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In this talk we describe the application of the AdS/CFT correspon-
dence for a confining background to the study of high energy scattering
amplitudes in gauge theory. We relate the energy behaviour of scattering
amplitudes to properties of minimal surfaces of the helicoidal type. We de-
scribe the results of hep-th/0003059 and hep-th/0010069 for amplitudes
with vacuum quantum number exchange and, very briefly, hep-th/0110024
on the extension of this formalism to Reggeon exchange.

PACS numbers: 12.38.Lg, 11.10.Kk, 11.25.Sq

1. Introduction

It is well known that high energy scattering amplitudes with small mo-
mentum transfer (more precisely t/s — 0) are phenomenologically well de-
scribed by the exchange of Regge poles (see e.g. [1]). The dominant contri-
bution to scattering processes with no exchange of quantum numbers is the
exchange of the Pomeron. These amplitudes behave like s'08+0-25%  Qther
processes, involving the exchange of a Reggeon, have a different behaviour
of the type s%?*1. The theoretical description of such processes from first
principles remains a formidable challenge, as it is of an inherently nonper-
turbative character. In this talk we will describe an approach developed
in [2-6] which uses the AdS/CFT correspondence.

The AdS/CFT correspondence [7,8] was first proposed as an equivalence
between N' = 4 supersymmetric gauge theory and type IIB string theory
in a curved AdSsxS® background. The statement that the two theories are

* Presented at the XLI Cracow School of Theoretical Physics, Zakopane, Poland
June 2-11, 2001.

(4105)



4106 R.A. JANIK

indeed equivalent means that all (gauge-invariant) observables in the SYM
should be calculable in the string theory language. At least for some ob-
servables like Wilson loops such prescriptions are available (but there is no
direct proof up till now). The utility of this correspondence for nonperturba-
tive calculations in gauge theory comes from the fact that calculations done
for large 't Hooft coupling (A = ¢g3,,N) are translated into (semi-)classical
calculations on the string theory side.

The original version of the AdS/CFT correspondence involved a con-
formal supersymmetric gauge theory, but later it was generalized to other
cases including confining theories. We will use one such version to study the
interplay between confinement and properties of soft high energy scattering
amplitudes. Our result should be, however, quite generic.

Finally let us mention that other approaches to the description of the
nonperturbative scattering physics exist and use various models of the non-
perturbative vaccuum like the instanton vaccuum [9,10] and Stochastic Vac-
uum Model [11,12].

The outline of this talk is as follows. In Section 2 we will describe the
basic features of the AdS/CFT correpondence, in Section 3 we will state the
appropriate formulation of scattering amplitudes in gauge theories which is a
convenient starting point for performing the calculation using the AdS/CFT
correspondence. Then we will move on to evaluate the classical contribu-
tion to the scattering amplitude which is determined, in this framework, by
solving a minimal surface problem. In Section 6 we will evaluate the contri-
bution of quadratic fluctuations and show how it gives rise to a shift of the
intercept. In Section 7 we give a brief discussion of Reggeon exchange. We
close the paper with a summary and outlook.

2. The AdS/CFT correspondence

The AdS/CFT correspondence was discovered by Maldacena [7], who
conjectured that two seemingly unrelated theories, namely N' = 4 SYM
gauge theory and type IIB string theory in an AdSsxS® space are in fact
completely equivalent. This statement gives a very concrete realization of
the old hope that gauge theories can be described by string theory in the
large N limit. The novel feature is the fact that strings of the dual string
theory live in 10 dimensions, the geometry of which is moreover curved.
These extra dimensions could be roughly understood as some parameter
space for some (unspecified at the moment) semiclassical field configurations
in gauge theory. An example of such an interpretation is the identification
of instantons in N' = 4 SYM with D(—1) string instantons (which are points
in AdS5xS®). The 5" coordinate of these points represents the size of the
instanton in N = 4 SYM [13]. So the string theory side of the AdS/CFT
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correspondence can be thought of to be a convenient and very nontrivial
choice of degrees of freedom in the original gauge theory especially suited to
studying properties at large gauge coupling (see below).

