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The coupled states of two kinks and /or antikinks for scalar model with
fourth-order potential in presence of linear and nonlinear frictional terms
and absence of external force are constructed.

PACS numbers: 02.03.Jr, 03.04.Kf

1. Introduction and formulation of the problem

To study the transport phenomena in biological systems the model was
suggested where the coherent excitation of polar modes that are stabilized
by non-linear deformations of the system are used [1]. These deformations
were described by a repulsive fourth-order term in the polarization field.
A modification of this model that accounts for a linear frictional term was
used in [2] for description of the non-linear dynamics of biological materials.
In that paper the exact solution of equation of motion was constructed
and the possibility of loss-free transport of energy in biological materials
was pointed out. In [3| the restriction on the possibility to realize such a
solution in physical systems or biological materials was indicated because it
has an infinite energy. It was concluded on the results of calculation of the
energy loss velocity. The velocity was fixed and determined by a constant
damping coefficient only. Hence the conclusion may be derived that for
stable propagation of solution in a frictional medium in absence of driving
force the infinite energy is required. But another interpretation in such an
active medium may be possible when the energy is undefined, namely, the
system can be considered as unclosed.
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For further modification of the model of active medium the non-linear
frictional effects should be accounted for. Such approach was used for de-
scription of the Josephson junctions, charge density waves and structural
transitions [4,5]. In these problems only one-soliton or one-kink solutions
of nonlinear equations were studied. Here the solutions of the equation of
motion that correspond to coupled states of two kinks and/or antikinks in
scalar field theory with linear and nonlinear friction are constructed. Inves-
tigation of the new solutions allows to describe the additional peculiarities
of physical phenomena under investigation. Besides, they may be useful for
the problem of integrability [6].

To study two kink and/or antikink solutions in active medium let us
consider a simple (1+1)-dimensional model of scalar field theory with fourth-
order potential and take into account the linear and nonlinear frictional
effects. If an external force is absent, the equation of motion has a form

bt — Puo + iy + B7 — + ¢° = 0. (1)

Here o and B are damping (frictional) coefficients, ¢y = 9%2¢/0t? and so on.

To solve this equation the method for solving nonlinear equation of math-
ematical physics extending the Hirota method to the case of degeneracy was
used |7]. According to this method a function ¢(z,¢) should be replaced by
new unknown function F(z,t) by means of Cole-Hopf transformation with
an arbitrary coefficient . Unlike as in the Hirota method, a concrete value
of this coefficient is determined at the last stage of construction of a one-
kink solution. Then F(z,t) is represented as a formal series in powers of a
parameter € which does not have to be small

Flz,t) =1+cfi+efot..., (2)

By substituting this series for F(z,t) into Eq. (1) and equating to zero
coefficients for every degree of ¢ an infinite system of linear differential equa-
tions for new unknown functions f;(x,t),i = 1,2,... may be obtained. To
construct two-kink solutions the first three equations of this system are
needed. They have the form

fraw — fraee +ofigt — f1e =0,
foatt — fopae + fout — fouo = 2f10f10 + frufre
= 3fraafrz +afiefiae — 50f12,mta
3zt — f3pae + f3ut — f3.0 = 2f1,2tf2,0 + 2f1,0fo,ut + frufon
+ frafou — 2f12f10 = 3f1a0f20 — 3fraf200 — (02 = 2) i,
+ afiifor + afiefor — 280 f1utfout + 280 frafiraf1at
+ 2f1fomtt — 2f1 fo,mme +2af1 fout — 2f1fon - (3)
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It is clear that for every i, function f;(z,t) is determined by previous func-
tions only.

2. Two-kink solution

To construct the explicit expressions for solutions that describe the cou-
pled states of two kinks/antikinks or kink and antikink, let us write down
the functions fi and fs in the following form

fi(z,t) = exp (klx —wit + n§0)> + exp (kgx — wot + néo)) ,

folz,t) = Aexp [2 (;m it ngo)) ]
+Bexp [(kl + ko) — (w1 + wa)t

0l 4 néo)] 1 Cexp [2 (ka — wot + ng’))} , (4)

Here k;,w; and n;,7 = 1,2 are parameters of solution which may be con-
sidered as analogues of wave number, multiplication of phase velocity on
wave number and initial phase shift. Unlike in the Hirota method, there are
no special requirements on the coefficients A, B and C' and the condition
k; # kj; does not apply.

An analysis of one kink (antikink) solution demonstrated that for one-
particle function the parameter w takes two values (negative and positive):

aty/a?+30)
5 .

In appropriate way, the parameter k takes two values for every w:

, 20 —a?B— B+ B+a(2—B)/a? + 3B
- 8

Here the minus sign corresponds to negative w and the plus sign corresponds
to positive w. For fixed w different signs of k correspond to kink and antikink.

