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MAGNETIC ORDER IN TRANSITION METAL OXIDESWITH ORBITAL DEGREES OF FREEDOM�Andrzej M. Ole±Institute of Physi
s, Jagellonian University,Reymonta 4, 30-059 Kraków, Polande-mail: amoles�if.uj.edu.pl(Re
eived June 21, 2001)We investigate the frustrated magneti
 intera
tions in 
ubi
 transitionmetal oxides with orbital degenera
y. The eg orbitals order easier andtheir ordering explains the A-type antiferromagneti
 phase in KCuF3 andLaMnO3. In t2g systems the magneti
 order 
hanges at a transition froman orbital liquid to orbital ordered states. The �u
tuations of t2g orbitalsplay a prominent role in LaVO3 and YVO3, where they 
ompete with theJahn-Teller e�e
t and trigger the C-type antiferromagneti
 order.PACS numbers: 75.10.Jm, 71.27.+a, 75.30.Et, 75.30.Vn1. Spin-orbital physi
s in transition metal oxidesLarge on-site Coulomb intera
tions / U in transition metal oxides sup-press 
harge �u
tuations and lead to the (partial) lo
alization of d ele
tronswhi
h 
onsequently intera
t by e�e
tive superex
hange intera
tions. Whensu
h lo
alized ele
trons o

upy degenerate orbital states, one has to 
on-sider orbital degrees of freedom at equal footing with ele
tron spins [1℄. Theimportan
e of the orbital degrees of freedom in su
h systems has been em-phasized long ago for 
uprates [2℄ and for V2O3 [3℄, when it was also realizedthat FerroMagneti
 (FM) superex
hange 
ould be indu
ed by the Hund's ex-
hange intera
tion / JH [4℄, but only re
ently it has been fully appre
iatedthat orbital physi
s leads to several novel and interesting phenomena.The superex
hange whi
h involves the orbital degrees of freedom is de-s
ribed by the so-
alled spin-orbital models [5℄, and is typi
ally highly frus-trated even on a 
ubi
 latti
e [6℄. Although this frustration might even leadto the 
ollapse of magneti
 (or orbital) long-range order in the limit of weak� Presented at the XII S
hool of Modern Physi
s on Phase Transitions and Criti
alPhenomena, L¡dek Zdrój, Poland, June 21�24, 2001.(3303)



3304 A.M. Ole±JH, in real eg systems it is largely suppressed by JH=U ' 0:12 [7℄, whereU is the intraorbital intera
tion, and stru
tural phase transitions stabilize aparti
ular ordering of o

upied orbitals, supporting the A-type AntiFerro-magneti
 (AF) order. Here we show that this happens even in the absen
e ofthe Jahn-Teller (JT) e�e
t in the eg systems with degenerate orbitals �lledeither by one hole (KCuF3) [8℄, or by one ele
tron (LaMnO3) [9℄.The transition metal oxides with partly �lled t2g orbitals are even morefas
inating. The quantum phenomena are here more important and stabilizethe 
oherent orbital liquid ground state in the spin S = 1=2 Mott-insulatorLaTiO3 [10℄, whi
h preserves the 
ubi
 symmetry and explains the observedisotropi
 G-type AF order [11℄. In vanadium 
ompounds rather involvedspin�orbital models, whi
h des
ribe 
oexisting AF and FM intera
tion, werere
ently introdu
ed for LiVO2 [12℄ and V2O3 [13℄. The superex
hange isagain frustrated in 
ubi
 systems, and C-type AF order, observed both inLaVO3 at T = 0 [14℄ and in YVO3 for 77 < T < 114 K [15℄, 
an be explainedas supported by quantum one-dimensional (Q1D) orbital �u
tuations [16℄.2. Magneti
 and orbital order in 
uprates and manganitesCon
eptually the simplest realisti
 spin-orbital model 
an be derived ford9 ions intera
ting on a 
ubi
 latti
e, as in KCuF3. The 
harge ex
itationsd9i d9j 
 d8i d10j lead to: one high spin 3A2 state, and two low-spin 1E and1A1 states [8℄. The energy spe
trum in Fig. 1(a) is obtained from the modelHamiltonian whi
h in
ludes the on-site U and JH intera
tions for degenerated orbitals [17℄, and reprodu
es the exa
t spe
trum [18℄. The superex
hange
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Fig. 1. Ex
itation spe
tra in 
ubi
 transition metal oxides for: (a) eg systems:Cu3+ (d8) and Mn2+ (d5) ions; (b) t2g systems: Ti2+ (d2) and V2+ (d3) ions.