A difference with the old ‘effective string’ picture of QCD is that this cor-
respondence is thought to be exact and not only valid in the IR. The various
properties of different gauge theories are encoded in differing background
geometries for the string theory.

The utility of the AdS/CFT correspondence lies in the fact that when
the gauge coupling (g%,,V) is large, gravity (in the 10D string background
geometry — this has nothing to do with real world gravity!) becomes weak
and (semi-)classical methods in string theory become applicable.

As it was already mentioned, the correspondence was later extended
to different gauge theories, some of which were confining. Although an
exact counterpart for QCD is unknown, we will perform the calculations
in a specific confining background and argue that the main features of our
approximation scheme are generic and do not depend on the very detailed
properties of the background geometry.

Before we proceed let us briefly recall the way in which the AdS/CFT
correspondence arose. The idea is to construct a gauge theory from string
theory and to look at this same construction from two perspectives, each of
which can be thought of to give a different picture of the same underlying
theory. These two points of view become just the two sides of the AdS/CFT
correspondence.

The first path to gauge theory is to consider N coincident D3 branes
in flat 10D space. The D3 branes are nonperturbative objects in type 11B
string theory. They are 4-dimensional hypersurfaces on which open strings
may end. The massless excitations of these open strings form the multiplet of
N = 4 gauge theory. In addition there are massive excitations with the mass
scale set by m? oc 1/a’. When one takes the o — 0 limit, these additional
states will decouple and one will be left with just the gauge theory (and a
noninteracting flat 10D bulk theory).

Let us now take into account that the D3 branes are massive and charged
objects. Therefore a stack of N D3 branes will curve spacetime and gen-
erate some metric for the closed strings. After an appropriate rescaling of
coordinates one then performs the same o' — 0 limit as before. The result
is the AdS5 x S° background for closed strings. Since this should be exactly
the same system as before one is led to the AdS/CFT correspondence.

2.1. Wilson loops

As an example of using the AdS/CFT correspondence let us recall the
prescription for calculating the expectation values of Wilson loops. We will
use it later for evaluating scattering amplitudes.
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The generic feature of the 10D dual geometries is that they posses a well
defined boundary. The prescription for calculating (W (C)) is to place the
contour C on the boundary, and consider the partition function of strings in
the AdS bulk which are spanned on C [14]:

W(E)~ [ DXz Samms(), "

where ¥ is the string worldsheet defined by the bosonic fields X4, A = 0.9
(here we suppressed the fermionic partners), Sgtring is the string action. 1/¢/

typically involves 4/ g%MN , so at large gauge coupling the partition function
is saturated by the string worldsheet spanned on C whose surface is minimal:

(W (C)) ~ Fluctuations (C) - e mar 164 (Fminima) 2)
We will now illustrate this prescription with a calculation of the static qq
potential in the case of (a) the conformal N' =4 theory and (b) a confining
theory.

2.1.1. N = 4 SYM theory
In this case the background geometry is pure AdSsxS°:

dz*  dztdzt
dsQZZ—Q —— +d%s. (3)
The boundary is at z = 0. The problem of calculating the potential boils
down to finding (W(T x R)) with T — oo. Thus we have to put the two
lines separated by R on the boundary at z = 0. Due to the factors of 1/22,
we see that in order to minimise distances (and hence the area), it pays to
increase z and go into the bulk, as far from the boundary as possible. The
resulting minimal surface in the bulk was found in [14] and the (regularized)

area was evaluated to yield:

A% [263 N ¢
(W(TxR)) ~o 707 &, @)

where we expressed all string-theoretic parameters in terms of the gauge
coupling. In these calculations one always subtracts a divergence due to
singularity of the metric near the boundary [14, 15].

