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SHORT COHERENCE LENGTH SUPERCONDUCTORSWITH ANISOTROPIC PAIRING IN 2D�R. Mi
nas and B. TobijaszewskaInstitute of Physi
s, A. Mi
kiewi
z UniversityUmultowska 85, 61-614 Pozna«, Poland(Re
eived June 21, 2001)The two models of short 
oheren
e length super
ondu
tors with aniso-tropi
 pairing symmetry are dis
ussed. First, we examine super
ondu
tingproperties of the extended Hubbard model with intersite attra
tion on a 2Dsquare latti
e with nearest- and next-nearest-neighbor hopping. The e�e
tsof phase �u
tuations on the extended s and dx2�y2 -wave as well as on themixed s�id state are studied within the Kosterlitz�Thouless s
enario. Thisleads to a new phase with a pseudogap, and the universal linear s
aling ofthe 
riti
al temperature versus zero temperature phase sti�ness 
an o

uron the Uemura type plots due to the separation of s
ales for pairing and forthe phase 
oheren
e. The se
ond model is that of lo
al ele
tron pairs anditinerant fermions 
oupled via 
harge ex
hange me
hanism, whi
h mutuallyindu
es super
ondu
tivity in both subsystems. The phase diagram of thistwo-
omponent system is presented for anisotropi
 pairing on a 2D squarelatti
e.PACS numbers: 74.20.�z, 71.10.Fd, 74.20.Mn, 74.72.�h1. Introdu
tionThe 
uprate High Temperature Super
ondu
tors (HTS) are strongly ani-sotropi
 systems. The short 
oheren
e length and low super�uid density inthe underdoped regime indi
ate that phase �u
tuations are important [1,2℄.In this paper we brie�y outline properties of two models of short-
oheren
elength anisotropi
 super
ondu
tors with emphasis on the role played by ther-mal phase �u
tuations of the order parameter.� Presented at the XII S
hool of Modern Physi
s on Phase Transitions and Criti
alPhenomena L¡dek Zdrój, Poland, June 21�24, 2001.(3233)



3234 R. Mi
nas, B. Tobijaszewska2. The extended Hubbard model with intersite attra
tionThe simplest model whi
h des
ribes both extended s-wave (s�) anddx2�y2 -wave pairing symmetries is the extended Hubbard model with on-site repulsion and intersite attra
tion [3�5℄:H =Xij;�(tij � �Æij)
yi�
j� + 12UXi� ni�ni�� + 12 Xij;��0 Wijni�nj�0 , (1)where ni� = 
yi�
i�, tij is the transfer integral, � the 
hemi
al potential,U is the on-site and Wij is the intersite intera
tion. In our analysis we
onsider W < 0 i.e. the 
ase of nearest neighbor attra
tion. Comprehen-sive studies of the anisotropi
 super
ondu
tivity, the 
ompetition betweend-wave super
ondu
tivity and antiferromagnetism on 2D latti
e as well asthe e�e
ts of phase �u
tuations in the model (1) have been performed inRefs. [3�8℄. Here we fo
us on the phase diagrams in
luding a possibil-ity of s � id symmetry mixing, the role of phase �u
tuations and ana-lyze the Uemura type plots. Within the Hartree-Fo
k-BCS approximation(BCS-HFA) the energy gap is determined by the equation:�~k = 1N X~q (�U �W~k�~q)�~qF~q; (2)where F~q = 12E~q tanh(�E~q2 ), W~k is the Fourier transform of Wij and � =1=kBT . The quasiparti
le energy is given by E~q =q�"2~q + j�~qj2, �"~q = "~q� ��,where the ele
tron dispersion on a 2D square latti
e is "q = �2t(
os(qxa) +
os(qya)) � 4t2 
os(qxa) 
os(qya) with the next nearest neighbor (nnn)hopping parameter t2, and �� = � � n(U=2 + 4W ). In the 
ase of singletpairing the gap fun
tion takes the form: �~k = �s0 + �

~k + ���~k, where
~k = 2(
os(kxa) + 
os(kya)) and �~k = 2(
os(kxa)� 
os(kya)). The �rst andse
ond terms refer to the on-site and extended s-wave (s�) and the third oneto the dx2�y2 -wave pairing. The resulting equations for the gap amplitudesare solved together with the equation determining the 
hemi
al potential ��:n� 1 = � 2N P~k "~kF~k. n is the ele
tron 
on
entration.If the states with pure s�-wave (assuming U = 0)( �
 6= 0, �� = 0) andd-wave (with �� 6= 0, �
 = 0) symmetry overlap a mixed symmetry state
an appear. The free energy 
al
ulations show, that for systems with thetetragonal symmetry, s� � id phase (with �~k = �

~k � i���~k and time-reversal symmetry breaking) is more stable than s� � d phase [8℄.The BCS 
riti
al temperature (TBCS
 ) is the one at whi
h the gap am-plitude vanishes. To in
lude phase �u
tuations we apply the Kosterlitz��Thouless (KT) theory. The transition temperature (TKT
 ) is determined by



Short Coheren
e Length Super
ondu
tors : : : 3235the universal jump of super�uid sti�ness �s:��s (T
) = 2�kBT
; (3)where �s, obtained from the linear response theory, is given by�s(T ) = 12N X~k (� �"~k�~k��2 �f(E~k)�E~k + 12 �2"~k�~k2� �1� "~kE~k tanh��E~k2 ��) (4)and f(E~k) is the Fermi�Dira
 distribution fun
tion, � = x; y; z. In the lo
allimit ��2 = (16�e2=~2
2)�s, � being the London penetration depth.Numeri
ally determined phase diagram in
luding s�, d and s�+ id statesis shown in Fig. 1. For jt2j < 0:5t, the s�-wave symmetry o

urs for lown and is strongly restri
ted by the mixed state, while d-wave is stabilizedfor higher n. In the BCS�HFA the transition from the s� + id state to thestate with pure symmetry is 
ontinuous and the four se
ond order phasetransition lines meet at the TTCP. The KT temperatures are signi�
antlylower than the TBCS
 (Fig. 1). Phase �u
tuations destroy super
ondu
tivityabove TKT
 but the pairs are thermally broken only at TBCS
 . In the regionTKT
 < T < TBCS
 the Cooper pairs exist, but they are phase in
oherent.This state 
hara
terized by the gap in fermioni
 spe
trum 
an be responsiblefor the pseudo-gap phase observed in the underdoped 
uprate HTS.
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Fig. 1. Phase diagram in T �n plane for jW j=4t = 0:5, t2 = �0:45t (U = 0). Filledsymbols denote TKT
 , empty symbols and dashed lines � TBCS
 , empty symbolsand solid lines � borders of mixed s+ id phase. TTCP is the tetra
riti
al point.
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Fig. 2. Uemura type plot with the 
ontrol parameter n (indi
ated by arrows), forjW j=4t = 0:5, t2 = �0:45t (U = 0). Solid lines with �lled symbols denote TKT
 ,dashed lines with empty symbols denote TBCS
 . Open triangle � d-wave BCS,open 
ir
le � s�-wave BCS. The dot-dashed line ��s(0)=2 is an upper bound onthe phase ordering temperatureThe Uemura type plots (
riti
al temperatures vs �s(T = 0)), with the
ontrol parameter n, are presented in Fig. 2. It should be noted that theUemura s
aling T
 � 1=�(0)2 is not obeyed within the BCS-HFA s
heme.In a dilute limit, the KT temperatures points 
ollapse on the universal line��s(0)=2, be
ause of separation of the energy s
ales for pairing and phase 
o-heren
e (in this region �(0)� �s(0)). The left s�-wave bran
h is restri
tedto low n, for higher n the s+ id state appears, and next pure d-wave state.For n > 1:45 the right s�-wave bran
h o