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 Order in Transition Metal Oxides : : : 3305is / Je = t2�=U , where t� is the largest hopping element between two 3z2�r2orbitals along the 
 axis (note that this is a natural unit for the anisotropi
hopping between eg orbitals [5℄), and is given byH(d9) = JeX
 Xhijik
 h �~Si � ~Sj + 14� Ĵ (
)ij (d9) + K̂(
)ij (d9)i ; (1)where ~Si are spin S = 1=2 operators. The operator expressions:Ĵ (
)ij (d9) = (2 + �p2 � �p3)P��hiji � �(3p1 � p2)P��hiji ; (2)K̂(
)ij (d9) = � h1 + �2 (3p1 + p2)iP��hiji � h1 + �2 (p2 � p3)iP��hiji ; (3)des
ribe spin and orbital superex
hange, with � = JH=U , p1 = 1=(1 � 3�),p2 = 1=(1 � �), and p3 = 1=(1 + �). It depends on orbital operators:P��hiji = (12 + �
i )(12 � �
j ) + (12 � �
i )(12 + �
j ) ; (4)P��hiji = 2(12 � �
i )(12 � �
j ) ; (5)whi
h proje
t on the orbital states, being either parallel to the bond hijidire
tion on one site (Pi� = 12 � �
i ) and perpendi
ular on the other (Pj� =12 + �
j ), or parallel on both sites. They are represented by the orbitaloperators ��i asso
iated with the three 
ubi
 axes (
 = a, b, or 
),�a(b)i = �14�zi � p34 �xi ; � 
i = 12�zi ; (6)where the �'s are Pauli matri
es a
ting on: jxi =  10 !; jzi =  01 !,whi
h transform as jxi / x2 � y2 and jzi / (3z2 � r2)=p3.In LaMnO3 the superex
hange 
ouples total spins S = 2 at the d4 Mn3+ions and originates from the 
harge ex
itations, d4i d4j 
 d3i d5j [9℄. The egpart, following from d4i d4j 
 d3i (t32g)d5j (t32ge2g) pro
esses, involves FM termsdue to the high-spin 6A1 state, and AF terms due to the low-spin states:4A1, 4E, and 4A2 [Fig. 1(a)℄, and is orbital dependent. By 
ontrast, the t2gpart / jt ' 0:09, whi
h follows from d4i d4j 
 d3i (t32g)d5j (t42geg) ex
itations, ispurely AF and nearly orbital independent. Both terms together giveH(d4) = JeX
 Xhijik
 h(~Si � ~Sj + 4)Ĵ (
)ij (d4) + K̂(
)ij (d4)i; (7)



3306 A.M. Ole±where the ex
hange intera
tions depend on the multiplet stru
ture,Ĵ (
)ij (d4) = 18h1� 43�(q3 +2q4)iP��hiji � 130��9q1 + 94q2 +5q3�P��hiji + jt; (8)with q1 = 1=(1 � 3�), q2 = 1=(1 + 2�), q3 ' 1=(1 + 8�=3), and q4 '1=(1 + 16�=3) [18℄. The orbital part K̂(
)ij (d4) is given in Ref. [9℄.Both d9 model and d4 model at jt = 0 des
ribe strongly frustratedsuperex
hange in the limit of JH ! 0, whi
h takes a universal form,H(0)e = JeX
 Xhijik
 h� 1S2 ~Si � ~Sj + 1�(12 � �
i )(12 � �
j )� 1i: (9)Several 
lassi
al phases have the same energy of �3Je per site at this point[6℄: the G-AF phases with arbitrary o

upation of orbitals, and A-AF phaseswith h(12 � �
i )(12 � �
j )i = 0, as obtained for staggered planar orbitals alongtwo 
ubi
 dire
tions, e.g. for x2� y2=y2� z2 along a and b axes. The model(9) is qualitatively di�erent from the idealized SU(4)-symmetri
 
ase [19℄due to the dire
tionality of eg orbitals.At �nite JH the degenera
y of 
lassi
al phases is removed, and the A-AF phase is stable, with two-sublatti
e alternating orbital order in both
uprate (1) and manganite (7) model, ji��i = 
