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ELECTRON STATES IN THE ELECTROSTATICALLYFORMED QUANTUM DOTS� ��E. Ma
howska-Podsiadªoa, M. Bugajskib and S. PawªowskiaaDepartment of Ele
troni
 Fundamentals, Rzeszów University of Te
hnologyW. Pola 2, 35-959 Rzeszów, PolandbInstitute of Ele
tron Te
hnologyAl. Lotników 32/46, 02-668 Warszawa, Poland(Re
eived November 4, 2000)In the arti
le a simpli�ed version of the Hartree method is proposed for
al
ulation of ele
tron states in a quantum dot. The results obtained bythe use of the standard and the simpli�ed Hartree methods are 
ompared.Total energy of ele
trons 
on�ned in the quantum well allows to estimate
apa
itan
e of the dot.PACS numbers: 85.30.Vw, 31.15.Ne, 21.60.Jz1. Introdu
tionOne of the possible realizations of quantum dots are those formed ele
tro-stati
ally in an inverse heterostru
ture GaAs/AlxGa1�xAs [1℄. Ele
tron gas
on
entrates in the nearest neighbourhood of the heterostru
ture interplane.Be
ause of strong ele
tron lo
alization in the dire
tion z perpendi
ular tothe plane of heterojun
tion, ele
tron gas in the quantum dot is treated as atwo-dimensional system. Voltage applied to the stru
ture 
on�nes the gasin the remaining two dire
tions and 
reate the quantum dot.2. Theoreti
al modelThe 
on�nement of ele
trons in dire
tions x; y; parallel to the planeof ele
tron gas, is modelled by paraboli
 potential V (r) = Kxx2 + Kyy2(r � (x; y)) inside the re
tangular area S.� Presented at the XXIV International S
hool of Theoreti
al Physi
s �TransportPhenomena from Quantum to Classi
al Regimes�, Ustro«, Poland, September 25�O
tober 1, 2000.�� This arti
le has not been proofread by the authors.(503)



504 E. Ma
howska-Podsiadªo, M. Bugajski, S. Pawªowski2.1. Standard Hartree methodThe idea of the Hartree method relies on iterative solving of the set of Ne�e
tive mass equations for N ele
trons in a quantum dot. Ea
h equationtakes into a

ount the e�e
tive potential energy whi
h is unique for theele
tron being 
onsidered. Namely, for the i-th ele
tron the e�e
tive massequation in m-th step of the iterative pro
edure has the form:�~22m�� (m)i (ri)+�eV (ri) + eV (m�1)Hi (ri)� (m)i (ri) = E(m)i  (m)i (ri) ; (1)where m� is the e�e
tive mass of ele
tron in � -valley of GaAs. The sum�eV (ri) + eV (m�1)Hi (ri)� des
ribes the e�e
tive potential energy in whi
hHartree potential is 
al
ulated as:V (m�1)Hi = ZS %(m�1)i (r0)4�" jri � r0jdS : (2)The quantity %(m�1)i is the 
harge density of all remaining ele
trons in a doti.e. with the ex
eption of the ele
tron indexed i: %(m�1)i 
an be given interms of ele
tron wave fun
tions in m and m� 1 iterations.%(m�1)i (r) = e1;NXj>i ��� (m�1)j (r)���2 + e1;NXj<i ��� (m)j (r)���2 : (3)2.2. Simpli�ed Hartree methodThe idea of the simpli�
ation of the standard method relies on the as-sumption that all ele
trons in a dot feel identi
al potential. The latter isassumed as produ
ed by all ele
trons a

umulated in the well. As a result,in this 
ase it is enough to solve iteratively only one e�e
tive mass equation�~22m�� (m) (r) + �eV (r) + eV (m�1)H (r)� (m) (r) = E(m) (m) (r) (4)whi
h is valid for all N ele
trons in a dot. Hartree potential V (m�1)H is thangiven by the expressionV (m�1)H = ZS %(m�1) (r0)4�" jr � r0jdS ; (5)
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ally Formed Quantum Dots 505where the 
harge density %(m�1) is the sum of 
harge densities of all ele
tronsin a dot. %(m�1) (r) = eXk 2p ��� (m�1)k (r)���2 : (6)Index k numbers the o

upied energy levels in the quantum dot and p equals1 or 0 depending on that whether the level is o

upied by two ele
trons orby only one. 3. ResultsThe appli
ation of numeri
al methods for an eigenvalue problem allowsto make use of both self
onsistent pro
edures des
ribed in the previous se
-tion. Results of 
al
ulations performed for a �xed number of ele
trons inthe dot are shown in Fig. 1. The 
omparison shown in Fig. 1(b) justi�es the
on
lusion that the simpli�ed Hartree method gives results that are 
om-parable with the results obtained with the help of the standard pro
edure.
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[�>QP@Fig. 1. (a) The e�e
tive potential energy Epi being felt by i-th ele
tron in the dot.It was obtained by the use of the standard Hartree method for N = 10. For twoele
trons o

upying the same energy level the shapes of Epi are identi
al. The
rosse
tions for y = 0 are shown. (b) Quantum wells obtained by the use of thesimpli�ed Hartree method (
ir
les). The wells are 
ompared to the wells given bye(V (r) + V 0H(r)) (
rosses). Hartree potential V 0H(r) is 
al
ulated for the density%0(r) = e 1;NPi j i(r)j2 where  i (r) is the solution for the i-th ele
tron in the dotfound with the help of the standard Hartree method.