We note that despite the fact that we have a string picture of a Wilson
loop we obtained a Coulombic potential. This is because of the nontrivial
curved geometry of the string background.
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2.1.2. Confining black hole background

The first and simplest background for a confining theory was proposed
by Witten in [16]. The metric has the form:

16 1 dz? Nuvdzt dx”

2 _ 7 -
ds® = 9 21— (2/Ro)") 2 + 2 +..., (5)

where Ry is the scale of the horizon and ... represent additional dimensions
which do not play any role for the problem at hand. Again it pays to
increase z as much as possible, but now the range of possible z is limited
by the horizon radius Ry. We, therefore, have two qualitatively different
regimes. When the size of the Wilson loop W(C) = W(T x R) is greater
than Ry, the minimal surface will rise up to the horizon and then will extend
at a fixed value of zgyeq close to Ry (see Fig. 1). The area of this minimal
surface will be proportional to the area of C, since it is measured in the
effectively flat metric

ds® =

dztdzt . (6)
Zfixed
Therefore, we have

~5rar TR
(W(T x R)) ~e *rer (7)

where we absorbed all the scale factors in the effective string tension. We
see that in this regime the details of the metric (powers/coefficients) do not
matter and we expect a large degree of universality.

- HORIZON -

Boundary

Fig. 1. Static qq potential using the black hole geometry.

On the other hand when the size of C is small compared to Ry, the
minimal surface problem will depend very much on the structure of the
metric for small z (¢f. the smaller loop in Fig. 1), and, therefore, it will
depend on the detailed nature of the gauge theory.
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2.1.3. Fluctuations

In the above examples we included just the action of the classical solution
of the equations of motion for the string (the minimal surface equations). It
is often interesting to go further, and calculate the contribution of quadratic
fluctuations around this solution. In general this is a very difficult problem,
so we will now state the result for the confining black hole background in
the flat space approximation. The answer in flat space is [17-20]

: (8)

where det A is the determinant of the Laplacian with Dirichlet boundary
conditions, and n_ is the effective number of massless transverse degrees of
freedom for the string. For the superstring in the black hole background
the expected number is n; = 7 [21] (see Section 6). The contribution (8)
is called the Liischer term and gives a Coulombic correction to the linear
confining potential. It is independent of the string tension, and in fact quite
universal, in the sense of being independent of most of the details of the
specific string theory.

_rL
2

=S

s
:enLﬂ

Fluctuations (T' x R) ~ (det A)

3. Gauge-theoretic scattering amplitudes

In this section we will rewrite scattering amplitudes in gauge theory in
a form adapted to calculation using the techniques of the AdS/CFT corre-
spondence.

It is convenient to consider scattering amplitudes in impact parameter
space which are defined through

A(s, 1) = E/dQZeiq'lA(s,L =1)). (9)
2
Since we want to study soft processes with small momentum transfer (and no
exchange of quantum numbers), we may use the eikonal approximation [12].
In this approximation the impact parameter ¢g scattering amplitude is given
by a correlation function of two Wilson lines which follow classical straight
line trajectories (see Fig. 2):

A(s, L) = <eifL1AeifL2A> . (10)

This expression suffers from two drawbacks. It is IR divergent and it is not
gauge invariant. The first property requires us to work with an IR cut off
i.e. a finite temporal length T of the lines. In addition we also have to add a
gauge connector between the end points in order to obtain a gauge invariant
quantity. Alternatively we may choose to work with a gauge invariant and
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Fig.2. Geometry of the Wilson lines in Euclidean space.

IR finite amplitude for the scattering of two G pairs. Then the lines in (10)
are replaced by Wilson loops, closed at infinity by mesonic wave functions.

The latter quantity has a very clear physical significance, however, it is
more difficult to calculate. Therefore, we will concentrate on the ¢gq scatter-
ing with an explicit IR cut-off. In the context of a confining theory which
we will consider, such an IR cut-off may have a direct physical significance
as a scale on which colour strings start to break. Another argument in
favour of studying this simpler situation is that a variational treatment of
the scattering of two ¢g pairs in the same framework [3], essentially leads to
a superposition of ¢ scatterings with small IR cut-off T'.

It will turn out to be convenient to perform one more reformulation of
the problem and to go to Fuclidean signature. There we will calculate the
correlation function of the lines as a function of the relative angle 6, staying
within Euclidean gauge theory. The result A(#, L) will then be continued
back to Minkowski space using the substitutions

0 — —ix ~ —ilogs, T —iT. (11)

The above procedure was first used within the eikonal approximation in
perturbative QED and QCD in [22].

