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JORDAN�WIGNER FERMIONS AND THE SPIN 1=2ANISOTROPIC XY MODEL ON A SQUARE LATTICE�Oleg Derzhkoa;b Johannes Ri
hter
 and Taras VerkholyakaaInstitute for Condensed Matter Physi
s1 Svientsitskii Street, L'viv-11, 79011, UkrainebChair of Theoreti
al Physi
s, Ivan Franko National University of L'viv12 Drahomanov Street, L'viv-5, 79005, Ukraine
Institut für Theoretis
he Physik, Universität MagdeburgP.O. Box 4120, D-39016 Magdeburg, Germany(Re
eived June 21, 2001)Using the two-dimensional Jordan�Wigner fermionization we 
al
ulatethe thermodynami
 quantities of the (spatially anisotropi
) square-latti
espin 1=2 anisotropi
 XY (XZ) model. We 
ompare the results of di�er-ent approa
hes for the ground-state and thermodynami
 properties of themodel.PACS numbers: 75.10.�bTwo-dimensional (2D) quantum spin models have been extensively stud-ied during last years mainly be
ause it is believed that they may be of use fordes
ribing the magneti
 properties of CuO2 layers in the high-temperaturesuper
ondu
tors [1℄. There exist a number of analyti
al approa
hes fora study of the thermodynami
 properties of 2D quantum spin models, e.g.,the 
onventional spin-wave analysis, the Green fun
tion te
hnique, the ap-proa
h based on the 2D Jordan�Wigner fermionization as well as the 
oupled
luster method, the 
orrelated basis fun
tion method et
. In what followswe 
onsider the spin 1=2 anisotropi
 XY model on a spatially anisotropi
square latti
e within the framework of the s
heme based on the 2D Jordan�Wigner fermionization and 
ompare the results derived for the ground-stateand thermodynami
 quantities with the exa
t ones (1D limit, square-latti
e� Presented at the XII S
hool of Modern Physi
s on Phase Transitions and Criti
alPhenomena, L¡dek Zdrój, Poland, June 21�24, 2001.(3427)



3428 O. Derzhko, J. Ri
hter, T. VerkholyakIsing model) and the predi
tions of other approximate theories. The per-formed 
al
ulations yield an impression about the region of validity of someapproa
hes usually applied for a study of thermodynami
s of 2D quantumspin models.We start from a model of N ! 1 spins 1=2 on a spatially anisotropi
square latti
e governed by the anisotropi
 XY HamiltonianH = 1Xi=0 1Xj=0�J�(1 + 
)sxi;jsxi+1;j + (1� 
)syi;jsyi+1;j�+J?�(1 + 
)sxi;jsxi;j+1 + (1� 
)syi;jsyi;j+1��: (1)Here J and J? = RJ are the ex
hange intera
tions between the neighbour-ing sites in a row and a 
olumn, respe
tively (for 
on
reteness we assumeboth to be positive), and the parameter 
 
ontrols the anisotropy of the ex-
hange intera
tion. Making use of the 2D Jordan�Wigner fermionization andadopting a mean-�eld treatment of the phase fa
tors whi
h appear after thefermionization [2, 3℄ we perform 
onsequently the Fourier and Bogolyubovtransformations to arrive at the following Hamiltonian of nonintera
tingspinless fermions whi
h represent the initial spin model (1)H = X0k 2X�=1��(k)��+k;��k;� � 12� ; (2)�1(k) = q(J? 
os ky + 
J 
os kx)2 + (J sinkx + 
J? sinky)2 ;�2(k) = q(J? 
os ky � 
J 
os kx)2 + (J sinkx � 
J? sinky)2 ;(the prime denotes that k in the thermodynami
 limit varies in the region�� � kx � �, �� + jkxj � ky � � � jkxj). The Helmholtz free energy persitef = � 12� �Z�� dkx2� �Z�� dky2� �ln�2 
osh ��1(k)2 �+ln�2 
osh ��2(k)2 �� ; (3)yields the thermodynami
 properties of the spin model (1). In Fig. 1 we plotthe ground-state energy per site of the spin model (1), (2) (dotted 
urves)in 
omparison with the exa
t results if R = 0 (1D XY model) or 
 = 1(square-latti
e Ising model) and the spin-wave theory result for 
 = 0, R = 1(spatially isotropi
 square-latti
e isotropi
 XY model). Eq. (3) 
ontains theexa
t result in 1D limit (Fig. 1(b)), however, deviates noti
eably from the