urs and �s(0) des
ends to 0 forn = 2. Thus, with growing n, the return is on the s�-wave bran
h.It is also of interest to dis
uss the 
ase of jt2j > 0:5t. In su
h a 
ase, apure d-wave pairing 
an be realized in low densities and 
ompetition withs�-wave symmetry is pushed to higher values of n. In Fig. 3 we show thephase diagram for t2=t = �0:7. We noti
e the existen
e of quantum 
riti
alpoint separating the band insulator and d-wave super
ondu
tor at T = 0K.Its position for 0:5 < jt2=tj < 1 is determined by �� = 4t2 � Eb=2, where Ebis the binding energy of d-wave pair in an empty latti
e and 
an be givenexa
tly. In this 
ase the Uemura s
aling for d-wave symmetry is obeyedin an extended range of 
on
entrations, due to separation of the s
ales forthe pairing and the phase 
oheren
e. However, in low n region the d-wavepairing is nodeless and the transition to d-wave with the nodal points (and
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ondu
tor, N-normal state. QCP is the Quantum Criti
al Point. The dashedline marks the 
rossover from BCS to LP (Lo
al Pair) regimes at T = 0K. Thedot-dashed line marks a transition from nodeless d-wave state to d-wave with nodalpoints at T = 0K.the presen
e of nodal quasiparti
les), 
an take pla
e for higher n. This isin 
ontrast to the 
ase of jt2j < 0:5t, where we have d-wave pairing withfour nodal points, and this fa
t has important 
onsequen
es for temperaturebehavior of the super�uid density and spe
tral properties. Let us point outthat a density driven 
rossover from BCS to Bose 
ondensation of LP pairs
an take pla
e for d-wave symmetry (
.f. Fig. 3). This 
rossover is smoothin 
ontrast to the 
ase of d-wave pairing with nodal points, for whi
h the
rossover is 
ontinuous but not smooth [7, 8℄.We should also add that the �nite on-site repulsion U will modify thephase diagrams by redu
ing the s-wave 
omponent and the range of stabilityof mixed symmetry state thus expanding pure d-wave state. Indeed, U > 0will also lead to 
ompetition with antiferromagneti
 order [3, 8℄.In Fig. 4 the results obtained in the KT s
enario are 
ompared withexperimental ones [8, 9℄. For ea
h family of 
uprate HTS the experimentalT
 (being a fun
tion of doping) have been s
aled to Tmax
 , and �s(0) to thevalue �s(0)max attained at Tmax
 . Analogously, the theoreti
al results givenin Fig. 2 (only for s+id and d-wave state) have been s
aled. As we see, there



3238 R. Mi
nas, B. Tobijaszewskais an agreement between experimental points and our theoreti
al lines. Inthe underdoped regime the s+ id solution is stable, in the optimally dopedregime the theory is 
onsistent with dx2�y2 pairing. The largest deviationsare observed in the overdoped regime.
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Fig. 4. Comparison of theoreti
al results (solid lines with �lled symbols) fromFig. 2 with the experimental points taken from Ref. [9℄. � �La2�xSrxCuO4,4 � YBa2Cu3Ox, 2 � Y1�xPrxBa2Cu3O6:97, 3 � Tl2Ba2CuO6+Æ, � �Tl2Ba2Ca2Cu3O10, Tl0:5Pb0:5Sr2Ca2Cu3O9, Æ � Bi2Sr2Ca1�xYxCu2O9.3. The two-
omponent model of 
oexisting lo
al pairsand ele
tronsA mixture of intera
ting 
harged bosons (bound ele
tron pairs) and ele
-trons 
an show features whi
h are intermediate between those of lo
al pairsuper
ondu
tors and those of 
lassi
al BCS systems. Su
h a two-
omponentmodel has been proposed for high temperature super
ondu
tors [10℄ and re-
ently studied by several authors [10�13℄. We shall 
onsider a generalizationof the model to the 
ase of anisotropi
 pairing of extended s-wave or d-wavetype, whi
h is de�ned by the following HamiltonianH =Xk� ("k � �)
yk�
k� + 2Xi (�0 � �)byi bi �Xij Jijbyi bj+ 1pN Xq I(Byqbq + b+q Bq); (5)