Since the scattering amplitude is expressed as a correlation function of
two Wilson lines, we may apply now the methods of the AdS/CFT corre-
spondence in a confining background to calculate it.
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4. The evaluation of scattering amplitudes

Let us now evaluate the correlation function of two Wilson lines inclined
at an angle 0 and separated by a transverse distance L. To this end, fol-
lowing the prescription of Section 2, we have to place the two lines on the
boundary and find the minimal surface in the black hole geometry. Again
two regimes will appear, depending on the relation of the impact parameter
to the confinement scale Ry. When the impact parameter is sufficiently large
the same arguments should apply as for the study of the confining potential:
the minimal surface problem is essentially transported up to the horizon
z ~ Ry, where the minimization occurs in flat space. This is the case that
we are going to study. We thus have to find a minimal surface in flat space
between two lines at an angle.

5. Minimal surface

The appropriate minimal surface is indeed well known — it is the heli-
coid. It can be parametrised by

t = Tcospo, (12)
y = Tsinpo, (13)
x =0, (14)

where 7 = =T...T, 0 = —L/2...L/2 and p = 6/L. According to the
AdS/CFT prescription the correlation function is equal to

— 27”1, Area — Y [ dodr\/det gap

7
e eff = e 27Taeﬂ

; (15)

where gop = 9, X* 0, X* is the induced metric. The explicit formula for the
area is [3]

L2 T
Area = /dadn/detgab: / da/dT\/1+p272 (16)
L ST
L/2
1
- / do {T 1+ p2T2 + ~ log (pT—{—\/l +p2T2)}. (17)
b
—L/2

In order to obtain the scattering amplitude we have to perform analytical
continuation to Minkowski space. A naive continuation would give a result
which is a pure phase. However, we see that the formula for the area involves
a logarithm which has a cut in the complex plane. A priori we cannot



High Energy Scattering and AdS/CFT 4113

rule out the possibility of moving onto a different sheet of the logarithm
when doing the analytical continuation, especially as we are dealing with an
inherently nonperturbative Euclidean correlation function. It is therefore
interesting to explore the physical consequences of moving to a different
Riemann sheet. Consequently we have to perform the substitution

log(...) — log(...) — 2min (18)

with n being some integer number. Under this transformation, the amplitude
gets a contribution:

1 L2

1 . n
e a8 (19)

7
27-ro¢eﬂr

L2 9r

e ] Tin
which is independent of the IR cut-off T'. In the following we will neglect
the T dependent terms assuming that 7' is small (some justification for this

assumption was given in [3]). After Fourier transform we obtain an inelastic
amplitude with a linear Regge trajectory:

(prefactor) - s (20)

The prefactor here includes a log s, further such contributions may come
from o corrections. In the following we concentrate on the dominant terms
which give rise to a power-like s* behaviour.

An interesting feature of this result is that the linear slope arose through
the analytic structure of the helicoid area. Moreover, the slope ol /4 char-
acteristic of soft Pomeron exchange appeared in a natural way'.

In the next section we will see that quadratic fluctuations of the string
worldsheet around the helicoidal minimal surface give rise to a shift of the
intercept.

6. Fluctuations

In order to perform the calculation of the contribution of the quadratic
fluctuations we have to decompose the fields:

A A A
X0, 7) = Xjelicoia (0, 7) + 27 (0,7) (21)
and expand the string action to second order in (o, 7). We assume, as
is the case for string theories arising in the AdS/CFT correspondence, that
the action for quadratic fluctuations is just the Polyakov action.

