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A wide variety of strongly correlated insulators ranging from intermedi-
ate valence materials, to Kondo insulators, to underdoped high-temperature
superconductors display anomalous behavior in their inelastic light scat-
tering. The Raman response in these materials shows a low-temperature
transfer of spectral weight from low to high energy (as T is reduced), the
appearance of an isosbestic point (a characteristic frequency where the Ra-
man response is independent of temperature), and a large ratio of twice
the “spectral gap” to the “onset temperature” where the low-energy spec-
tral weight begins to deplete. We illustrate how these features generically
appear in the Raman response of model systems that are tuned to lie just
on the insulating side of the metal-insulator transition. We solve for the
Raman response in the Falicov—Kimball model and in the Hubbard model.
In the latter case, we find a number of new features arise as one approaches
the metal-insulator transition from the metallic Fermi-liquid phase. Such
behavior has not yet been seen in experiment.
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1. Introduction

Raman scattering involves the inelastic scattering of light by the elec-
tronic and phononic excitations of a material. Use of polarizers on the
incident light and on the reflected light allows one to select elementary ex-
citations of a given symmetry. One of the most common choices is crossed
polarizers, which yield B, symmetry, that has a d-wave character to it. Re-
cent work has focused on electronic Raman scattering as an important tool
in extracting information about the charge excitations of correlated mate-
rials. Remarkably, one finds that a wide variety of materials, ranging from
mixed-valence compounds [1] (such as SmBg), to Kondo-insulators [2] (such
as FeSi), to underdoped cuprate high temperature superconductors [3-5],
show temperature-dependent Bi, Raman spectra that are both remarkably
similar and quite anomalous (see figure 1). This experimental material inde-
pendence suggests that there is “universality” governing the electronic trans-
port in correlated insulators. As these materials are cooled, they all show a
reduction of low-frequency spectral weight with a simultaneous increase in
the spectral weight of the high energy “charge-transfer” peak. This spectral
weight transfer is slow at high temperatures and then rapidly increases as
the temperature is lowered past an onset temperature that is in the proxim-
ity of the quantum-critical point corresponding to a metal-insulator tran-
sition. The Raman spectral range is also separated into two regions: one,
where the response decreases as T' is lowered and one, where the response in-
creases. The characteristic frequency that divides these two regions is called
the isosbestic point, which is the frequency where the Raman response is
independent of temperature. Finally, if we view the Raman spectral gap
as a measure of the insulating gap A that occurs at low temperature, and
the onset temperature, where the weight initially is reduced, as a “transition
temperature” T¢, then 2A/kgT. is much larger than the weak-coupling value
of 3.5. These anomalous features are not typically seen in either the Ay or
the Byg channels.

Experimental results are plotted in figure 1. The top panel shows SmBg,
which has the added feature of developing a sharp peak at 130 cm ! (that
does not disperse in frequency) when the temperature is lower than 30 K.
The FeSi data is shown in the middle panel. It displays the cleanest signature
of these anomalous features. Note how the isosbestic point only develops at
temperatures below 150 K. The bottom panel shows smoothed data in the
LSCO high-temperature superconductor. The isosbestic point is somewhat
harder to see here (because of the noise in the data), but it does develop at
about 2100 cm ™! as the temperature is lowered.
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Fig.1. Experimental Bz Raman response for correlated materials (a) SmBg [1];
(b) FeSi [2]; and (c) underdoped Las_,Sr,CuOy4 [3] with 2 = 0.08. All of the
experimental data show the development of a low-temperature isosbestic point,
which occurs due to the transfer of spectral weight from low energy to high energy
as the temperature is lowered, indicating the proximity to the quantum-critical
point of a metal-insulator transition. The individual curves are labeled by the
temperature in K where the measurement was taken. In panel (c) only the high
temperature (300 K) and the low temperature (50 K) curves are labelled. The two
intermediate curves are at 100 and 200 K, respectively.

Theory has lagged behind experiment for electronic Raman scattering in
strongly correlated materials. While theories that describe Raman scattering
in weakly correlated (Fermi-liquid) metals [6] or in band insulators |7] have
been known for some time, it is only recently that a theory that describes
materials near the metal-insulator transition has been developed [8,9]. This
theoretical treatment involves applying the dynamical mean-field theory to
two many-body systems that have quantum-critical points — the spinless
Falicov—Kimball model [10] and the Hubbard model [11]. The Falicov—
Kimball model is chosen, because it is the simplest model that displays
these anomalies on the insulating side of the metal-insulator transition. The
Hubbard model is chosen because it is the simplest model that has a metal—
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insulator transition from a Fermi-liquid metallic phase. While qualitative
results are model-independent on the insulating side of the transition, the
Fermi-liquid behavior produces a number of new features that have not yet
been seen in experiment.