Two-kink solutions may be constructed if the explicit expressions for
coefficients A, B and C' are obtained. It is possible to do by substituting
Egs. (4) into right hand side of the third of Egs. (3) and equating to zero
the coefficients for every exponential function. Additionally, it allows to
truncate the series in Eq. (2) as in the Hirota method.

The results of calculation of the solutions that correspond to coupled
states of two kinks and/or antikinks may be presented in the form (for
simplicity, all initial phase shift are put equal to zero):

w =

k
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1) negative w
a) two kinks; k1 = ko = k (two antikinks; k1 = ko = —k)

bo.t) = 2exp(n) [1 + 24 exp(n)]
’ 1+ 2Aexp(n)[1+2A4exp(n)]’

where n = +kz — wt for kinks and antikinks, respectively, and

Ao 208/ a2 + 36 — 2028 — 352 ‘
60283 + 682 — 6aB\/a2 + 38 — 4a2 — 68 + dar/aZ + 38

b) kink and antikink; k1 = —ko = k

_exp(ny)+exp(n_)+Aexp(2ny)+Bexp(n,+n )+ Aexp(2n )
¢($’t) - bl
1+exp(n+) +exp(n-)+Aexp(2n4 )+ B exp(ny +n-)+ Aexp(2n-)

where ny = kz — wt, n— = —kz —wt, B = (K2K5 — K3K,)/ K1 K5,

Ky = 160° — 160/ a2 + B+ 248 — 2028 + 28y + 383,

Ky = 1602 — 16ay/a2 + 38 + 248 + 28 — 2a8+v/a? + 38 — 352,

K5 = 2a8+v/ a2 + 38 — 2028 — 32,

Ky = 16a% — 168/ a2 + 38 + 248 + 1628 — 168/ a2 + 38 + 3052,
Ks = 6028+ 682 — 6aBv/ 02 + 38 — 4a® — 68 + 4av/a? + 38.

2) positive w
a) two kinks; k1 = ko = k (two antikinks; k; = ko = —k)

o 1) — 2exp(n) [1 + 2C exp(n)]
’ 1+ 2exp(n) [1+2Cexp(n)]’

where n = +kz — wt for kinks and antikinks, respectively,

B 2028 + 2af+/a2 + 35 + 352 '
6028 + 682 + 6a8+y/a2 + 38 — 4a2 — 68 — dar/a2 + 38
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b) kink and antikink; k1 = —ko = k

1) = exp(n)+exp(n-)+C exp(2n4 )+ D exp(ny +1-)+Cexp(2n-)
"7 ltexp(ny)+exp(n-)+Cexp(2n4 ) +D exp(ny +n-) +Cexp(2n-) ’

where ;. = kz — wt, n— = —kx — wt, D = (NaN5 + N3N4)/N1 N3,

Ny = 1602 + 16a/a2 + 38 + 248 — 2028 — 208/ a2 + 383,

Ny = 1602 + 16a/a2 + 38 + 248 + 2028 + 28/ a2 + 38 — 382,

Ny = 2028 + 2a8v/a2 + 38 + 352,

Ny = 1602 + 16a/a2 + 38 + 248 + 16028 + 16a8+v/a2 + 35 + 30582,
N5 = 6028+ 65> + 608/ a? + 38 — 40 — 68 — 4ar/a? + 3.

3. Conclusion

The two kink and/or antikink coupled states for the model with fourth-
order potential in presence of linear and nonlinear frictional terms and ab-
sence of external force are constructed. Taking into account a linear friction
only leads to one negative value of the parameter connected with kink ve-
locity. If a nonlinear square friction is taken into account, the two values
of this parameter with different signs appear. As a result the new states
with positive velocity may be constructed in addition to the usual states
with negative velocity. A special attention should be paid to the coupled
states of kink and antikink because these solutions are localized but not
as the waves of constant profile. The solutions that correspond to coupled
states of topologically non-trivial configurations allow to describe the new
peculiarities of transport phenomena in the active media. In particular, for
a blood as a ferroelectric fluid it is possible to control its flow and domain
structure not only by application of external force (usually, by application
of electromagnetic field) but by using the medicines that can change the
friction coefficients of a blood. In addition to one kink configurations of
polarization of blood, the coupled states give the new possibilities to vary a
velocity of blood flow and distribution of polarization in blood.

A discussion of the results with P. Talkner, L. Chibotaru and R. Wojnar
was very useful. T would like to acknowledge the support of the organizers of
the XXIV International School of Theoretical Physics which made my visit
in Ustron possible.
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