton s
attering where q2 is large 
ompared to the massesand t. Then, to leading order in 1=Q2, �q22PI �q = � : Thus � plays the role ofthe Bjorken variable in deeply virtual Compton s
attering. For a �xed valueof �t, the allowed range of � is given by0 � � � (�t)2M2  s1 + 4M2(�t) � 1 ! : (25)The form fa
tor H(x; t; �) des
ribes the proton response when the heli
ityof the proton is un
hanged, and E(x; t; �) is for the 
ase when the protonheli
ity is �ipped. Two additional fun
tions ~H(x; t; �); and ~E(x; t; �) ap-pear, 
orresponding to the dependen
e of the Compton amplitude on quarkheli
ity.
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ently, Markus Diehl, Dae Sung Hwang and I [23℄ have shown howthe deeply virtual Compton amplitude 
an be evaluated expli
itly in theFo
k state representation using the matrix elements of the 
urrents and theboost properties of the light-front wavefun
tions. For the n ! n diagonalterm (�n = 0), the arguments of the �nal-state hadron wavefun
tion arex1��1�� , ~k?1 � 1�x11�� ~�? for the stru
k quark and xi1�� , ~k?i + xi1�� ~�? for then�1 spe
tators. We thus obtain formulae for the diagonal (parton-number-
onserving) 
ontribution to the generalized form fa
tors for deeply virtualCompton amplitude in the domain [84, 85, 88℄ � � x1 � 1:p1� �f1 (n!n)(x1; t; �) � �24p1� � f2 (n!n)(x1; t; �)=Xn; � nYi=1 1Z0 dxi(i 6=1) Z d2~k?i2(2�)3 Æ0�1� nXj=1 xj1A Æ(2)0� nXj=1 ~k?j1A� " �(n) (x0i; ~k0?i; �i)  "(n)(xi; ~k?i; �i)(p1� �)1�n ; (26)p1� � � 1 + �2(1 � �) � (�1 � i�2)2M f2 (n!n)(x1; t; �)=Xn; � nYi=1 1Z0 dxi(i 6=1) Z d2~k?i2(2�)3 Æ0�1� nXj=1 xj1A Æ(2)0� nXj=1 ~k?j1A� " �(n) (x0i; ~k0?i; �i)  #(n)(xi; ~k?i; �i)(p1� �)1�n ; (27)where( x01 = x1��1�� ; ~k0?1 = ~k?1 � 1�x11�� ~�? for the stru
k quark,x0i = xi1�� ; ~k0?i = ~k?i + xi1�� ~�? for the (n� 1) spe
tators. (28)A sum over all possible heli
ities �i is understood. If quark masses arenegle
ted, the 
urrents 
onserve heli
ity. We also 
an 
he
k thatPni=1 x0i=1,Pni=1 ~k0?i = ~0?.For the n + 1 ! n � 1 o�-diagonal term (�n = �2), 
onsider the 
asewhere partons 1 and n+1 of the initial wavefun
tion annihilate into the 
ur-rent leaving n� 1 spe
tators. Then xn+1 = � �x1, ~k?n+1 = ~�?�~k?1. Theremaining n�1 partons have total momentum ((1� �)P+;�~�?). The �nalwavefun
tion then has arguments x0i = xi1�� and ~k0?i = ~k?i + xi1�� ~�?. We
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tions 4035thus obtain the formulae for the o�-diagonal matrix element of the Comptonamplitude in the domain 0 � x1 � �:p1� �f1 (n+1!n�1)(x1; t; �) � �24p1� � f2 (n+1!n�1)(x1; t; �)=Xn; � 1Z0 dxn+1 Z d2~k?12(2�)3 Z d2~k?n+12(2�)3 nYi=2 1Z0 dxi Z d2~k?i2(2�)3�Æ0�1� n+1Xj=1 xj1A Æ(2)0�n+1Xj=1 ~k?j1A [p1� �℄1�n� " �(n�1)(x0i; ~k0?i; �i)  "(n+1)(fx1; xi; xn+1 = � � x1g;f~k?1; ~k?i; ~k?n+1 = ~�? � ~k?1g; f�1; �i; �n+1 = ��1g) ; (29)p1� � � 1 + �2(1� �) � (�1 � i�2)2M f2 (n+1!n�1)(x1; t; �)=Xn; � 1Z0 dxn+1 Z d2~k?12(2�)3 Z d2~k?n+12(2�)3 nYi=2 1Z0 dxi Z d2~k?i2(2�)3�Æ0�1� n+1Xj=1 xj1A Æ(2)0�n+1Xj=1 ~k?j1A [p1� �℄1�n� " �(n�1)(x0i; ~k0?i; �i)  #(n+1)(fx1; xi; xn+1 = � � x1g;f~k?1; ~k?i; ~k?n+1 = ~�? � ~k?1g; f�1; �i; �n+1 = ��1g) ; (30)where i = 2; 3; � � � ; n label the n� 1 spe
tator partons whi
h appear in the�nal-state hadron wavefun
tion withx0i = xi1� � ; ~k0?i = ~k?i + xi1� � ~�? : (31)We 
an again 
he
k that the arguments of the �nal-state wavefun
tion satisfyPni=2 x0i = 1, Pni=2 ~k0?i = ~0?.



4036 Stanley J. BrodskyThe above representation is the general form for the generalized formfa
tors of the deeply virtual Compton amplitude for any 
omposite system.Thus given the light-front Fo
k state wavefun
tions of the eigensolutionsof the light-front Hamiltonian, we 
an 
ompute the amplitude for virtualCompton s
attering in
luding all spin 
orrelations. The formulae are a

u-rate to leading order in 1=Q2. Radiative 
orre
tions to the quark Comptonamplitude of order �s(Q2) from diagrams in whi
h a hard gluon intera
tsbetween the two photons have also been negle
ted.
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⊥1, 0⊥Fig. 4. Light-front time-ordered 
ontributions to deeply virtual Compton s
atter-ing. Only the 
ontributions of leading twist in 1=q2 are illustrated. These 
ontri-butions illustrate the fa
torization property of the leading twist amplitude.5. Appli
ations of QCD fa
torization to hard QCD pro
essesFa
torization theorems for hard ex
lusive, semi-ex
lusive, and di�ra
-tive pro
esses allow the separation of soft non-perturbative dynami
s of thebound state hadrons from the hard dynami
s of a perturbatively-
al
ulablequark�gluon s
attering amplitude. The fa
torization of in
lusive rea
tionsis reviewed in Ref. [89℄. For reviews and bibliography of ex
lusive pro
ess
al
ulations in QCD (see Ref. [38, 90℄).
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tions 4037The light-front formalism provides a physi
al fa
torization s
heme whi
h
onveniently separates and fa
torizes soft non-perturbative physi
s fromhard perturbative dynami
s in both ex
lusive and in
lusive rea
tions [5,91℄.In hard in
lusive rea
tions all intermediate states are divided a

ordingto M2n < �2 and M2n > �2 domains. The lower mass regime is asso
iatedwith the quark and gluon distributions de�ned from the absolute squares ofthe LC wavefun
tions in the light front fa
torization s
heme. In the highinvariant mass regime, intrinsi
 transverse momenta 
an be ignored, so thatthe stru
ture of the pro
ess at leading power has the form of hard s
at-tering on 
ollinear quark and gluon 
onstituents, as in the parton model.The atta
hment of gluons from the LC wavefun
tion to a propagator in ahard subpro
ess is power-law suppressed in LC gauge, so that the minimalquark�gluon parti
le-number subpro
esses dominate. It is then straightfor-ward to derive the DGLAP equations from the evolution of the distributionswith log�2. The anomaly 
ontribution to singlet heli
ity stru
ture fun
tiong1(x;Q) 
an be expli
itly identi�ed in the LC fa
torization s
heme as dueto the 
�g ! qq fusion pro
ess. The anomaly 
ontribution would be zero ifthe gluon is on shell. However, if the o�-shellness of the state is larger thanthe quark pair mass, one obtains the usual anomaly 
ontribution [92℄.In ex
lusive amplitudes, the LC wavefun
tions are the interpolating am-plitudes 
onne
ting the quark and gluons to the hadroni
 states. In anex
lusive amplitude involving a hard s
ale Q2 all intermediate states 
an bedivided a

ording toM2n < �2 < Q2 andM2n < �2 invariant mass domains.The high invariant mass 
ontributions to the amplitude has the stru
tureof a hard s
attering pro
ess TH in whi
h the hadrons are repla
ed by theirrespe
tive (
ollinear) quarks and gluons. In light-
one gauge only the mini-mal Fo
k states 
ontribute to the leading power-law fall-o� of the ex
lusiveamplitude. The wavefun
tions in the lower invariant mass domain 
an beintegrated up to an arbitrary intermediate invariant mass 
uto� �. Theinvariant mass domain beyond this 
uto� is in
luded in the hard s
atteringamplitude TH . The TH satisfy dimensional 
ounting rules [93℄. Final-stateand initial state 
orre
tions from gluon atta
hments to lines 
onne
ted tothe 
olor-singlet distribution amplitudes 
an
el at leading twist. Expli
itexamples of perturbative QCD fa
torization will be dis
ussed in more detailin the next se
tion.The key non-perturbative input for ex
lusive pro
esses is thus the gaugeand frame independent hadron distribution amplitude [5, 91℄ de�ned as theintegral of the valen
e (lowest parti
le number) Fo
k wavefun
tion; e.g. forthe pion ��(xi;�) � Z d2k?  (�)qq=�(xi; ~k?i; �) ; (32)where the global 
uto� � is identi�ed with the resolution Q. The distribu-