os �ijiz�i�sin �ijix�i, where� refers to i 2 A(B) sublatti
e. In the 
uprates the orbital order, givenby 
os 2� = (1 � �=2)=(2 + 3�), indu
es FM intera
tions Jab within the(a; b) planes, and AF intera
tions J
 between them [5℄. The AF intera
tions
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Fig. 2. Ex
hange 
onstants FM Jab (solid lines) and AF J
 (dashed lines) in A-AFphase of eg systems as fun
tions of JH=U for: (a) 
uprates (KCuF3); (b) manganites(LaMnO3), for: jt = 0 (thin lines) and jt = 0:09 (heavy lines).
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rease with in
reasing JH=U [Fig. 2(a)℄, but stilldominate at realisti
 JH=U ' 0:12 [7℄, explaining why the ex
itation spe
traof KCuF3 are dominated by Q1D spin ex
itations of S = 1=2 spin 
hains [20℄.Although the orbital order found in the manganite model (7) at JH=U =0 is again x2 � z2=y2 � z2, and the A-AF phase is stable, the situation ishere qualitatively di�erent as Jab and J
 
hange mu
h faster with in
reasingJH=U [Fig. 2(b)℄, and have similar values in LaMnO3 (JH=U ' 0:117 [7℄),demonstrating the proximity to ferromagnetism whi
h is indeed observed indoped manganites [1, 5℄. In
luding the (smaller) t2g intera
tions one �ndsa somewhat enhan
ed tenden
y towards antiferromagnetism, with the G-AF (A-AF) phase stable for JH=U < 0:05 (JH=U > 0:05). In order toexplain quantitatively the experimental ratio J
=Jab ' 0:7 in LaMnO3, onehas to in
lude also the JT e�e
t whi
h stabilizes the orbital order 
loser to(jxi+jzi)=(jxi�jzi) alternation [9℄. This modi�
ation of the orbital ordering
hanges not only the e�e
tive magneti
 intera
tions, but also 
onsiderablyredu
es the s
attering of a hole on spin ex
itations in LaMnO3 [21℄.3. Orbital �u
tuations in t2g systemsAs in the d9 
ase, the ex
itation spe
tra of d2 and d3 ions in the t2g sub-spa
e [18℄, shown in Fig. 1(b), may be faithfully reprodu
ed with a modelHamiltonian [17℄ 
ontaining only two parameters: U and JH, with JH stand-ing now for the Hund's element between two t2g orbitals (whi
h is somewhatsmaller than that between two eg orbitals [18℄). As usually, the ex
itationenergy to high-spin (3A2 and 4A2) states is U �3JH, while the energy of thenext (low-spin) ex
ited states is either U �JH for d2 ions (1T2, 1E), or U ford3 ions (2T1, 2E), respe
tively. The highest ex
itation energy of U + 2JH isthe same for d2 (1T1) and d3 (2T2) ions.Ea
h t2g orbital is orthogonal to one of the 
ubi
 axes, so we label them asa, b , and 
 (for instan
e, xy orbitals are labelled as 
). The superex
hangeintera
tions / J = 4t2=U follow from the hopping between two orbitalsa
tive along a given dire
tion 
, for instan
e between the pairs of a and borbitals along the 
 axis. Therefore, it is 
onvenient to de�ne pseudospinoperators, ~�i = f�xi ; �yi ; � zi g, whi
h a
t in the subspa
e spanned by two a
tiveorbital �avors [10,16℄. For instan
e, for a bond hiji k 
, these operators are:�+i = ayi bi, ��i = byiai, � zi = 12(nia� nib), and n(