Jordan�Wigner Fermions and the Spin 1=2: : : 3429exa
t result for 
 = 1 (
ompare the 
urves 3 in Fig. 1(a)). For 
 = 0,R = 1 Eq. (3) yields the result whi
h di�ers from the spin-wave theorypredi
tion denoted by the full 
ir
les. (The out
omes of di�erent numeri
alapproa
hes (see [4℄) lie within the full 
ir
les.) From the exa
t 
al
ulationfor 
 = 1 [5℄ we know that the temperature dependen
e of the spe
i�
 heatexhibits a logarithmi
 singularity. Obviously, the Jordan�Wigner fermions(2), (3) 
annot reprodu
e this pe
uliarity inherent in the spin model.
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Fig. 1. The ground-state energy per site for the square-latti
e spin 1=2 anisotropi
XY model (1) e0 versus R (a) (1 � 
 = 0, 2 � 
 = 0:5, 3 � 
 = 1) and e0versus 
; (b) (1 � R = 0, 2 � R = 0:5, 3 � R = 1); exa
t results (solid 
urves)and the approximate results obtained on the basis of (2) (dotted 
urves); the full
ir
les 
orrespond to the spin-wave result for 
 = 0, R = 1.It is worth to remind here that the 
onventional spin-wave theory wasoriginally thought to be unsatisfa
tory for quantum XY models [6℄. How-ever, the authors of the paper [7℄ showed that 
onsidering the XZ rather



3430 O. Derzhko, J. Ri
hter, T. Verkholyakthan the XY Hamiltonian one gets within the spin-wave theory satisfa
toryresults of the same quality as for the Heisenberg Hamiltonian. Following thisidea we perform the rotation of the spin axes sx ! �sz, sy ! sx, sz ! �syand 
onsider instead of (1) the following HamiltonianH = 1Xi=0 1Xj=0�J�(1� 
)sxi;jsxi+1;j + (1 + 
)szi;jszi+1;j�+J?�(1� 
)sxi;jsxi;j+1 + (1 + 
)szi;jszi;j+1��: (4)Pro
eeding further with (4) in the des
ribed above manner and assuming(for 
on
reteness) antiferromagneti
 long-range order while de
oupling thequarti
 fermioni
 terms [8℄ we get instead of (2) the following HamiltonianH =X0k 2X�=1��(k)��+k;��k;� � 12�+N (1 + 
) (J + J?)m2; (5)�1;2(k) =2qA2+B2+C2+D2+M2�2p2ABCD+A2D2+B2C2+M2(B2+D2) ;A = 1� 
4 J? 
os ky;B = 1� 
4 J? sinky;C = 1� 
4 J sinkx;D = 1� 
4 J 
os kx;M = (1 + 
) (J + J?)m;where m is determined self-
onsistently by minimizing the Helmholtz freeenergy per site2 (1 + 
) (J + J?)m= 14 �Z�� �Z�� dk(2�)2 ���1(k)�m tanh ��1(k)2 + ��2(k)�m tanh ��2(k)2 � : (6)



Jordan�Wigner Fermions and the Spin 1=2: : : 3431In Fig. 2 we plot the ground-state energy of the spin model (4) � (6)(dashed 
urves). The results based on Eqs. (5), (6) for 
 = 1 reprodu
e theexa
t result for square-latti
e Ising model (
urve 3 in Fig. 2(a)) as well asthe spin-wave theory predi
tion for 
 = 0, R = 1. However, the result basedon Eqs. (5), (6) for R = 0 does not 
oin
ide with the exa
t one in 1D limit(
urve 1 in Fig. 2(b)).
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Fig. 2. The same as in Fig. 1 for the XZ Hamiltonian (4); the approximate resultsobtained on the basis of (5), (6) are shown by dashed 
urves.To summarize, we have 
al
ulated the thermodynami
 quantities for thespin 1=2 anisotropi
 XY (XZ) model on a spatially anisotropi
 square latti
eusing the 2D Jordan�Wigner fermionization. To reveal a quality of theresults obtained within the framework of this approa
h we have 
omparedthem with the exa
t results available in 1D limit and extremely anisotropi
ex
hange intera
tion limit (Ising intera
tion). We have found that althoughthere is an agreement with the spin-wave theory and other approximate
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hter, T. Verkholyakapproa
hes a disagreement with the exa
t results may be noti
eable. Thus,the question about the quality of the results based on the 2D Jordan�Wignerfermionization (as well as, e.g., of the spin-wave theory results) remainsstill open and requires further studies. Moreover, for arbitrary values ofanisotropy parameter 
 (
 6= 1) for R 6= 0 a 
omparison with the exa
tdiagonalization data and results of other numeri
al approa
hes is desirable.The authors thank T. Krokhmalskii for helpful dis
ussions on this topi
.The present study was partly supported by the DFG proje
t 436 UKR17/7/01. O.D. a
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