4038 Stanley J. Brodskytion amplitude 
ontrols leading-twist ex
lusive amplitudes at high momen-tum transfer, and it 
an be related to the gauge-invariant Bethe�Salpeterwavefun
tion at equal light-front time. The logarithmi
 evolution of hadrondistribution amplitudes �H(xi; Q) 
an be derived from the perturbatively-
omputable tail of the valen
e light-front wavefun
tion in the high trans-verse momentum regime [5,91℄. The 
onformal basis for the evolution of thethree-quark distribution amplitudes for the baryons [94℄ has re
ently beenobtained by Braun et al. [57℄.The existen
e of an exa
t formalism provides a basis for systemati
 ap-proximations and a 
ontrol over negle
ted terms. For example, one 
an an-alyze ex
lusive semi-leptoni
 B-de
ays whi
h involve hard internal momen-tum transfer using a perturbative QCD formalism [33, 34, 95�98℄ patternedafter the perturbative analysis of form fa
tors at large momentum trans-fer. The hard-s
attering analysis again pro
eeds by writing ea
h hadroni
wavefun
tion as a sum of soft and hard 
ontributions n =  softn (M2n < �2) +  hardn (M2n > �2) ; (33)where M2n is the invariant mass of the partons in the n-parti
le Fo
k stateand � is the separation s
ale. The high internal momentum 
ontributionsto the wavefun
tion  hardn 
an be 
al
ulated systemati
ally from QCD per-turbation theory by iterating the gluon ex
hange kernel. The 
ontributionsfrom high momentum transfer ex
hange to the B-de
ay amplitude 
an thenbe written as a 
onvolution of a hard-s
attering quark�gluon s
attering am-plitude TH with the distribution amplitudes �(xi;�), the valen
e wavefun
-tions obtained by integrating the 
onstituent momenta up to the separations
ale Mn < � < Q. Furthermore in pro
esses su
h as B ! �D wherethe pion is e�e
tively produ
ed as a rapidly-moving small Fo
k state witha small 
olor-dipole intera
tions, �nal state intera
tions are suppressed by
olor transparen
y. This is the basis for the perturbative hard-s
atteringanalyses [33, 34, 95, 97, 98℄. In a systemati
 analysis, one 
an identify thehard PQCD 
ontribution as well as the soft 
ontribution from the 
onvo-lution of the light-front wavefun
tions. Furthermore, the hard-s
attering
ontribution 
an be systemati
ally improved.Given the solution for the hadroni
 wavefun
tions  (�)n with M2n < �2,one 
an 
onstru
t the wavefun
tion in the hard regime withM2n > �2 usingproje
tion operator te
hniques. The 
onstru
tion 
an be done perturbativelyin QCD sin
e only high invariant mass, far o�-shell matrix elements areinvolved. One 
an use this method to derive the physi
al properties ofthe LC wavefun
tions and their matrix elements at high invariant mass.Sin
e M2n =Pni=1 �k2?+m2x �i, this method also allows the derivation of theasymptoti
 behavior of light-front wavefun
tions at large k?, whi
h in turn
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tions 4039leads to predi
tions for the fall-o� of form fa
tors and other ex
lusive matrixelements at large momentum transfer, su
h as the quark 
ounting rules forpredi
ting the nominal power-law fall-o� of two-body s
attering amplitudesat �xed �
:m: [93℄ and heli
ity sele
tion rules [99℄. The phenomenologi
alsu

esses of these rules 
an be understood within QCD if the 
oupling �V (Q)freezes in a range of relatively small momentum transfer [100℄.6. Two-photon pro
essesThe simplest and perhaps the most elegant illustration of an ex
lusiverea
tion in QCD is the evaluation of the photon-to-pion transition formfa
tor F
!�(Q2) [5, 101℄ whi
h is measurable in single-tagged two-photonee! ee�0 rea
tions. The form fa
tor is de�ned via the invariant amplitude�� = �ie2F�
(Q2)"����p��"�q� : As in in
lusive rea
tions, one must spe
ifya fa
torization s
heme whi
h divides the integration regions of the loop in-tegrals into hard and soft momenta, 
ompared to the resolution s
ale ~Q. Atleading twist, the transition form fa
tor then fa
torizes as a 
onvolution ofthe 
�
 ! qq amplitude (where the quarks are 
ollinear with the �nal statepion) with the valen
e light-front wavefun
tion of the pion:F
M (Q2) = 4p3 1Z0 dx�M (x; ~Q)TH
!M (x;Q2) : (34)The hard s
attering amplitude for 

� ! qq isTH
M (x;Q2) = [(1 � x)Q2℄�1 (1 +O(�s)) :The leading QCD 
orre
tions have been 
omputed by Braaten [102℄. Theevaluation of the next-to-leading 
orre
tions in the physi
al �V s
heme isgiven in Ref. [100℄. For the asymptoti
 distribution amplitude �asympt� (x) =p3f�x(1 � x) one predi
ts Q2F
�(Q2) = 2f� �1� 53 �V (Q�)� � where Q� =e�3=2Q is the BLM s
ale for the pion form fa
tor. The PQCD predi
tionshave been tested in measurements of e
 ! e�0 by the CLEO Collabora-tion [103℄. See Fig. 5 (b). The observed �at s
aling of the Q2F
�(Q2)data from Q2 = 2 to Q2 = 8 GeV2 provides an important 
on�rmation ofthe appli
ability of leading twist QCD to this pro
ess. The magnitude ofQ2F
�(Q2) is remarkably 
onsistent with the predi
ted form, assuming theasymptoti
 distribution amplitude and in
luding the LO QCD radiative 
or-re
tion with �V (e�3=2Q)=� ' 0:12. One 
ould allow for some broadeningof the distribution amplitude with a 
orresponding in
rease in the value of�V at small s
ales. Radyushkin [104℄, Ong [105℄, and Kroll [106℄ have also
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aling and normalization of the photon-to-pion transitionform fa
tor tends to favor the asymptoti
 form for the pion distribution am-plitude and rules out broader distributions su
h as the two-humped formsuggested by QCD sum rules [107℄.
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8561A27 (a) (b)Fig. 5. (a) Preliminary transverse latti
e results for the pion distribution amplitudeat Q2 � 10 GeV2. The solid 
urve is the theoreti
al predi
tion from the 
ombinedDLCQ/transverse latti
e method [108℄; the 
hain line is the experimental resultobtained from jet di�ra
tive disso
iation [26℄. Both are normalized to the samearea for 
omparison. (b) S
aling of the transition photon to pion transition formfa
tor Q2F
�0(Q2). The dotted and solid theoreti
al 
urves are the perturbativeQCD predi
tion at leading and next-to-leading order, respe
tively, assuming theasymptoti
 pion distribution The data are from the CLEO Collaboration [103℄.The two-photon annihilation pro
ess 
�
 ! hadrons, whi
h is measur-able in single-tagged e+e� ! e+e�hadrons events, provides a semi-lo
alprobe of C = + hadron systems �0; �0; �0; �
; �+��, et
. The 
�
 !�+�� hadron pair pro
ess is related to virtual Compton s
attering on apion target by 
rossing. The leading twist amplitude is sensitive to the1=x � 1=(1 � x) moment of the two-pion distribution amplitude 
oupled totwo valen
e quarks [77, 88℄.Two-photon rea
tions, 

 ! HH at large s = (k1 + k2)2 and �xed�
:m:, provide a parti
ularly important laboratory for testing QCD sin
ethese 
ross-
hannel �Compton� pro
esses are the simplest 
al
ulable large-angle ex
lusive hadroni
 s
attering rea
tions. The heli
ity stru
ture, andoften even the absolute normalization 
an be rigorously 
omputed for ea
htwo-photon 
hannel [101℄. In the 
ase of meson pairs, dimensional 
ountingpredi
ts that for large s, s4d�=dt(

 !MM s
ales at �xed t=s or �
:m: upto fa
tors of ln s=�2. The angular dependen
e of the 

 ! HH amplitudes
an be used to determine the shape of the pro
ess-independent distributionamplitudes, �H(x;Q). An important feature of the 