The nonresonant B, Raman response is determined by the frequency-
dependent charge susceptibility, with form factors associated with the cor-
responding symmetry channel appearing at the electron—photon vertices.
Since the By form factor is orthogonal to the lattice, there are no many-
body vertex corrections [8,12,13], since the dynamical charge vertex has
Ay symmetry. Hence, the B;, Raman response is represented by the bare
bubble. Explicitly calculating the Raman response yields

ImR(v) = c/dw{f(w) — flw+ V)}/dep(e)A(e,w)A(s,w +v), (1)
where f(w) =1/{1 + exp(w/T)} is the Fermi function,
Ale,w) =Im(=1/m{w+ p — B(w) — })

is the spectral function, p(e) is the noninteracting density of states (a Gaus-
sian here), and ¢ is a constant. Hence the Shastry-Shraiman relation [14]
holds — the nonresonant Bj, Raman response is proportional to the optical
conductivity divided by the frequency. We use dynamical mean-field theory
on a hypercubic lattice to calculate the many-body Green’s functions. Once
they are determined on the real axis, substitution into Eq. (1) yields the
Raman response.

2. Results for the Falicov—Kimball model

The Falicov—Kimball Hamiltonian contains two types of electrons: itin-
erant band electrons and localized (d or f) electrons. The band electrons
can hop between nearest neighbors (with hopping integral t*/(2v/d) on a
d-dimensional cubic lattice [15]), and they interact via a screened Coulomb
interaction with the localized electrons (that is described by an interaction
strength U between electrons that are located at the same lattice site). All
energies are measured in units of £*. The Hamiltonian is

t*
H= 37 S dldi+ By wi—p Y (dldi +w) + U dldiw;, (2)
(4,7) 7 7 7

where d} (d;) is the spinless conduction electron creation (annihilation) op-
erator at lattice site ¢ and w; = 0 or 1 is a classical variable corresponding
to the localized f-electron number at site ¢. We will adjust both E; and p
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so that the average filling of the d-electrons is 1/2 and the average filling of
the f-electrons is 1/2 (u = U/2 and Ef = 0).

The Falicov—Kimball model has a ground state that is not a Fermi liquid
because the lifetime of a quasiparticle is finite at the Fermi energy. In addi-
tion, the imaginary part of the self energy has the wrong sign of curvature
to be a Fermi liquid. As U increases, the system first enters a pseudo-
gap phase, where spectral weight is depleted near the chemical potential,
and then undergoes a metal-insulator transition (the pseudogap phase is
possible because the ground state is not a Fermi liquid). The interacting
Density Of States (DOS) is, however, temperature-independent for fixed U
and fixed electron fillings [16]. It is plotted in Fig. 2 for a range of values
of U: U < 0.65 corresponds to a weakly-correlated metal, while a pseudo-
gap phase appears for 0.65 < U < 1.5 moving through a quantum critical
point at U = 1.5 to the insulator phase U > 1.5 (we neglect all possible
charge-density-wave phases here).

DOS [1/t"]

Frequency [t"]

Fig.2. Interacting density of states for the Falicov-Kimball model. Results are
shown for U = 0.5, 1, 1.5, 2, and 4 (the numbers in the figure label the value of U).
Note how the system first develops a pseudogap (1.0) before the metal-insulator
transition at U = 1.5. The density of states is independent of temperature for the
infinite-dimensional Falicov—Kimball model.

In figure 3 we plot the nonresonant B, Raman response at a fixed tem-
perature T' = 0.5 for different values of U. For small values of U, a small
scattering intensity is observed due to the weak interaction among “quasipar-
ticles” providing a small region of phase space allowable for pair scattering.
The peak of the response reflects the dominant energy scale for scattering,
as is well known in metals [6] and the high-energy tail is the cutoff deter-
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mined by the finite energy band. This shape is also understandable from the
Shastry—Shraiman relation — since the optical conductivity is a Lorentzian,
the Raman response is just proportional to av/(v? + a?), which assumes
the above form. As U increases, the low-frequency response is depleted as
spectral weight gets shifted into a large charge transfer peak at a frequency
~ U. The charge transfer peak begins to appear for values of U for which
the DOS is still finite at the Fermi level (U = 1) and becomes large in this
pseudogap phase before growing even larger in the insulating phase. Notice
how low-frequency spectral weight remains even as one is well on the insu-
lating side of the quantum critical point (U = 4) and at a temperature T
much lower than the insulating gap. It is these spectral features that are
characteristically seen in the experiments and which can only be seen in a
theory that approaches the quantum critical point.
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Fig.3. Nonresonant Bz Raman response for different values of U at 7' = 0.5. The
Raman response is measured in arbitrary units. Notice how a low-energy peak and
a charge-transfer peak (centered at U) separate from each other as the correlations
increase through the metal-insulator transition.