)i = nia +nib, where fayi ; byigare S
hwinger bosons for a and b orbitals, respe
tively.The model for titanates follows from the d1i d1j 
 d0i d2j pro
esses,H(d1) = JX
 Xhijik
 h �~Si � ~Sj + 14� Ĵ (
)ij (d1) + K̂(
)ij (d1)i; (10)



3308 A.M. Ole±with the ex
hange 
onstants between S = 1=2 spins,Ĵ (
)ij (d1) = 2 �~�i � ~�j + 14ninj�(
)+ 12�h(�3r1 + r2)(nianjb + nibnja + ni
 + nj
 � ni
nj
)+ (3r1 + r2)(�+i ��j + ��i �+j ) + 83(r2 � r3)�� zi � zj + 14ninj�i(
);(11)depending on: r1 = 1 � 3�, r2 = 1 � �, r3 = 1 + 2�, while K̂(
)ij (d1)stands for purely orbital intera
tions. A priori, the magneti
 intera
tionsare anisotropi
, and may be either AF or FM, depending on the orbital
orrelations. In the limit of JH=U = 0 the Hamiltonian (10) takes the form,H(0) = 12JX
 Xhijik
 �� 1S2 ~Si � ~Sj + 1� �~�i �~�j + 14ninj�(
) � 43S� ; (12)and shows again a strong frustration of superex
hange intera
tions [10℄. Al-though formally it resembles the SU(4)-symmetri
 spin-orbital models [19℄even more than Eq. (9), the pseudospin operators ~�i have here a di�erentmeaning and refer to di�erent orbital �avors for ea
h 
ubi
 dire
tion 
. Onemay also noti
e a 
ertain analogy with the models of valen
e bond solids [22℄,but this analogy is again only partial, as the formation of orbital singlets inall dire
tions simultaneously is impossible.In the Mean Field Approa
h (MFA) the G-AF phase is degenerate withFM phases, if h~�i �~�j + 14ninji(
) = 0, as realized for alternating orbitals(e.g. for staggered a=b orbitals). Su
h FM states, with anisotropi
 ex
hange
onstants: JFa and JF
 along a (b) and 
 axis [Fig. 3(a)℄, respe
tively, wouldbe favored 
lassi
ally at �nite JH. However, the quantum �u
tuations takeover, remove the anisotropy, and stabilize the orbital liquid state, if the JTintera
tions are weak [10℄. Indeed, the spin-wave spe
trum of LaTiO3 isnearly isotropi
 [11℄, showing that the orbital moments of t2g ions are fullyquen
hed [10℄. In
reasing JH almost does not 
hange the ex
hange 
onstantsJAF evaluated using the MFA in this state [Fig. 3(a)℄.The superex
hange intera
tions between S = 1 spins in LaVO3 [16℄,H �d2� = JX
 Xhijik
 h �~Si � ~Sj + 1� Ĵ (
)ij �d2�+ K̂(
)ij �d2� i ; (13)follow from the d2i d2j 
 d1i d3j pro
esses a
tive on the bonds, withĴ (
)ij (d2) = 12h(1 + 2�R)�~�i � ~�j + 14ninj���r�� zi � zj + 14ninj�� 12�R(ni + nj)i(
); (14)
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Fig. 3. Ex
hange 
onstants as fun
tions of JH=U for t2g systems: (a) G-AF (JAF,dashed line) and FM (JFa and JF
, solid lines) phase in titanates; (b) AF Jab(dashed line) and FM J
 (solid line) for C-AF phase in vanadates (LaVO3).and the orbital term K̂(
)ij (d2) given in Ref. [16℄. The 
oe�
ients R =1=(1� 3�) and r = 1=(1 + 2�) follow from the multiplet stru
ture of d3 ions[Fig. 1(b)℄. In the limit of JH ! 0 one �nds again the frustrated superex-
hange (12). While the orbital liquid 
annot stabilize in this 
ase, orbitalsinglets may form along the 