 ! MM amplitude
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tions 4041for meson pairs is that the 
ontributions of Landsho� pit
h singularities arepower-law suppressed at the Born level � even before taking into a

ountSudakov form fa
tor suppression. There are also no anomalous 
ontributionsfrom the x ! 1 endpoint integration region. Thus, as in the 
al
ulation ofthe meson form fa
tors, ea
h �xed-angle heli
ity amplitude 
an be writtento leading order in 1=Q in the fa
torized form [Q2 = p2T = tu=s; ~Qx =min(xQ; (l � x)Q)℄:M

!MM = 1Z0 dx 1Z0 dy�M (y; ~Qy)TH(x; y; s; �
:m:�M (x; ~Qx) ; (35)where TH is the hard-s
attering amplitude 

 ! (qq)(qq) for the produ
tionof the valen
e quarks 
ollinear with ea
h meson, and �M (x; ~Q) is the ampli-tude for �nding the valen
e q and q with light-front fra
tions of the meson'smomentum, integrated over transverse momenta k? < ~Q: The 
ontribu-tion of non-valen
e Fo
k states are power-law suppressed. Furthermore, theheli
ity-sele
tion rules [99℄ of perturbative QCD predi
t that ve
tor mesonsare produ
ed with opposite heli
ities to leading order in 1=Q and all or-ders in �s. The dependen
e in x and y of several terms in T�;�0 is quitesimilar to that appearing in the meson's ele
tromagneti
 form fa
tor. Thusmu
h of the dependen
e on �M (x;Q) 
an be eliminated by expressing it interms of the meson form fa
tor. In fa
t, the ratio of the 

 ! �+�� ande+e� ! �+�� amplitudes at large s and �xed �
:m: is nearly insensitive tothe running 
oupling and the shape of the pion distribution amplitude:d�dt (

 ! �+��)d�dt (

 ! �+��) � 4jF�(s)j21� 
os2 �
:m: : (36)The 
omparison of the PQCD predi
tion for the sum of �+�� plus K+K�
hannels with re
ent CLEO data [109℄ is shown in Fig. 6. The CLEO datafor 
harged pion and kaon pairs show a 
lear transition to the s
aling andangular distribution predi
ted by PQCD [101℄ for W = p(s

 > 2 GeV.See Fig. 6. It is 
learly important to measure the magnitude and angulardependen
e of the two-photon produ
tion of neutral pions and �+�� 
rossse
tions in view of the strong sensitivity of these 
hannels to the shape ofmeson distribution amplitudes. QCD also predi
ts that the produ
tion 
rossse
tion for 
harged �-pairs (with any heli
ity) is mu
h larger that for thatof neutral � pairs, parti
ularly at large �
:m: angles. Similar predi
tionsare possible for other heli
ity-zero mesons. The 
ross se
tions for Comptons
attering on protons and the 
rossed rea
tion 

 ! pp at high momentumtransfer have also been evaluated [110,111℄, providing important tests of theproton distribution amplitude.
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Fig. 6. Comparison of the sum of 

 ! �+�� and 

 ! K+K� meson pair pro-du
tion 
ross se
tions with the s
aling and angular distribution of the perturbativeQCD predi
tion [101℄. The data are from the CLEO Collaboration [109℄.It is parti
ularly 
ompelling to see a transition in angular dependen
ebetween the low energy 
hiral and PQCD regimes. The su

ess of leading-twist perturbative QCD s
aling for ex
lusive pro
esses at presently exper-imentally a

essible momentum transfer 
an be understood if the e�e
tive
oupling �V (Q�) is approximately 
onstant at the relatively small s
ales Q�relevant to the hard s
attering amplitudes [100℄. The evolution of the quarkdistribution amplitudes In the low-Q� domain at also needs to be minimal.Sudakov suppression of the endpoint 
ontributions is also strengthened ifthe 
oupling is frozen be
ause of the exponentiation of a double logarithmi
series.A debate has 
ontinued [112�115℄ on whether pro
esses su
h as the pionand proton form fa
tors and elasti
 Compton s
attering 
p! 
p might bedominated by higher-twist me
hanisms until very large momentum transfer.If one assumes that the light-front wavefun
tion of the pion has the form soft(x; k?) = A exp(�b k2?x(1�x)), then the Feynman endpoint 
ontribution tothe overlap integral at small k? and x ' 1 will dominate the form fa
tor
ompared to the hard-s
attering 
ontribution until very large Q2. However,this ansatz for  soft(x; k?) has no suppression at k? = 0 for any x; i.e., thewavefun
tion in the hadron rest frame does not fall-o� at all for k? = 0 andkz ! �1. Thus su
h wavefun
tions do not represent well soft QCD 
ontri-butions. Endpoint 
ontributions are also suppressed by the QCD Sudakovform fa
tor, re�e
ting the fa
t that a near-on-shell quark must radiate ifit absorbs large momentum. One 
an show [5℄ that the leading power de-penden
e of the two-parti
le light-front Fo
k wavefun
tion in the endpointregion is 1 � x, giving a meson stru
ture fun
tion whi
h falls as (1 � x)2and thus by duality a non-leading 
ontribution to the meson form fa
torF (Q2) / 1=Q3. Thus the dominant 
ontribution to meson form fa
tors
omes from the hard-s
attering regime.
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tions 4043Radyushkin [113℄ has argued that the Compton amplitude is dominatedby soft end-point 
ontributions of the proton wavefun
tions where the twophotons both intera
t on a quark line 
arrying nearly all of the proton'smomentum. This des
ription appears to agree with the Compton data atleast at forward angles where �t < 10 GeV2. From this viewpoint, thedominan
e of the fa
torizable PQCD leading twist 
ontributions requiresmomentum transfers mu
h higher than those 
urrently available. However,the endpoint model 
annot explain the empiri
al su

ess of the perturba-tive QCD �xed �
:m: s
aling s7d�=dt(
p ! �+n) � 
onst at relatively lowmomentum transfer in pion photoprodu
tion [116℄.Clearly mu
h more experimental input on hadron wavefun
tions is needed,parti
ularly from measurements of two-photon ex
lusive rea
tions into me-son and baryon pairs at the high luminosity B fa
tories. For example, theratio d�dt (

 ! �0�0)=d�dt (

 ! �+��) is parti
ularly sensitive to the shapeof pion distribution amplitude. Baryon pair produ
tion in two-photon rea
-tions at threshold may reveal physi
s asso
iated with the soliton stru
tureof baryons in QCD [117,118℄. In addition, �xed target experiments 
an pro-vide mu
h more information on fundamental QCD pro
esses su
h as deeplyvirtual Compton s
attering and large angle Compton s
attering.7. Di�ra
tive disso
iation and light-
one wavefun
tionsDi�ra
tive disso
iation in QCD 
an be understood as a three-step pro-
ess:1. The initial hadron 
an be de
omposed in terms of its quark and gluon
onstituents in terms of its light-front Fo
k-state 
omponents.2. In the se
ond step, the in
oming hadron is resolved by Pomeron orOdderon (multi-gluon) ex
hange with the target or by Coulomb disso
ia-tion. The ex
hanged intera
tion has to supply su�
ient momentum trans-fer q� to put the di�ra
ted state X on shell. Light-front energy 
onser-vation requires q� = (m2X �m2�)=P+� ; where mX is the invariant mass ofX. In a heavy target rest system, the longitudinal momentum transfer isqz = (m2X �m2�)=E�lab: Thus the momentum transfer t = q2 to the target
an be su�
iently small so that the target remains inta
t.In perturbative QCD, the pomeron is generally be represented as mul-tiple gluon ex
hange between the target and proje
tile. E�e
tively this in-tera
tion o

urs over a short light-front time interval, and thus like photonex
hange, the perturbative QCD pomeron 
an be e�e
tively represented asa lo
al operator. This des
ription is believed to be appli
able when thepomeron has to resolve 
ompa
t states and is the basis for the terminology�hard pomeron�. The BFKL formalism generalizes the perturbative QCDtreatment by an all-orders perturbative resummation, generating a pomeron