Since the Raman response displays anomalous features on the insulating
side of the metal-insulator transition, we present results for U = 2, just on
the insulating side of the quantum critical point. In figure 4, we plot the tem-
perature dependence. The total spectral weight increases dramatically with
decreasing temperature as charge transfer processes become more sharply
defined. At the same time, the low-frequency response depletes with lower-
ing temperatures, vanishing at a temperature which is on the order of the
T = 0 insulating gap (we are unable to analytically estimate the crossover
temperature). This behavior is precisely what is seen in experiments on [2]
FeSi and on [3] underdoped Las_,Sr,CuQOy4 at low temperatures, where both
the isosbestic point and the low temperature spectral weight depletion can
be seen. Similar results are also seen [1] in SmBg, but a low-energy peak
also develops in that material at low temperatures.
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Fig.4. Nonresonant B, Raman response for a range of temperatures (I' =
0.05,0.2,0.3,0.5,0.9) for U = 2 (which lies just on the insulating side of the metal—
insulator transition). The lines are labeled by their temperature (except for T' = 0.2
which is unlabeled). Note how the Bj, response has low-frequency spectral weight
that develops rapidly at an onset temperature of T' &~ 0.2 (the low frequency re-
sponse at T=0.5 and T=0.9 overlap) and note the isosbestic point at v ~ 1. The
ratio of twice the range in frequency over which the low-frequency weight increases
and the onset temperature is about 10.

If one were to interpret the temperature at which the B, Raman spec-
tral weight starts to deplete as the “transition temperature” T, and the range
of frequency over which the weight is depleted as the gap A, then one would
conclude that near the quantum critical point 2A/kgT. > 1. This is be-
cause the “T¢” is effectively determined by the gap in the single-particle DOS
(which is small near the quantum critical point), while the “A” is determined
by the width of the lower Hubbard band (which remains finite at the quan-
tum critical point); hence the ratio can become very large near the quantum
critical point (and should decrease in the large-U limit).

One can see from these results that all of the qualitative behavior com-
mon to correlated insulators is seen in the exact solution for Raman scat-
tering in the Falicov-—Kimball model — we see (i) the transfer of spectral
weight from low energy to high energy as T is lowered; (4i) the development
of an isosbestic point; and (%ii) the ratio of twice the spectral range to the
onset temperature where the low-energy spectral weight starts to deplete is
much larger than 3.5.
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3. Results for the Hubbard model

The Hubbard Hamiltonian [11] contains two terms: the electrons can hop
between nearest neighbors (with hopping integral ¢*/(2v/d) on a d-dimen-
sional hypercubic lattice [15]), and they interact via a screened Coulomb
interaction U when they sit on the same site. All energies are measured in
units of ¢*. The Hamiltonian is

t*
H=——— Z C;-racj‘g —l—UZnZ-Tnu, (3)
2\/8 4,j),0 7

where c;-ra (cic) is the creation (annihilation) operator for an electron at

lattice site ¢ with spin ¢ and n;, = c;'gcw is the electron number operator.
We adjust a chemical potential p to fix the average filling of the electrons
to half filling (u = U/2).

We study the evolution of the Raman response at half filling, since one
can tune the system to move right through the quantum-critical point of
the metal-insulator transition. We analyze finite-temperature numerical
renormalization group calculations [17] (restricted to the paramagnetic phase
which has a metal-insulator transition). We examine three cases here:

(i) a correlated insulator just above the transition U = 4.24 (where the
response is model-independent);

(71) a metal just below the phase transition U = 3.54 (which undergoes a
temperature-dependent metal-insulator transition at 7' = 0.011); and

(#3i) a correlated metal U = 2.12.

The Hubbard model DOS is temperature dependent, and we do not plot
it here.

We show the correlated insulator regime in Fig. 5, where the Raman
response is model-independent. We see behavior identical to that seen in
the Falicov—Kimball model (the only modification here is the consequence of
a temperature dependence in the interacting DOS, which fills in the gap at
temperatures above about 0.1). We see the development of low-energy spec-
tral weight at the expense of the higher-energy charge-transfer peak as T
increases (although in this case the spectral weight grows over a broader tem-
perature scale) and the appearance of a single isosbestic point at a somewhat
higher energy than seen in the Falicov—Kimball model solution (v =~ U/1.5
rather than v ~ U/2). All of the qualitative features of the universal be-
havior are shared in the Hubbard-model solution. The difference is in the
quantitative details, the most apparent one being that at high temperatures
the low-energy spectral response does not have a broad peak structure, but
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rather shows monotonic rising behavior. This is more characteristic of exper-
iments in materials like FeSi [2] or the cuprates [3-5] which have a relatively
flat low-energy spectral response.
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Fig.5. Nonresonant Bz Raman scattering for a correlated insulator U = 4.24 and

half filling for a number of temperatures ranging from 0.57 to 0.071. Inset is an
enlargement of the low-energy features.