 dire
tion when 
 orbitals have 
ondensed(ni
 = 1) and the a and b orbitals �u
tuate. This gives a novel me
hanismof ferromagneti
 intera
tions whi
h operates already in the limit of JH = 0and gets ampli�ed at �nite JH [16℄.The ex
hange 
onstants within the (a; b) planes and along the 
 axis:Jab = 14J h1� �(R + r) + (1 + 2�R � �r)hnianjai(b)i ; (15)J
 = 12J h(1 + 2�R) 
~�i � ~�j + 14�(
) � �r 
� zi � zj + 14�(
) � �Ri ; (16)are given by orbital 
orrelations. Their values at � = 0 were obtainedfrom the Bethe Ansatz for a Q1D Heisenberg 
hain, while the orbital wavespe
trum, !Ck = [�2 +R2(1� 
os2 k)℄1=2, with a gap� = f�(R + r)[2R+ �(R + r)℄g1=2; (17)was used at �nite JH [16℄. As a result, one �nds in
reasing FM (J
) andde
reasing AF (Jab) ex
hange 
onstants with in
reasing JH [Fig. 3(b)℄, andboth intera
tions have similar values in LaVO3 at JH=U ' 0:15 [7℄.While the 
ubi
 stru
ture of LaVO3 is almost undistorted [14℄, YVO3has a distorted stru
ture, and a and b orbitals stagger in the (a; b) planesand repeat themselves along the 
 axis [15℄. Su
h ordering 
an be promotedby the JT e�e
t term whi
h lowers the energy by �2V on the bonds along
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tion V = 0:65J (solid line), and C-AF phase for � = 0:05, 0.10and 0.15 (dashed lines), as fun
tions of temperature T=J (after Ref. [16℄).the 
 axis when a (b) orbitals are repeated in the C-type orbital orderedstate [16℄. Finite V > 0 lowers the energy of the G-phase, but the entropy Sdetermined by orbital ex
itations in
reases faster in the C-phase, and thusindu
es a transition from G-AF to C-AF order around T � ' 0:8J (Fig. 4),reprodu
ing qualitatively the �rst order transition observed in YVO3 [15℄.4. Summary and open problemsIn summary, the transition metal oxides with orbital degrees of free-dom show a very fas
inating behavior, with various types of magneti
 andorbital order . While eg orbitals usually order and explain A-AF phases,further stabilized by the JT e�e
t, the t2g orbitals have a generi
 tenden
ytowards disorder, whi
h leads to the orbital liquid in the isotropi
 G-AFphase in LaTiO3. In 
ubi
 vanadates the JT intera
tions 
ompete with theorbital disorder , and the Q1D orbital �u
tuations stabilize the C-AF phasein LaVO3, and also in YVO3 at �nite temperatures. A better understand-ing of these �u
tuations is required to explain quantitatively the observedphase transitions and the strong redu
tion of the magneti
 order parameterin LaVO3 and YVO3. This problem is as urgent as the theoreti
al under-standing of the 
olossal magnetoresistan
e in the manganites.It is a pleasure to thank Lou-Fe' Feiner, Peter Hors
h, Giniyat Khali-ullin, and Jan Zaanen for a friendly 
ollaboration on this subje
t and fornumerous stimulating dis
ussions. This work was supported by the PolishState Committee for S
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 Resear
h (KBN), Proje
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