4044 Stanley J. Brodskywith a �xed Regge inter
ept �P (0). Next to leading order 
al
ulations withBLM s
ale �xing leads to a predi
ted inter
ept �P (0) ' 0:4 [119℄. However,when the ex
hange intera
tions are soft, a multiperipheral des
ription interms of meson ladders may dominate the physi
s. This is the basis for thetwo-
omponent pomeron model of Donna
hie and Landsho� [120℄.Consider a 
ollinear frame where the in
ident momentum P+� is large ands = (p� + ptarget)2 ' p+� p�target: The matrix element of an ex
hanged gluonwith momentum qi between the proje
tile and an intermediate state jNi isdominated by the �plus 
urrent�: 
�jj+(0) exp(i12q+i x� � iq?i � x?jN�. Notethat the 
oherent sum of 
ouplings of an ex
hanged gluon to the pion systemvanishes when its momentum is small 
ompared to the 
hara
teristi
 mo-mentum s
ales in the proje
tile light-front wavefun
tion: q?i�x? � 1 andq+i �x� � 1. The destru
tive interferen
e of the gauge 
ouplings to the 
on-stituents of the proje
tile follows simply from the fa
t that the 
olor 
hargeoperator has zero matrix element between distin
t eigenstates of the QCDHamiltonian: hAjQjBi � R d2x?dx� hAjj+(0)jBi = 0 [121℄. At high ener-gies the 
hange in k+i of the 
onstituents 
an be ignored, so that Fo
k statesof a hadron with small transverse size intera
t weakly even in a nu
lear targetbe
ause of their small dipole moment [27,30℄. To a good approximation thesum of 
ouplings to the 
onstituents of the proje
tile 
an be represented asa derivative with respe
t to transverse momentum. Thus photon ex
hangemeasures a weighted sum of transverse derivatives �k? n(xi; k?i ; �i); andtwo-gluon ex
hange measures the se
ond transverse partial derivative [122℄.3. The �nal step is the hadronization of the n 
onstituents of the pro-je
tile Fo
k state into �nal state hadrons. Sin
e q+i is small, the number ofpartons in the initial Fo
k state and the �nal state hadrons are un
hanged.Their 
oales
en
e is thus governed by the 
onvolution of initial and �nal-state Fo
k state wavefun
tions. In the 
ase of states with high k?, the �nalstate will hadronize into jets, ea
h re�e
ting the respe
tive xi of the Fo
kstate 
onstituents. In the 
ase of higher Fo
k states with intrinsi
 sea quarkssu
h as an extra 

 pair (intrinsi
 
harm), one will observe leading J= oropen 
harm hadrons in the proje
tile fragmentation region; i.e., the hadron'sfragments will tend to have the same rapidity as that of the proje
tile.For example, di�ra
tive multi-jet produ
tion in heavy nu
lei provides anovel way to measure the shape of the LC Fo
k state wavefun
tions and test
olor transparen
y. Consider the rea
tion [27,28,123℄ �A! Jet1+Jet2+A0at high energy where the nu
leus A0 is left inta
t in its ground state. Thetransverse momenta of the jets balan
e so that ~k?i+~k?2 = ~q? < R�1A : Thelight-front longitudinal momentum fra
tions also need to add to x1+x2 � 1so that �pL < R�1A . The pro
ess 
an then o

ur 
oherently in the nu
leus.Be
ause of 
olor transparen
y, the valen
e wavefun
tion of the pion withsmall impa
t separation, will penetrate the nu
leus with minimal intera
-
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tions 4045tions, di�ra
ting into jet pairs [27℄. The x1 = x, x2 = 1 � x dependen
e ofthe di-jet distributions will thus re�e
t the shape of the pion valen
e light-front wavefun
tion in x; similarly, the ~k?1�~k?2 relative transverse momentaof the jets gives key information on the se
ond derivative of the underlyingshape of the valen
e pion wavefun
tion [28,122,123℄. The di�ra
tive nu
learamplitude extrapolated to t = 0 should be linear in nu
lear number A if
olor transparen
y is 
orre
t. The integrated di�ra
tive rate should thens
ale as A2=R2A � A4=3.The results of a di�ra
tive di-jet disso
iation experiment of this typeE791 at Fermilab using 500 GeV in
ident pions on nu
lear targets [124℄ ap-pear to be 
onsistent with 
olor transparen
y. The measured longitudinalmomentum distribution of the jets [125℄ is 
onsistent with a pion light-frontwavefun
tion of the pion with the shape of the asymptoti
 distribution am-plitude, �asympt� (x) = p3f�x(1�x). Data from CLEO [103℄ for the 

� ! �0transition form fa
tor also favor a form for the pion distribution amplitude
lose to the asymptoti
 solution to the perturbative QCD evolution equa-tion [5℄.The interpretation of the di�ra
tive di-jet pro
esses as measures of thehadron distribution amplitudes has re
ently been questioned by Braun etal. [126℄ and by Chernyak [127℄ who have 
al
ulated the hard s
attering am-plitude for su
h pro
esses at next-to-leading order. However, these analysesnegle
t the integration over the transverse momentum of the valen
e quarksand thus miss the logarithmi
 ordering whi
h is required for fa
torization ofthe distribution amplitude and 
olor-�ltering in nu
lear targets.As noted above, the di�ra
tive disso
iation of a hadron or nu
leus 
analso o

ur via the Coulomb disso
iation of a beam parti
le on an ele
tronbeam (e.g. at HERA or eRHIC) or on the strong Coulomb �eld of a heavynu
leus (e.g. at RHIC or nu
lear 
ollisions at the LHC) [122℄. The amplitudefor Coulomb ex
hange at small momentum transfer is proportional to the�rst derivative Pi ei �~kTi of the light-front wavefun
tion, summed over the
harged 
onstituents. The Coulomb ex
hange rea
tions fall o� less fast athigh transverse momentum 
ompared to pomeron ex
hange rea
tions sin
ethe light-front wavefun
tion is e�e
tive di�erentiated twi
e in two-gluon ex-
hange rea
tions.It will also be interesting to study di�ra
tive tri-jet produ
tion using pro-ton beams pA! Jet1+Jet2+Jet3+A0 to determine the fundamental shapeof the 3-quark stru
ture of the valen
e light-front wavefun
tion of the nu-
leon at small transverse separation [28℄. For example, 
onsider the Coulombdisso
iation of a high energy proton at HERA. The proton 
an disso
iateinto three jets 
orresponding to the three-quark stru
ture of the valen
elight-front wavefun
tion. We 
an demand that the produ
ed hadrons all falloutside an opening angle � in the proton's fragmentation region. E�e
tively



4046 Stanley J. Brodskyall of the light-front momentum Pj xj ' 1 of the proton's fragments willthus be produ
ed outside an �ex
lusion 
one�. This then limits the invariantmass of the 
ontributing Fo
k state M2n > �2 = P+2 sin2 �=4 from below,so that perturbative QCD 
ounting rules 
an predi
t the fall-o� in the jetsystem invariant mass M. At large invariant mass one expe
ts the three-quark valen
e Fo
k state of the proton to dominate. The segmentation of theforward dete
tor in azimuthal angle � 
an be used to identify stru
ture and
orrelations asso
iated with the three-quark light-front wavefun
tion [122℄.An interesting possibility is that the distribution amplitude of the �(1232)for Jz = 1=2; 3=2 is 
lose to the asymptoti
 form x1x2x3, but that the protondistribution amplitude is more 
omplex. This ansatz 
an also be motivatedby assuming a quark�diquark stru
ture of the baryon wavefun
tions. Thedi�eren
es in shapes of the distribution amplitudes 
ould explain why thep ! � transition form fa
tor appears to fall faster at large Q2 than theelasti
 p ! p and the other p ! N� transition form fa
tors [128℄. One
an use also measure the di-jet stru
ture of real and virtual photons beams
�A ! Jet1 + Jet2 + A0 to measure the shape of the light-front wavefun
-tion for transversely-polarized and longitudinally-polarized virtual photons.Su
h experiments will open up a dire
t window on the amplitude stru
tureof hadrons at short distan
es. The light-front formalism is also appli
ableto the des
ription of nu
lei in terms of their nu
leoni
 and mesoni
 degreesof freedom [129, 130℄. Self-resolving di�ra
tive jet rea
tions in high energyele
tron�nu
leus 
ollisions and hadron�nu
leus 
ollisions at moderate mo-mentum transfers 
an thus be used to resolve the light-front wavefun
tionsof nu
lei.The �rst tests of 
olor transparen
y involved large momentum transferquasi-elasti
 s
attering pro
esses in nu
lei. Su
h rea
tions are predi
ted inperturbative QCD to depend on the s
attering of small impa
t size hadronwavefun
tion 
on�gurations [30℄. The onset of 
olor transparen
y in proton�proton s
attering in nu
lei was �rst seen by Experiment E834 at BNL byobserving a rise in the ratio of quasi-elasti
 to elasti
 pp s
attering at largeangles and energies up to ps � 5 GeV [131℄. Quasi-elasti
 proton�protons
attering is advantageous over the analogous ele
tron�proton s
attering re-a
tion sin
e the wavefun
tions of the in
oming and outgoing hadron in highenergy proton rea
tions would not su�er rapid expansion. However, E834also revealed another remarkable feature of quasi-elasti
 pp s
attering: thequen
hing of 
olor transparen
y at the largest measured energy measured byE834, in dire
t 
ontradi
tion to the predi
tions perturbative QCD. A morere
ent experiment, E850, using the EVA spe
trometer has now 
on�rmedthis unexpe
ted e�e
t through new measurements of the transparen
y ratioat higher energies [32℄.
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tions 4047The quen
hing of 
olor transparen
y observed in the E834 and E850 ex-periments is almost as important dis
overy as 
olor transparen
y itself. Itsignals a nonperturbative e�e
t in QCD whi
h 
learly must be understood.The quen
hing o