In Fig. 6, we show results for a system tuned to lie just on the metallic
side of the metal-insulator transition (so it undergoes a temperature-driven
transition at 7' = 0.011). Initially the Raman response acts like an insu-
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Fig.6. Nonresonant Bi, Raman scattering for a system undergoing a temperature-
driven metal-insulator transition U = 3.54 and half filling for a number of tem-
peratures ranging from 0.28 to 0.003. Inset is an enlargement of the low-energy
features.
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lator: the charge-transfer peak sharpens and grows in strength, while the
low-energy weight is reduced and an isosbestic point appears near v = U/1.7
as T is lowered. As the temperature is reduced further, the response becomes
quite anomalous. Spectral weight shifts back out of the charge-transfer peak
into the low-energy region, developing two low-energy bumps and an isos-
bestic point near v = 2. There is only one experimentally measured system
that we know of that shares some of these qualitative features: SmBg [1].
At low temperatures SmBg acts like an insulator, just as seen in figure 6,
but then at the lowest temperatures (T' < 30 K), a sharp nondispersive peak
appears at about 130 cm™'. The qualitative shape of the Raman response is
different though, because the weight only grows in a narrow peak, as opposed
to the wide frequency range of figure 6. We believe it would be interesting
to investigate the Raman response of a correlated system that undergoes a
similar insulator-metal transition as a function of temperature such as 1%
Chromium doped Vanadium Oxide [18]. Such experiments would be feasible
if the charge-transfer peak could be pushed to a low enough energy that it
lies within the window observable by Raman measurements.

Finally, in Fig. 7, we show the Raman response for a correlated metal at
half filling. At high temperatures, the Raman response has a wide charge-
transfer peak centered at v =~ U. As the temperature is lowered, we see the
development and evolution of a low-energy Fermi-liquid peak, which sharp-
ens as T is lowered. This is the classic behavior expected for a correlated
metal — at high temperatures there is a large charge-transfer peak centered
at an energy just somewhat higher than U which loses spectral weight as
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Fig.7. Nonresonant Bi; Raman scattering for a correlated metal U = 2.12 at

half filling for a number of temperatures ranging from 0.35 to 0.024. Inset is an
enlargement of the low-energy features.
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the temperature is lowered and a low-temperature “metallic” peak devel-
ops at low energy. The Fermi peak has the expected form proportional to
vT? [To(v? +T*)T2)] for a Fermi liquid. The width of the peak (determined
by T?/T,) decreases as the temperature is lowered and will ultimately vanish
at T' = (. The weight in the metallic peak is much smaller than the weight in
the charge-transfer peak. The continuous evolution of the low-temperature
peak down to zero frequency is not seen in the Falicov—Kimball model, be-
cause the self energy remains finite there in the limit as 7' — 0. Note that
the charge-transfer peak loses weight (especially on the low-frequency side)
as T is lowered, but there is no low-energy isosbestic point here (in fact an
isosbestic point may be developing at v =~ 3.3). This lack of low-energy
isosbestic behavior is quite interesting. The development of a large-weight
Fermi coherence peak in the interacting DOS tends to destroy the isosbestic
behavior.

Unfortunately, we are not aware of any experimental data on a corre-
lated metal that displays this low-temperature development and evolution
of the Fermi-liquid peak. Surprisingly, little is known about Raman scatter-
ing in a weakly interacting metal. It is well known that in the absence of
inelastic scattering, the low energy Raman cross-section vanishes at ¢ = 0
due to the lack of phase space available to create particle—hole pairs. There-
fore, any signal at all must come from electron—electron interactions [19] or
impurities [20]. Our results show that the consequence of well-defined quasi-
particles is the presence of a low energy peak which grows in intensity and
narrows as temperature decreases. Such a peak might also be observable
in materials like CeSig, CeSbg, CeBejs [21] or YbAlz [22| which all display
the development of a low-temperature Fermi coherence peak at energies less
than 100 meV.

4. Conclusions

To summarize, we have examined Raman scattering in correlated mate-
rials that fall into two classes — non-Fermi-liquid and Fermi liquid metallic
states. We find in the insulating regime, the Raman response is model-
independent, and illustrates all of the anomalies seen in experiment. In the
metallic phase, there is interesting behavior when one has a Fermi liquid
metal and one is close to the metal-insulator transition. Such systems are
expected to have dramatic spectral weight shifts as a function of tempera-
ture as the system is tuned to pass through the metal-insulator transition.
It would be interesting to see experimental work on these systems if the spec-
tral weight shifts can be made visible within the spectral range accessible to
Raman scattering experiments.
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