Short Coheren
e Length Super
ondu
tors : : : 3239"k refers to the energy band of the 
-ele
trons, �0 measures the relativeposition of the LP level with respe
t to the bottom of the 
-ele
tron band,� stands for the 
hemi
al potential whi
h ensures that the total number ofparti
les in the system is 
onstant, i.e.n = 1N  Xk� D
yk�
k�E+ 2Xi hbyibii! = n
 + 2nb :Jij is the pair hopping integral.Byq =Xk �k
yk+q=2;"
y�k+q=2;#denotes the singlet pair 
reation operator of 
-ele
trons and I is the 
oupling
onstant. The operators for lo
al pairs (hard-
ore 
harged bosons) byi ; bi obeythe Pauli 
ommutation rules: [bi; byj ℄ = (1 � 2ni)Æij ; [bi; bj ℄ = 0; (byi )2 =(bi)2 = 0; byibi + bibyi = 1, ni = byibi. We assume that the 
oupling betweenthe two subsystems is via the 
enter of mass momenta q of the Cooper pairByq and the hard-
ore boson bq. The pairing symmetry, on a 2D squarelatti
e, is determined by the form of �k, whi
h is 1 for the on-site pairing,�k = 
k for the extended s-wave and �k = �k for the dx2�y2-wave pairing.In general, one 
an 
onsider a de
omposition I�k = g0 + gs
k + gd�k, withappropriate 
oupling 
onstants for di�erent symmetry 
hannels.As in the previous se
tion, our analysis is based on the BCS-Mean-FieldApproximation (MFA) and the Kosterlitz�Thouless (KT) theory for two-dimensional super�uid. The dire
t bosoni
 hopping Jij is not 
onsideredhere. The super
ondu
ting state is 
hara
terized by two order parameters:x0 = 1N Xk �kh
yk"
y�k#iand �x0 = 12N Xi hbyi + bii ;whi
h satisfy the set of equations:x0 = � 1N Xk I�2k�x02Ek tanh��Ek2 � ; (6)�x0 = �Ix02� tanh(��) ; n = n
 + 2nb; (7)



3240 R. Mi
nas, B. Tobijaszewskawhere the quasiparti
le energy is given by Ek = q�"2k+�2k, �"k = "k��,�2k = I2�2k(�x0)2. � = p(�0 � �)2 + I2x20. The 
-ele
tron dispersion is"k = �2t(
os(kxa) + 
os(kya))� 4t2 
os(kxa) 
os(kya)� "b ; "b = min"k :The super�uid density, derived within BCS s
heme, is given by��s = 12N Xk (� �"k�k��2 �f(Ek)�Ek + 12 �2"k�k2� �1� �"kEk tanh��Ek2 ��) :Finally, the e�e
t of phase �u
tuations on the 
riti
al temperatures is eval-uated within the KT theory, i.e., from the relation for the universal jump ofthe super�uid sti�ness at T
 (Eq. (3)).We have performed an extended analysis of the phase diagrams andsuper�uid properties of the model (5) for di�erent pairing symmetries [14℄.The typi
al phase diagram (for d-wave symmetry) plotted as a fun
tion ofthe position of LP level �0 is shown in Fig. 5.
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Fig. 5. Phase diagram of the indu
ed pairing model for the dx2�y2 � wave symmetryand n = 1:5. I = �jI0j, Jij = 0. D = 4t. The dashed line � BCS-MFAtransition temperature, the line with diamonds � KT transition temperature, forjI0j=D = 0:25. LPN � nonmetalli
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troni
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ondu
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ir
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tively, for jI0j=D = 0:15



Short Coheren
e Length Super
ondu
tors : : : 3241A sharp drop in the super�uid sti�ness (and in the KT transition tem-perature) o

urs when the bosoni
 level rea
hes the bottom of the 
-ele
tronband and the system approa
hes the LP limit. In the opposite, BCS likelimit, T
 asymptoti
ally approa
hes the MF transition temperature, withnarrow �u
tuation regime. Between the KT and MFA temperatures thephase �u
tuation e�e
ts are important. In this regime a pseudo-gap in
-ele
tron spe
trum will develop and the normal state of LP and itinerantfermions 
an exhibit non-Fermi liquid properties [11℄.With varying n but for �xed �0, it appears that the me
hanism of in-du
ed super
ondu
tivity in the mixed regime of 
oexisting LP and ele
tronsis not very sensitive to the pairing symmetry, i.e. n
 is nearly 
onstant, butnb (LP level o

upation) in
reases with total n. The 
hemi
al potential inthe super
ondu
ting phase is pra
ti
ally pinned around �0. The super�uiddensity exhibits linear in T behavior (at low T ) for dx2�y2 -wave pairing dueto the existen
e of nodal quasiparti
les. For the same pairing symmetry, wehave also found that the s
aled sti�ness �s(T )=�s(0) vs T=T
 shows only aweak dependen
e on the total density n. The d-wave pairing is preferredfor higher 
on
entration of 
 ele
trons, while the extended s-wave 
an berealized for lower n
 (for the nn hopping). The nnn hopping 
an substan-tially enhan
e T
 for d-wave symmetry. Finally, within the KT s
enario, theUemura-type plots have also been obtained for s� and d-wave symmetry [14℄.B.T. a
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