urs at the 
enter-of-mass energy of 5 GeV where the ppelasti
 
ross se
tion also displays another remarkable e�e
t: the rate of s
at-tering where the spins of the initial protons are parallel and normal to thes
attering plane grows rapidly and be
omes approximately 4 times as largeas the spin-antiparallel rate [132℄. De Teramond and I [133℄ have notedthat both phenomenon o

ur just at the threshold for open 
harm hadronprodu
tion. We have shown in fa
t that resonan
e produ
tion in pp elasti
s
attering due to a uuduud 
 
 spin-1 resonan
e will in fa
t lead to a remark-ably large spin 
orrelation ANN and quen
hing of 
olor transparen
y abovethe 
harm threshold. If this explanation is validated (by the observation ofa signi�
ant open 
harm 
ross se
tion near 5 GeV 
enter of mass energy),then E834 and E850 will have provided the �rst eviden
e for an exoti
 QCDstate with hidden 
harm.8. Higher Fo
k states and the intrinsi
 seaSin
e a hadroni
 wavefun
tion des
ribes states o� of the light-front en-ergy shell, there is a �nite probability of the proje
tile having �u
tuations
ontaining extra quark�antiquark pairs, su
h as intrinsi
 strangeness 
harm,and bottom. In 
ontrast to the quark pairs arising from gluon splitting,intrinsi
 quarks are multiply-
onne
ted to the valen
e quarks and are thuspart of the dynami
s of the hadron.Re
ently Franz, Polyakov, and Goeke have analyzed the properties ofthe intrinsi
 heavy-quark �u
tuations in hadrons using the operator-produ
texpansion [25℄. For example, the light-
one momentum fra
tion 
arried byintrinsi
 heavy quarks in the proton xQQ as measured by the T++ 
omponentof the energy�momentum tensor is related in the heavy-quark limit to theforward matrix element hpjtr
(G+�G+�G��)=m2Qjpi; where G�� is the gauge�eld strength tensor. Diagrammati
ally, this 
an be des
ribed as a heavyquark loop in the proton self-energy with four gluons atta
hed to the light,valen
e quarks. Sin
e the non-Abelian 
ommutator [A�; A� ℄ is involved,the heavy quark pairs in the proton wavefun
tion are ne
essarily in a 
olor-o
tet state. It follows from dimensional analysis that the momentum fra
tion
arried by the QQ pair s
ales as k2?=m2Q where k? is the typi
al momentumin the hadron wave fun
tion. [In 
ontrast, in the 
ase of Abelian theories, the
ontribution of an intrinsi
, heavy lepton pair to the bound state's stru
ture�rst appears in O(1=m4L). One relevant operator 
orresponds to the Born�Infeld (F��)4 light-by-light s
attering insertion, and the momentum fra
tionof heavy leptons in an atom s
ales as k4?=m4L.℄
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 sea is thus sensitive to the hadroni
 bound-state stru
ture[47, 134℄. The maximal 
ontribution of an intrinsi
 heavy quark o

urs atxQ ' m?Q=Pim? where m? = qm2 + k2?; i.e. at large xQ, sin
e thisminimizes the invariant massM2n. The measurements of the 
harm stru
turefun
tion by the EMC experiment are 
onsistent with intrinsi
 
harm at largex in the nu
leon with a probability of order 0:6�0:3% [48℄ whi
h is 
onsistentwith the re
ent estimates based on instanton �u
tuations [25℄.Thus one 
an identify two 
ontributions to the heavy quark sea, the �ex-trinsi
� 
ontributions whi
h 
orrespond to ordinary gluon splitting, and the�intrinsi
� sea whi
h is multi-
onne
ted via gluons to the valen
e quarks.Intrinsi
 
harm 
an be materialized by di�ra
tive disso
iation into open orhidden 
harm states su
h as pp! J= Xp0;�
Xp0. At HERA one 
an mea-sure intrinsi
 
harm in the proton by Coulomb disso
iation: pe ! �
Xe0;and J= Xe0: Sin
e the intrinsi
 heavy quarks tend to have the same ra-pidity as that of the proje
tile, they are produ
ed at large xF in the beamfragmentation region.The presen
e of intrinsi
 
harm quarks in the B wave fun
tion providesnew me
hanisms for B de
ays. The 
hara
teristi
 momenta 
hara
terizingthe B meson is most likely higher by a fa
tor of 2 
ompared to the momentums
ale of light mesons, This e�e
t is analogous to the higher momentum s
aleof muonium �+e� versus that of positronium e+e� in atomi
 physi
s be
auseof the larger redu
ed mass. Thus one 
an expe
t a higher probability forintrinsi
 
harm in heavy hadrons 
ompared to light hadrons. For example,Chang and Hou have 
onsidered the produ
tion of �nal states with three
harmed quarks su
h as B ! J= D� and B ! J= D� [135℄; these �nalstates are di�
ult to realize in the valen
e model, yet they o

ur naturallywhen the b quark of the intrinsi
 
harm Fo
k state j bu

i de
ays via b! 
ud.In fa
t, the J= spe
trum for in
lusive B ! J= X de
ays measured byCLEO and Belle shows a distin
t enhan
ement at the low J= momentumwhere su
h de
ays would kinemati
ally o

ur. Alternatively, this ex
ess
ould re�e
t the opening of baryoni
 
hannels su
h as B ! J= p� [136℄.Re
ently, Susan Gardner and I have shown that the presen
e of intrinsi

harm in the hadrons' light-front wave fun
tions, even at a few per
ent level,provides new, 
ompetitive de
ay me
hanisms for B de
ays whi
h are nomi-nally CKM-suppressed [137℄. For example, the weak de
ays of the B-mesonto two-body ex
lusive states 
onsisting of strange plus light hadrons, su
h asB ! �K, are expe
ted to be dominated by penguin 
ontributions sin
e thetree-level b! suu de
ay is CKM suppressed. However, higher Fo
k states inthe B wave fun
tion 
ontaining 
harm quark pairs 
an mediate the de
ay viaa CKM-favored b! s

 tree-level transition. Su
h intrinsi
 
harm 
ontribu-tions 
an be phenomenologi
ally signi�
ant. Sin
e they mimi
 the amplitude
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tions 4049stru
ture of �
harming� penguin 
ontributions [138�141℄, 
harming penguinsneed not be penguins at all [137℄.One 
an also distinguish �intrinsi
 gluons� [142℄ whi
h are asso
iatedwith multi-quark intera
tions and extrinsi
 gluon 
ontributions asso
iatedwith quark substru
ture. One 
an also use this framework to isolate thephysi
s of the anomaly 
ontribution to the Ellis�Ja�e sum rule [92℄. Thusneither gluons nor sea quarks are solely generated by DGLAP evolution, andone 
annot de�ne a resolution s
ale Q0 where the sea or gluon degrees offreedom 
an be negle
ted.It is usually assumed that a heavy quarkonium state su
h as the J= always de
ays to light hadrons via the annihilation of its heavy quark 
on-stituents to gluons. However, as Karliner and I [143℄ have shown, the transi-tion J= ! �� 
an also o

ur by the rearrangement of the 

 from the J= into the j qq

i intrinsi
 
harm Fo
k state of the � or �. On the other hand,the overlap rearrangement integral in the de
ay  0 ! �� will be suppressedsin
e the intrinsi
 