! In the black hole background alg is a free parameter, but it is directly linked to the
static gq potential. Hence we may take the phenomenological value of QCD string
tension as defining ag.
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In order to simplify the calculation [4], it is convenient to change the
parametrisation of the helicoid and replace the variable 7 in (12)-(14) by

1
r= log(pr + V1 + p?72) . (22)

The advantage of doing this is that the induced metric on the helicoid w.r.t
the variables p, o is conformally flat i.e.

gab = (cosh? pp) Ggp - (23)

Therefore, since string theory in the AdS background is critical, we may
perform the calculation for the conformally equivalent flat metric gop = dgp-
The path integral with the Polyakov action gives
D—-2 nl
(det A)” 2 = (detA) 2 | (24)

where det A is the determinant of the Laplacian operator, with Dirichlet
boundary conditions, on the rectangle defined by the range of variation of p
and o. D is the number of massless modes (typically the dimension of space
time in which the string theory lives i.e. 10 for the superstring) while the —2
stands for the contribution of the ghosts. In the AdS black hole background,
the effective number of transverse massless modesisn; =10—-2—-1=7.
The additional subtraction of —1 comes from the fact that due to the curved
character of the metric one bosonic mode becomes massive [21]. For ordinary
superstring theory in flat 10 dimensions, we would have to include also the
contribution of worldsheet fermions which would exactly cancel the bosonic
one. However, as was argued in [21], due to the appearance of a nonvanishing
Ramond—Ramond background field in the AdS black hole geometry, all the
fermions become massive and thus give subleading contributions.

The determinant of the Laplacian in (24) has to be calculated for a
rectangle of size a X b where

a =1L, (25)

b — % log (pT +4/1 +p2T) . (26)

This determinant can be evaluated using ¢ function regularisation in a cal-
culation equivalent to the Liischer term computation (c¢f. (8)), and for high
energies we obtain [4]

0

™
n| —
249100 (pT +4/1 +p2T2)

(27)

Fluctuati ( Wa)
uctuations = ex n|,—— = X
p(nig7 p
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Here we kept the piece which dominates after continuation to Minkowski
space (then a/b = O(logs) > 1).

We now have to perform the same analytical continuation to Minkowski
space as we did for the area in the preceding section. Namely, we let log —
log —27in. Furthermore, we neglect the logarithmic 7" dependent terms.
The outcome is

ny

Fluctuations = e 9 1089

= 5% . (28)

Putting together the above result and the contribution obtained in the
previous section we obtain finally for the trajectory

(prefactors) - s+t (29)
The values for n; suggested by the AdS/CFT correspondence would give
an intercept of 1.073 (or 1.083 for n; = 8), very close to the observed soft
Pomeron intercept of 1.08. The phenomenological value of alg extracted
from the static quark-antiquark potential is alg ~ 0.9 GeV 2. This gives
the slope 0.225 in comparison with the observed one of 0.25.

7. Reggeon exchange

It is interesting to see, whether in the same framework one can obtain
an analogous description of Reggeon exchange, which should dominate for
processes with an exchange of quantum numbers in the ¢ channel. The
problem is interesting as phenomenologically Reggeon trajectories are quite
different from the one of the Pomeron. The slope is four times larger, while
the dominant intercepts are around 0.5 (they depend on the trajectory)
instead of 1.08. The Reggeon amplitudes typically behave like §0-5+aegt,

We will now briefly relate the relevant results of [5]. Since Reggeon
exchange always involves an exchange of quarks in the ¢ channel (see the
schematic spacetime picture of the process in Fig. 3), the eikonal approxi-
mation which allowed to express the scattering amplitude as a correlation
function of Wilson lines, is no longer valid. The approach used in [5] uses the
worldline formalism which expresses the fermionic propagator in an external
gauge field A as a path integral over quark trajectories [23—26]:

S(z,y|A) = /Dx“(T) e~ Length . £9hin Factor} - €' Jirajectory A | (30)

where the {Spin Factor} keeps track of the spin 1/2 nature of the quarks.
In the above expression the colour and spin parts do factorise, which is
very convenient for calculations using various models of the nonperturbative
gluonic vacuum.
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IN
w

t
1 2 X y
Fig. 3. Spacetime picture of a meson-meson scattering process mediated by Reggeon

exchange. The impact parameter axis is perpendicular to the longitudinal ¢t — y
plane.

