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SUPERCONDUCTIVITY IN THE PRESENCEOF MAGNETIC FIELD�Ma
iej M. Ma±kaInstitute of Physi
s, University of SilesiaUniwersyte
ka 4, 40-007 Katowi
e, Poland(Re
eived O
tober 19, 2000)We study the in�uen
e of a strong magneti
 �eld on a super
ondu
t-ing state of ele
tron gas in a two-dimensional square latti
e. The Harperequation is extended in order to in
lude pairing intera
tions between ele
-trons. We examine the e�e
ts of super
ondu
tivity with di�erent pairingsymmetries on the Hofstadter energy spe
tra.PACS numbers: 74.20.Mn, 74.25.Ha, 71.70.Di1. Introdu
tionThe energy spe
trum of a system of ele
trons on a square latti
e ina perpendi
ular uniform magneti
 �eld exhibits multifra
tal properties andthe band spe
trum for rational values of the magneti
 �ux is known asthe �Hofstadter butter�y� [1℄. This spe
trum 
an be modi�ed by e.g., thein
lusion of Coulomb intera
tion [2℄ or the antiferromagneti
 
orrelations [3℄.The aim of this paper is to study the e�e
t of pairing intera
tions betweenele
trons on the the Hofstadter energy spe
tra.We start with a mean-�eld Hamiltonian whi
h des
ribes ele
trons in a 2Dsquare latti
e in a perpendi
ular magneti
 �eld,Ĥ = Xhiji;� tij (A) 
yi�
j� � V Xi;j ��ij
yi"
yj# + h:
:� : (1)� Presented at the XXIV International S
hool of Theoreti
al Physi
s �TransportPhenomena from Quantum to Classi
al Regimes�, Ustro«, Poland, September 25�O
tober 1, 2000. (535)



536 M.M. Ma±kaIn the pairing term we put i = j for on-site pairing, and (i; j) � near-est neighbor sites for inter-site pairing. The magneti
 �eld appears in thehopping amplitudes, tij (A) = t exp0B� ie~
 RiZRj A � dl1CA ;where t is the nearest neighbor hopping amplitude in zero �eld andr � A(r) = B(r). We 
onsider an uniform magneti
 �eld in z-dire
tioni.e., B = (0; 0; B). Using the Landau gauge the 
orresponding ve
tor po-tential is given by A(r) = (0; Bx; 0). We negle
t the Zeeman term.In the momentum spa
e the Hamiltonian (1) takes the formĤ = �tXk;� �2 
os ky
yk;�
k;� + e�ikx
yk�g;�
k;� + eikx
yk+g;�
k;���Xk ��k
yk"
y�k# + h:
:� ; a = 1; (2)where g = �0; 2�pq� :p=q��=�0 is the number of �ux quanta per plaquette (�=Ba2; �0=h
=e).The energy gap is given by�k =Xk0 Vk;k0D
�k0#
k0"E :Introdu
ing multi
omponent Nambu notation the Hamiltonian (2) 
an bewritten as Ĥ =Xk 0	 ykHk	k ;where the prime denotes summation over the redu
ed Brillouin zone:�� � kx � �; ��q � ky � �q ;and 	 yk = �
yk;"; 
yk�g;"; 
yk�2g;"; : : : ;
yk�(q�1)g;"; 
�k;#; 
�k+g;#; 
�k+2g;#; : : : ; 
�k+(q�1)g;#� : (3)
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ondu
tivity in the Presen
e of Magneti
 Field 537The Hamiltonian matrix Hk has a blo
k stru
ture:Hk =  T̂ k �̂k�̂�k �T̂�k ! ; (4)where the matri
es T̂ k and �̂k are:
T̂ k = �t0BBBBBBBBB�

M0 eikx 0 � � � 0 e�ikxe�ikx M1 eikx 0 � � � 00 e�ikx M2 eikx � � � ...... ... . . . . . . . . . 00 ... 0 e�ikx Mq�2 eikxeikx 0 ... 0 e�ikx Mq�1
1CCCCCCCCCA ;

Mn = 2 
os (ky + ng) ; g = jgj = 2�pq ;
�̂k = 0BBB� �k 0 � � � 00 �k�g ...... . . . 00 � � � 0 �k�(q�1)g 1CCCA :

2. Density of statesIn the 
ase of nonintera
ting ele
trons (V = 0) the spin-up and spin-downsegments de
ouple and the eigenproblem of the Hamiltonian (3) redu
es tothe original Harper's equation [4℄ in a form derived by Hasegawa et al. [5℄The solutions 
onstitute the famous �Hofstadter butter�y� [1℄ presented inFig. 1. The 
al
ulations were 
arried out for a �nite-size 60 � 60 squarelatti
e with periodi
 boundary 
onditions.When turning on the pairing intera
tion the subbands be
ome broaderthan in the nonintera
ting 
ase. We have numeri
ally solved the eigen-problem of the Hamiltonian (3) for s-wave (�k = 
onst) and d-wave (�k =� (
os kx � 
os ky)) symmetry of the energy gap. The results are presentedin Figs. 2 and 3.Due to the fa
t that T̂�k 6= T̂ k the subband 
ontaining the Fermi level("F = 0 for half �lled band) is split into two subbands only for 
ertain valuesof the magneti
 �eld. Therefore there is a �nite density of states at the Fermilevel, even in the 
ase of s-wave pairing.
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Fig. 1. Density of states for nonintera
ting ele
trons in a perpendi
ular magneti
�eld. The horizontal variable is the quasiparti
le energy, and the verti
al variableis the �ux through a latti
e 
ell divided by the �ux quantum.
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Fig. 2. Density of states for s-wave state. � = 1 was used.
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Fig. 3. Density of states for d-wave state.3. BCS equationsWe have also 
arried out a self
onsistent 
luster 
al
ulations for the or-der parameter in the presen
e of magneti
 �eld. The fra
tal stru
ture ofthe �Hofstadter butter�y� results in a very irregular dependen
e of � onthe external magneti
 �eld, presented in Fig. 4. Moreover, when the de-
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Fig. 4. Zero temperature s-wave energy gap � as a fun
tion of magneti
 �eld.



540 M.M. Ma±kanominator q (�=�0 = p=q) is in
ommensurable with the size of the 
lusteradditional, �nite size errors appears (marked with horizontal bars). In spiteof these irregularities one 
an note that the maxima of �(�) appear at even-denominator values of q in p=q, e.g., for � = 12�0; 14�0; 16�0; : : : . Also forsmall odd values of q the maxima appear, but they are mu
h less noti
eable.The os
illatory behavior 
an be explained within a framework of a 
ompositefermion pi
ture, but it is out of the s
ope of this paper.The Hofstadter spe
trum 
orresponding to the self
onsistently 
al
ulated� is presented in Fig. 5.
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Fig. 5. Density of states for s-wave state (� is 
al
ulated self
onsistently for V = 1).4. SummaryThe proposed generalization of Harper's equations allows to study theimpa
t of the external magneti
 �eld on super
ondu
tivity with di�erentsymmetries. We have found os
illatory behavior of the energy gap as a fun
-tion of the external �eld. Here, we have presented results for the zerotemperature 
ase but relevant 
al
ulations were 
arried out also for �nitetemperature. The values of the 
riti
al temperature (not presented here)are the same as the results obtained from the use of mu
h more CPU time-
onsuming real-spa
e 
luster 
al
ulations [6, 7℄.This work has been supported by the Polish State Committee for S
ien-ti�
 Resear
h (KBN), Grant No 2PP03B 018 19.
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