harm Fo
k state radial wavefun
tion of the light hadronswill evidently not have nodes in its radial wavefun
tion. This observationprovides a natural explanation of the long-standing puzzle [144℄ why the J= de
ays prominently to two-body pseudos
alar-ve
tor �nal states, breakinghadron heli
ity 
onservation [99℄, whereas the  0 does not.The higher Fo
k state of the proton juu d s si should resemble a jK�iintermediate state, sin
e this minimizes its invariant mass M. In su
h astate, the strange quark has a higher mean momentum fra
tion x than thes [145�147℄. Similarly, the heli
ity of the intrinsi
 strange quark in this
on�guration will be anti-aligned with the heli
ity of the nu
leon [145,147℄.This Q $ Q asymmetry is a striking feature of the intrinsi
 heavy-quarksea.9. Non-perturbative solutions of light-front quantized QCDIs there any hope of 
omputing light-front wavefun
tions from �rst prin-
iples? The solution of the light-front Hamiltonian equation HQCDLC j	i =M2j	i is an eigenvalue problem whi
h in prin
iple determines the massessquared of the entire bound and 
ontinuum spe
trum of QCD. If one intro-du
es periodi
 or anti-periodi
 boundary 
onditions, the eigenvalue problemis redu
ed to the diagonalization of a dis
rete Hermitian matrix representa-tion of HQCDLC : The light-front momenta satisfy x+ = 2�L ni and P+ = 2�L K,where Pi ni = K: The number of quanta in the 
ontributing Fo
k states isrestri
ted by the 
hoi
e of harmoni
 resolution. A 
uto� on the invariantmass of the Fo
k states trun
ates the size of the matrix representation in thetransverse momenta. This is the essen
e of the DLCQ method [35℄, whi
hhas now be
ome a standard tool for solving both the spe
trum and light-
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tions of one-spa
e one-time theories � virtually any 1 + 1quantum �eld theory, in
luding �redu
ed QCD� (whi
h has both quark andgluoni
 degrees of freedom) 
an be 
ompletely solved using DLCQ [73,148℄.The method yields not only the bound-state and 
ontinuum spe
trum, butalso the light-front wavefun
tion for ea
h eigensolution [149, 150℄.Dalley et al. have shown how one 
an use DLCQ in one spa
e-one time,with a transverse latti
e to solve mesoni
 and gluoni
 states in 3 + 1 QCD[151℄. The spe
trum obtained for gluonium states is in remarkable agreementwith latti
e gauge theory results, but with a huge redu
tion of numeri
ale�ort. Hiller and I [152℄ have shown how one 
an use DLCQ to 
ompute theele
tron magneti
 moment in QED without resort to perturbation theory.There has been re
ent progress developing the 
omputational tools andrenormalization methods whi
h 
an make DLCQ a viable 
omputationalmethod for QCD in physi
al spa
e-time. John Hiller, Gary M
Cartor, andI [11℄ have shown how DLCQ 
an be used to solve (3+1) theories and ob-tain the spe
trum and light-front wavefun
tions of the bound state solu-tions despite the large numbers of degrees of freedom needed to enumeratethe Fo
k basis. A key feature of our work is the introdu
tion of Pauli�Villars �elds [153℄ in the DLCQ basis whi
h regulate the UV divergen
esand perform renormalization while preserving the frame-independen
e ofthe theory [154, 155℄.A re
ent appli
ation of DLCQ and Pauli�Villars regularization to a (3+1)quantum �eld theory with Yukawa intera
tions is given in Ref. [11℄. Onlyone heavy fermion is allowed in the Fo
k states. We in
lude an additionale�e
tive intera
tion whi
h represents the 
ontribution of the missing Z graphand 
an
els an infrared singularity introdu
ed by the instantaneous fermionintera
tion. Can
ellation of ultraviolet in�nities is then arranged by 
hoosingimaginary 
ouplings or an inde�nite metri
. In our most re
ent work we usedthree heavy s
alars, two of whi
h have negative norm.In DLCQ, all light-front momentum variables are dis
retized, with p+ !n�=L and ~p? ! ~n?�=L?, in terms of longitudinal and transverse lengths
ales L and L?. The total longitudinal momentum is P+ = K�=L andmomentum fra
tions are given by x = n=K. Wave fun
tions and the masseigenvalue problem, where HLC = P+P�, are naturally expressed in termsof momentum fra
tions and the resolution K. Hen
e L disappears, and Ke�e
tively takes its pla
e as the resolution s
ale. The transverse s
ale L? isset by a momentum 
uto� and a transverse resolution. The integrals overwave fun
tions whi
h make up the mass eigenvalue problem HLC� =M2�are then approximated by the trapezoidal quadrature rule. This yields a ma-trix eigenvalue problem whi
h is typi
ally quite large but also quite sparse.Lan
zos te
hniques [156℄ are used to extra
t eigenvalues and eigenve
tors forthe lowest states, even in the 
ase of an inde�nite metri
 [11℄.
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tions 4051The massM of the dressed single-fermion state is held �xed. This is im-posed by rearranging the mass eigenvalue problem into an eigenvalue prob-lem for the quantity ÆM2:x24M2 � M2 + p2?x �Xj �2j + q2?jyj 35 ~�� Z Yj dy0jd2q0?jpxx0K~�0 = ÆM2 ~� ;(37)where K represents the original kernel and amplitudes are related by � =px~�.The 
oupling g is 
onstrained by imposing a 
ondition on the bosono

upation number: h: �2(0) :i � �y� : �2(0) : ��. This quantity 
an be
omputed fairly e�
iently as the sumh:�2(0):i = 1Xni=0Z ntotYj dq+j d2q?jXs (�1)(ni)� nXk=1 2q+k =P+!������(ni)�s (qj ;P �Xj qj)�����2 : (38)The 
onstraint on h:�2(0):i 
an be satis�ed by solving it simultaneously withthe eigenvalue problem.With the parameters �xed, we 
an 
ompute various quantities, su
h asthe parton wavefun
tions and momentum distributions, the form fa
tor slopeat zero momentum transfer, the average numbers of 
onstituents, and theaverage 
onstituent momenta. A representative plot of the bosoni
 stru
turefun
tion fB(y) � 1Xni=0Xs Z Yj dq+j d2q?j(�1)(ni) n0Xk=1�Æ�y � q+kP+� ������(ni)�s (qj;P �Xi qj)�����2 ; (39)is given in Fig. 7. We have also worked at somewhat stronger 
ouplingswhere deviations from �rst order perturbation theory be
omes apparent;however, high resolution is required, with K = 21 to 39 and as many as 15transverse momentum points. This resolution 
ould be a
hieved by limitingthe number of 
onstituents to 3, after verifying that the 
ontribution fromhigher se
tors was su�
iently small.The su

ess of appli
ation of DLCQ to the Yukawa theory with Pauli�Villars regularization is en
ouraging. One 
an 
ompute masses and wave
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Fig. 7. The boson stru
ture fun
tion fB at various numeri
al resolutions forh: �2(0) :i = 0:5, with M = �, 
uto� �2 = 50�2, and Pauli�Villars masses�21 = 10�2, �22 = 20�2, and �23 = 30�2. The solid line is from �rst-order per-turbation theory.fun
tions for eigenstates for quantum �eld theories in physi
al spa
e-time.Another pro
edure, now under investigation, is to use one heavy s
alar andone heavy fermion, both with negative norm, as suggested by the work ofPaston et al. [157℄ This method has the advantage of being free of instanta-neous fermion intera
tions. An alternative and interesting regularization isto apply DLCQ to �nite supersymmetri
 3+1 theories, and then introdu
esupersymmetri
 breaking.We plan to 
ontinue to be explored these possibilities with various modeltheories, leading eventually to the dire
t appli
ation to QCD(3+1). In fa
t,Paston et al. [158℄ have already obtained a PV-like regularization of QCDwhi
h 
ould, in prin
iple, be solved by DLCQ; however, given present 
om-puting power the number of �elds is possibly too large for meaningful 
al-
ulations.One 
an also formulate DLCQ so that supersymmetry is exa
tly pre-served in the dis
rete approximation, thus 
ombining the power of DLCQwith the beauty of supersymmetry [159�161℄. The �SDLCQ� method hasbeen applied to several interesting supersymmetri
 theories, to the analysisof zero modes, va
uum degenera
y, massless states, mass gaps, and theoriesin higher dimensions, and even tests of the Malda
ena 
onje
ture [159℄. Bro-ken supersymmetry is interesting in DLCQ, sin
e it may serve as a methodfor regulating non-Abelian theories [155℄.
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tions 4053There are also many possibilities for obtaining approximate solutions oflight-front wavefun
tions in QCD. QCD sum rules, latti
e gauge theory mo-ments, and QCD inspired models su
h as the bag model, 
hiral theories,provide important 
onstraints. Guides to the exa
t behavior of LC wave-fun
tions in QCD 
an also be obtained from analyti
 or DLCQ solutions totoy models su
h as �redu
ed� QCD(1 + 1): The light-front and many-bodyS
hrödinger theory formalisms must mat
h In the nonrelativisti
 limit.It would be interesting to see if light-front wavefun
tions 
an in
orporate
hiral 
onstraints su
h as soliton (Skyrmion) behavior for baryons and other
onsequen
es of the 
hiral limit in the soft momentum regime. Solvable the-ories su
h as QCD(1+1) are also useful for understanding su
h phenomena.It has been shown that the anomaly 
ontribution for the �0 ! 