In [5] we used the expressions (30) for the exchanged quarks and eikonal
approximation for the spectator quarks. The gauge field dependent part
became a Wilson loop expectation value, which was calculated using the
AdS/CFT correspondence. The result again involved the helicoid (assuming
that the exchanged quarks were light). At this stage one obtains an effective
action for the trajectories of the exchanged quarks. Finally, we performed
this remaining path integral over the trajectories of the exchanged quarks
(now constrained to lie on the helicoid) by saturating it with the classical
saddle point solution.

The resulting saddle point was imaginary leading to (i) an inelastic am-
plitude, and (%) a linear Regge slope algt. The contribution of the spin
factors gave a 1/s suppression so at this stage the energy dependence of the
Reggeon exchange amplitude was

SO-I—a’th . (31)

When we include the contribution of the fluctuations of the string worldsheet
around the helicoid, and continue analytically this expression to the saddle
point configuration we obtain a shift of the intercept by m, /24. The final
result is thus:

SO+t +algt (32)

We note that within this framework, we obtain the factor of 4 between the
slopes of the Reggeon and the ‘Pomeron’-like trajectories. The intercept of
the Reggeon is also four times larger than the difference apomeron(0) — 1.
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8. Discussion

In this paper we described the application of the AdS/CFT correspon-
dence to the study of high energy scattering amplitudes in the Regge limit.
In the eikonal approximation these amplitudes were reduced to the evalua-
tion of a Wilson loop correlation function. Using the AdS/CFT correspon-
dence for a confining theory this reduced the problem to studying properties
of minimal surfaces of the helicoidal type. The linear slope of the Regge
trajectory arose when making analytical continuation from Euclidean to
Minkowski space [3], while a shift of the intercept appeared after including
the contribution of quadratic fluctuations of the string worldsheet around
the helicoid [4]. The resulting trajectory is very close to the experimentally
observed soft Pomeron trajectory.

In the above approach it was crucial that we considered a theory with
confinement, which in the setting of the black hole background allows one to
use a flat space approximation for solving the minimal surface problems. For
smaller impact parameters, where confinement is not important the resulting
formulas would be quite different and would also depend on the specific type
of gauge theory considered (which would translate to different properties of
the metric near the boundary).

Finally we briefly reported on the work of [5] where amplitudes with
Reggeon exchange were considered. These scattering processes involve an
exchange of a quark-antiquark pair in the ¢ channel and thus necessarily
require going beyond the eikonal approximation. In order to overcome
this difficulty we used the worldline formalism which expresses (Euclidean)
fermionic propagators in a background gauge field as a path integral over
quark trajectories. The averaging over gauge fields was done using again
AdS/CFT correspondence and helicoidal minimal surfaces. The remaining
path integral was done by saddle point leading to an inelastic amplitude
with a linear Regge trajectory with four times larger slope than the one for
the Pomeron. Fluctuations led to an intercept of the order of 0.33. This
intercept is lower than the dominant intercepts observed experimentally. A
possible reason for this discrepancy was our assumption that the exchanged
quark trajectories do not deform the helicoid minimal surface. In addition
we did not evaluate fluctuations of the boundaries of the helicoid. Due to
high nonlinearity it is difficult to estimate whether this may or may not
modify the intercept.

It seems that the framework of AdS/CFT correspondence is very conve-
nient to study the interplay of soft scattering amplitudes and confinement.
The familiar Regge trajectories arise here in a nonstandard manner through
the properties of the helicoid minimal surface. In addition two types of
Regge trajectories appear naturally, corresponding qualitatively (and partly
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quantitatively) to the observed Pomeron and Reggeon trajectories. It would
be interesting to address a number of further problems in this framework.
In particular the transition to smaller impact parameters which would nec-
essarily involve a departure from the flat metric approximation used here.
Another very interesting but difficult problem would be to understand how
unitarization occurs within the framework of the AdS/CFT correspondence.

The vast majority of the results reported here were obtained in collabo-

ration with Robi Peschanski. This work was supported in part by the Polish
State Committee for Scientific Research (KBN) grant 2P03B01917.
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