506 E. Ma
howska-Podsiadªo, M. Bugajski, S. PawªowskiAlso the energy spe
tra of the system obtained by the use of both self
on-sistent methods only slightly di�er one from ea
h other. In Fig. 2(b) thereare presented the values of the relative error Æ = (ES �EST) = EST 100%:The symbols ES and EST denote energy levels obtained by the use of thesimpli�ed and the standard Hartree methods, respe
tively. The maximumerror of s 4% is observed for the lowest energy level.
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QXPEHU�RI�HOHFWURQV�LQ�WKH�GRW�>�@Fig. 2. (a) The lowest energy levels obtained by the use of the standard Hartreemethod. (b) Relative error for the energy levels obtained with the help of thesimpli�ed Hartree method.The energy spe
trum of a quantum dot allows to 
al
ulate the totalenergy Etot of the ele
tron system. For the standard Hartree method Etotis just given by the sum P1;Ni Ei. For the simpli�ed Hartree method thetotal energy of the ele
tron system is given by Etot =Pk 2pEk where k andp has the same meaning as in Eq. (6).The dependen
e Etot (N) is nearly paraboli
 (see Fig. 3) so, the ap-proximation with the polynom of the se
ond order is used. From the re-lation Q22C = � e22C�N2 we 
on
lude that the 
oe�
ient 2,29 meV whi
hstands with N2 
an be used to estimate the 
apa
itan
e of the quantumdot C = 3; 49 � 10�17F: The value is in good agreement with 
apa
itan
esreported for quantum dots of 
omparable size [2℄.Charge density distributions 
al
ulated by two versions of the Hartreemethod are shown in Fig. 4. Only slight di�eren
es are observed.
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1XPEHU�RI�HOHFWURQV�LQ�WKH�GRW�1�>�@Fig. 3. (a) Total energy of ele
trons 
on�ned in the dot. Results obtained bythe use of both Hartree methods are shown. (b) The approximation of thedependen
e Etot(N) (
rosses) with the polynom of the se
ond order Etot =2; 28598N2 + 8; 26386N � 7; 38567 (line) is presented.
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[�>QP@Fig. 4. Comparison of the ele
tron densities 
al
ulated by the use of the standardand the simpli�ed Hartree methods. The 
rosse
tions for y = 0 are shown.4. Con
lusionsThe self
onsistent Hartree method allows to take into a

ount the in-�uen
e of the ele
tron 
harge on the quantum dot properties. The 
hargeof 
on�ned ele
trons modi�es in an essential way the energy spe
trum of



508 E. Ma
howska-Podsiadªo, M. Bugajski, S. Pawªowskia system. It also 
hanges the shape of the potential well and the ele
trondensity in the well. Self
onsistent solution of the e�e
tive mass equation 
anbe a
hieved in two ways: 1) ea
h ele
tron is treated individually 2) all of theele
trons are treated as a whole.The di�eren
es resulting from the appli
ation of the two di�erent self-
onsistent pro
edures are in
onsiderable. That means that the simpli�edHartree method is good enough for 
al
ulation of ele
tron states even for dotswith a small number of ele
trons. Its main advantage relies on mu
h simplerpro
edure whi
h results in 
onsiderably shorter 
omputational time.The ef-fe
tivity of the modi�
ated Hartree method 
ompared to the e�e
tivity ofthe standard method rises with in
reasing number of ele
trons in a dot. Thisis shown s
hemati
ally in Fig. 5.
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1XPEHU�RI�HOHFWURQV�LQ�WKH�GRW�1�>�@Fig. 5. The number of eigenvalue problems to be solved to a
hieve self
onsisten
y.There are 
ompared the results for both versions of Hartree method for the samea

ura
y of self
onsisten
y.This work was supported in part by the Polish State Committee forS
ienti�
 Resear
h (KBN) Grant No. 8T11BO5515 and in part by TURzGrant No. BW5237. REFERENCES[1℄ M.A. Kastner, Rev. Mod. Phys. 64, 849 (1992).[2℄ A. Kumar, S.E. Laux, F. Stern, Phys. Rev. B42, 5166 (1990).