 de
ayamplitude is satis�ed by the light-front Fo
k formalism in the limit wherethe mass of the pion is light 
ompared to its size [162℄.10. Non-perturbative 
al
ulations of the piondistribution amplitudeThe distribution amplitude �(x; eQ) 
an be 
omputed from the integralover transverse momenta of the renormalized hadron valen
e wavefun
tionin the light-
one gauge at �xed light-front time [38℄:�(x; eQ) = Z d2 ~k? � eQ2 � ~k?2x(1� x)! ( eQ)(x; ~k?) ; (40)where a global 
uto� in invariant mass is identi�ed with the resolution ~Q.The distribution amplitude �(x; ~Q) is boost and gauge invariant and evolvesin ln ~Q through an evolution equation [5,91,94℄. Sin
e it is formed from thesame produ
t of operators as the non-singlet stru
ture fun
tion, the anoma-lous dimensions 
ontrolling �(x;Q) dependen
e in the ultraviolet logQ s
aleare the same as those whi
h appear in the DGLAP evolution of stru
turefun
tions [55℄. The de
ay � ! �� normalizes the wave fun
tion at theorigin: a0=6 = R 10 dx�(x;Q) = f�=(2p3): One 
an also 
ompute the distri-bution amplitude from the gauge invariant Bethe�Salpeter wavefun
tion atequal light-front time. This also allows 
onta
t with both QCD sum rulesand latti
e gauge theory; for example, moments of the pion distributionamplitudes have been 
omputed in latti
e gauge theory [163�165℄.Dalley [108℄ has re
ently 
al
ulated the pion distribution amplitude fromQCD using a 
ombination of the dis
retized DLCQ method for the x� andx+ light-front 
oordinates with the transverse latti
e method [166, 167℄ inthe transverse dire
tions, A �nite latti
e spa
ing a 
an be used by 
hoos-ing the parameters of the e�e
tive theory in a region of renormalization
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t the required gauge, Poin
aré, 
hiral, and 
ontin-uum symmetries. The overall normalization gives f� = 101 MeV 
omparedwith the experimental value of 93 MeV. Figure 5 (a) 
ompares the resultingDLCQ/transverse latti
e pion wavefun
tion with the best �t to the di�ra
-tive di-jet data (see the next se
tion) after 
orre
tions for hadronization andexperimental a

eptan
e [26℄. The theoreti
al 
urve is somewhat broaderthan the experimental result. However, there are experimental un
ertaintiesfrom hadronization and theoreti
al errors introdu
ed from �nite DLCQ res-olution, using a nearly massless pion, ambiguities in setting the fa
torizations
ale Q2, as well as errors in the evolution of the distribution amplitude from1 to 10 GeV2. Instanton models also predi
t a pion distribution amplitude
lose to the asymptoti
 form [168℄. In 
ontrast, re
ent latti
e results fromDel Debbio et al. [165℄ predi
t a mu
h narrower shape for the pion distribu-tion amplitude than the distribution predi
ted by the transverse latti
e. Anew result for the proton distribution amplitude treating nu
leons as 
hiralsolitons has re
ently been derived by Diakonov and Petrov [169℄. Dyson�S
hwinger models [170℄ of hadroni
 Bethe�Salpeter wavefun
tions 
an alsobe used to predi
t light-front wavefun
tions and hadron distribution am-plitudes by integrating over the relative k� momentum. There is also thepossibility of deriving Bethe�Salpeter wavefun
tions within light-front gaugequantized QCD [41℄ in order to properly mat
h to the light-
one gauge Fo
kstate de
omposition.11. Cal
ulating and modelling light-front wavefun
tionsMany features of the light-front wavefun
tions follow from general argu-ments. Light-front wavefun
tions satisfy the equation of motion:HQCDLC j	i = (H0LC + VLC)j	i =M2j	iwhi
h has the Heisenberg matrix form in Fo
k spa
e:"M2 � nXi=1 m2?ixi # n =Xn0 Z 
njV jn0� n0 ;where the 
onvolution and sum is understood over the Fo
k number, trans-verse momenta, plus momenta and heli
ity of the intermediate states. Herem2? = m2 + k2?: Thus, in general, every light-front Fo
k wavefun
tion hasthe form:  n = �nM2 �Pni=1 m2?ixi ;where �n =Pn0 R Vnn0 n. The main dynami
al dependen
e of a light-frontwavefun
tion away from the extrema is 
ontrolled by its light-front energy
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tions 4055denominator. The maximum of the wavefun
tion o

urs when the invariantmass of the partons is minimal; i.e., when all parti
les have equal rapidityand are all at rest in the rest frame. In fa
t, Dae Sung Hwang and I [121℄have noted that one 
an rewrite the wavefun
tion in the form: n = �nM2[Pni=1 (xi�x̂i)2xi + Æ2℄ ;where xi = x̂i � m?i=Pni=1m?i is the 
ondition for minimal rapidity dif-feren
es of the 
onstituents. The key parameter is M2 �Pni=1m2?i=x̂i ��M2Æ2: We 
an also interpret Æ2 ' 2"=M where " = Pni=1m?i � M isthe e�e
tive binding energy. This form shows that the wavefun
tion is aquadrati
 form around its maximum, and that the width of the distributionin (xi � x̂i)2 (where the wavefun
tion falls to half of its maximum) is 
on-trolled by xiÆ2 and the transverse momenta k?i . Note also that the heaviestparti
les tend to have the largest x̂i; and thus the largest momentum fra
-tion of the parti
les in the Fo
k state, a feature familiar from the intrinsi

harm model. For example, the b quark has the largest momentum fra
tionat small k? in the B meson's valen
e light-front wavefun
tion� but the dis-tribution spreads out to an asymptoti
ally symmetri
 distribution aroundxb � 1=2 when k? � m2b :We 
an also dis
ern some general properties of the numerator of the light-front wavefun
tions. �n(xi; k?i; �i). The transverse momentum dependen
eof �n guarantees Jz 
onservation for ea
h Fo
k state. For example, one ofthe three light-front Fo
k wavefun
tions of a Jz = +1=2 lepton in QEDperturbation theory is  "+ 12 +1(x;~k?) = �p2 (�k1+ik2)x(1�x) ' ; where' = '(x;~k?) = ep1�xM2 � ~k2?+m2x � ~k2?+�21�x :The orbital angular momentum proje
tion in this 
ase is `z = �1: Thespin stru
ture indi
ated by perturbative theory provides a template for thenumerator stru
ture of the light-front wavefun
tions even for 
omposite sys-tems. The stru
ture of the ele
tron's Fo
k state in perturbative QED showsthat it is natural to have a negative 
ontribution from relative orbital an-gular momentum whi
h balan
es the Sz of its photon 
onstituents. We 
analso expe
t a signi�
ant orbital 
ontribution to the proton's Jz sin
e gluons
arry roughly half of the proton's momentum, thus providing insight intothe �spin 
risis� in QCD.The high x ! 1 and high k? limits of the hadron wavefun
tions 
on-trol pro
esses and rea
tions in whi
h the hadron wavefun
tions are highlystressed. Su
h 
on�gurations involve far-o�-shell intermediate states and
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an be systemati
ally treated in perturbation theory [5, 171℄. This leads to
ounting rule behavior for the quark and gluon distributions at x! 1. No-ti
e that x ! 1 
orresponds to kz ! �1 for any 
onstituent with nonzeromass or transverse momentum.The above dis
ussion suggests that an approximate form for the hadronlight-front wavefun
tions 
ould be 
onstru
ted through variational prin
iplesand by minimizing the expe
tation value of HQCDLC :12. Stru
ture fun
tions are not parton distributionsEver sin
e the earliest days of the parton model, it has been assumed thatthe leading-twist stru
ture fun
tions Fi(x;Q2) measured in deep inelasti
lepton s
attering are determined by the probability distribution of quarksand gluons as determined by the light-front wavefun
tions of the target. Forexample, the quark distribution isPq=N (xB ; Q2) =Xn k2i?<Q2Z "Yi dxi d2k?i# j n(xi; k?i)j2Xj=q Æ(xB � xj):The identi�
ation of stru
ture fun
tions with the square of light-front wave-fun
tions is usually made in LC gauge n � A = A+ = 0, where the path-ordered exponential in the operator produ
t for the forward virtual Comptonamplitude apparently redu
es to unity. Thus the deep inelasti
 lepton s
at-tering 
ross se
tion (DIS) appears to be fully determined by the probabilitydistribution of partons in the target. However, Paul Hoyer, Nils Mar
hal,Stephane Peigne, Fran
es
o Sannino, and I [172℄ have re
ently shown thatthe leading-twist 
ontribution to DIS is a�e
ted by di�ra
tive res
attering ofa quark in the target, a 
oherent e�e
t whi
h is not in
luded in the light-frontwavefun
tions, even in light-
one gauge. The distin
tion between stru
turefun
tions and parton probabilities is already implied by the Glauber�Gribovpi
ture of nu
lear shadowing [173�176℄. In this framework shadowing arisesfrom interferen
e between 
omplex res
attering amplitudes involving on-shell intermediate states, as in Fig. 8. In 
ontrast, the wave fun
tion ofa stable target is stri
tly real sin
e it does not have on energy-shell 
on-�gurations. A probabilisti
 interpretation of the DIS 
ross se
tion is thuspre
luded.It is well-known that in Feynman and other 
ovariant gauges one hasto evaluate the 
orre
tions to the �handbag� diagram due to the �nal stateintera
tions of the stru
k quark (the line 
arrying momentum p1 in Fig. 9)with the gauge �eld of the target. In light-
one gauge, this e�e
t also in-volves res
attering of a spe
tator quark, the p2 line in Fig. 9. The light-
one gauge is singular � in parti
ular, the gluon propagator d��LC(k) =
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tions 4057ik2+i" ��g�� + n�k�+k�n�n�k � has a pole at k+ = 0 whi
h requires an ana-lyti
 pres
ription. In �nal-state s
attering involving on-shell intermediatestates, the ex
hanged momentum k+ is of O (1=�) in the target rest frame,whi
h enhan
es the se
ond term in the propagator. This enhan
ement allowsres
attering to 
ontribute at leading twist even in LC gauge.
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al
ulation of the res
attering e�e
t of DIS in Feynman and light-
one gauge through three loops is given in detail in Ref. [172℄. The result
an be resummed and is most easily expressed in eikonal form in terms oftransverse distan
es r?; R? 
onjugate to p2?; k?. The deep inelasti
 
rossse
tion 
an be expressed asQ4 d�dQ2 dxB = �16�2 1� yy2 12M� Z dp�2p�2 d2~r? d2 ~R? j ~M j2 ; (41)where j ~M (p�2 ; ~r?; ~R?)j = ������sin hg2W (~r?; ~R?)=2ig2W (~r?; ~R?)=2 ~A(p�2 ; ~r?; ~R?)������ (42)is the resummed result. The Born amplitude is~A(p�2 ; ~r?; ~R?) = 2eg2MQp�2 V (mjjr?)W (~r?; ~R?) ; (43)where m2jj = p�2 MxB +m2 andV (mr?) � Z d2~p?(2�)2 ei~r?�~p?p2? +m2 = 12�K0(mr?) : (44)The res
attering e�e
t of the dipole of the qq is 
ontrolled byW (~r?; ~R?) � Z d2~k?(2�)2 1� ei~r?�~k?k2? ei ~R?�~k? = 12� log j~R? + ~r?jR? ! : (45)The fa
t that the 
oe�
ient of ~A in (42) is less than unity for all ~r?; ~R?shows that the res
attering 
orre
tions redu
e the 
ross se
tion. It is theanalog of nu
lear shadowing in our model.We have also found the same result for the deep inelasti
 
ross se
tionsin light-
one gauge. Three pres
riptions for de�ning the propagator pole atk+ = 0 have been used in the literature:1k+i ! � 1k+i ��i = 8><>: k+i �(k+i � i�i)(k+i + i�i)��1 (PV)�k+i � i�i��1 (K)�k+i � i�i"(k�i )��1 (ML) (46)the prin
ipal-value, Kov
hegov [177℄, and Mandelstam�Leibbrandt [178℄ pre-s
riptions. The `sign fun
tion' is denoted "(x) = �(x)��(�x). With the
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tions 4059PV pres
ription we have I� = R dk+2 h 1k+2 i�2 = 0: Sin
e an individual diagrammay 
ontain pole terms � 1=k+i , its value 
an depend on the pres
riptionused for light-
one gauge. However, the k+i = 0 poles 
an
el when all di-agrams are added; the net is thus pres
ription-independent, and it agreeswith the Feynman gauge result. It is interesting to note that the diagramsinvolving res
attering of the stru
k quark p1 do not 
ontribute to the leading-twist stru
ture fun
tions if we use the Kov
hegov pres
ription to de�ne thelight-
one gauge. In other pres
riptions for light-
one gauge the res
atteringof the stru
k quark line p1 leads to an infrared divergent phase fa
tor exp i�:� = g2 I� � 14� K0(�R?) +O(g6) ; (47)where � is an infrared regulator, and I� = 1 in theK pres
ription. The phaseis exa
tly 
ompensated by an equal and opposite phase from �nal-state in-tera
tions of line p2. This irrelevant 
hange of phase 
an be understood bythe fa
t that the di�erent pres
riptions are related by a residual gauge trans-formation proportional to Æ(k+) whi
h leaves the light-
one gauge A+ = 0
ondition una�e
ted.Di�ra
tive 
ontributions whi
h leave the target inta
t thus 
ontributeat leading twist to deep inelasti
 s
attering. These 
ontributions do not re-solve the quark stru
ture of the target, and thus they are 
ontributions tostru
ture fun
tions whi
h are not parton probabilities. More generally, theres
attering 
ontributions shadow and modify the observed inelasti
 
ontri-butions to DIS.Our analysis in the K pres
ription for light-
one gauge resembles the�
ovariant parton model� of Landsho�, Polkinghorne and Short [76, 179℄when interpreted in the target rest frame. In this des
ription of small xDIS, the virtual photon with positive q+ �rst splits into the pair p1 and p2.The aligned quark p1 has no �nal state intera
tions. However, the antiquarkline p2 
an intera
t in the target with an e�e
tive energy ŝ / k2?=x whilestaying 
lose to its mass shell. Thus at small x and large ŝ, the antiquarkp2 line 
an �rst multiple s
atter in the target via pomeron and Reggeonex
hange, and then it 
an �nally s
atter inelasti
ally or be annihilated. TheDIS 
ross se
tion 
an thus be written as an integral of the �qp!X 
rossse
tion over the p2 virtuality. In this way, the shadowing of the antiquark inthe nu
leus �qA!X 
ross se
tion yields the nu
lear shadowing of DIS [175℄.Our analysis, when interpreted in frames with q+ > 0; also supports the
olor dipole des
ription of deep inelasti
 lepton s
attering at small x. Evenin the 
ase of the aligned jet 
on�gurations, one 
an understand DIS as dueto the 
oherent 
olor gauge intera
tions of the in
oming quark-pair state ofthe photon intera
ting �rst 
oherently and �nally in
oherently in the target.



4060 Stanley J. Brodsky13. A light-front event amplitude generatorThe light-front formalism 
an be used as an �event amplitude genera-tor� for high energy physi
s rea
tions where ea
h parti
le's �nal state is
ompletely labeled in momentum, heli
ity, and phase. The appli
ation ofthe light-front time evolution operator P� to an initial state systemati
allygenerates the tree and virtual loop graphs of the T -matrix in light-front time-ordered perturbation theory in light-
one gauge. The loop integrals only in-volve integrations over the momenta of physi
al quanta and physi
al phasespa
e Q d2k?idk+i . Renormalized amplitudes 
an be expli
itly 
onstru
tedby subtra
ting from the divergent loops amplitudes with nearly identi
alintegrands 
orresponding to the 
ontribution of the relevant mass and 
ou-pling 
ounter terms (the �alternating denominator method�) [4℄. The naturalrenormalization s
heme to use for de�ning the 
oupling in the event ampli-tude generator is a physi
al e�e
tive 
harge su
h as the pin
h s
heme [39℄.The argument of the 
oupling is then unambiguous [180℄. The DLCQ bound-ary 
onditions 
an be used to dis
retize the phase spa
e and limit the num-ber of 
ontributing intermediate states without violating Lorentz invarian
e.Sin
e one avoids dimensional regularization and nonphysi
al ghost degreesof freedom, this method of generating events at the amplitude level 
ouldprovide a simple but powerful tool for simulating events both in QCD andthe Standard Model.14. The light-front partition fun
tionIn the usual treatment of 
lassi
al thermodynami
s, one 
onsiders anensemble of parti
les n = 1; 2; : : : N whi
h have energies fEng at a given�instant� time t. The partition fun
tion is de�ned as Z = Pn exp�EnkT :Similarly, in quantum me
hani
s, one de�nes a quantum-statisti
al partitionfun
tion as Z = tr exp��H whi
h sums over the exponentiated-weightedenergy eigenvalues of the system.In the 
ase of relativisti
 systems, it is natural to 
hara
terize the systemat a given light-front time � = t+ z=
; i.e., one determines the state of ea
hparti
le in the ensemble as its en
ounters the light-front. Thus we 
an de�nea light-front partition fun
tionZLC =Xn exp� p�nkTLCby summing over the parti
les' light-front energies p� = p0 � pz = p2?+m2p+ .The total momentum is P+ = P p+n ; ~P? = Pn ~p?n, and the total mass isde�ned from P+P� � P 2? = M2. The produ
t MP�TLC is boost invariant.



QCD Phenomenology and Light-Front Wavefun
tions 4061In the 
enter of mass frame where ~P = 0 and thus P+ = P� = M . Itis also possible to 
onsistently impose boundary 
onditions at �xed x� =z � 
t and x?, as in DLCQ. The momenta p+n ; ~p?n then be
ome dis
rete.The 
orresponding light-front quantum-statisti
al partition fun
tion is Z =tr exp��LCHLC where HLC = i ��� is the light-front Hamiltonian.For non-relativisti
 systems the light-front partition fun
tion redu
es tothe standard de�nition. However, the light-front partition fun
tion should beadvantageous for analyzing relativisti
 systems su
h as heavy ion 
ollisions,sin
e, like true rapidity, y = ln p+P+ ; light-front variables have simple behaviorunder Lorentz boosts. The light-front formalism also takes into a

ountthe point that a phase transition does not o

ur simultaneously in t, butpropagates through the system with a �nite wave velo
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