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Using scaling rules valid in the liquid drop model of nuclei, as well as
universal rules associated with exchanges of stability in families of equilib-
rium configurations, we constructed closed formulae in terms of the atomic
and mass numbers Z and A and the angular momentum L, which repre-
sent the properties of nuclei rotating synchronously (with ‘rigid’ moments
of inertia), as calculated numerically using the Thomas—Fermi model of
W.D. Myers, W.J. Swiatecki, Acta Phys. Pol. B27, 99 (1996); Nucl.
Phys. A612, 249 (1997); Nucl. Phys. A601, 141 (1996). The formulae
are accurate in the range of mass numbers where the transition to rapidly
elongating triaxial ‘Jacobi’ shapes takes place. An improved set of for-
mulae is also provided, which takes account of the decreased moments of
inertia at low angular momenta. The formulae should be useful in guiding
experimental searches for the Jacobi transition. In the second part of the
paper we discuss qualitatively some aspects of the dynamics of nucleus—
nucleus fusion, and outline a possible way of estimating cross-sections for
the synthesis of superheavy nuclei.

PACS numbers: 21.10.Dr, 21.60.Ev, 24.10.Nz

1. Introduction

In 1834 C.G.J. Jacobi made a startling discovery which led to the reali-
sation that, at a certain critical angular momentum, the stable equilibrium
shape of a gravitating mass rotating synchronously (i.e., with all mass ele-
ments sharing a common angular velocity) changes abruptly from a slightly
oblate spheroid to a triaxial ellipsoid rotating about its shortest axis [1].
In 1961 the suggestion was made in [2]| that a similar phenomenon might
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be expected in the case of atomic nuclei idealized as charged incompress-
ible liquid drops endowed with a surface tension. This was confirmed and
quantified in 1974 [3] and 1986 [4]. In 1996 the oblate-to-triaxial transition
was demonstrated also in the more realistic self-consistent, semi-classical
nuclear Thomas—Fermi model under the same assumption of synchronous
rotation [5]. The Thomas—Fermi model [6] provides a good description of
shell-averaged static nuclear properties, but the assumption of synchronous
rotation is known to be strongly violated at low angular momenta, where
measured moments of inertia are considerably smaller than the ‘rigid-body’
values implied by synchronous rotation [7]. In the first part of the present
paper we provide: (a) closed formulae that represent accurately the ener-
gies and fission barriers of synchronously rotating Thomas—Fermi nuclei in
the range of mass numbers where the Jacobi transition takes place, and (b)
modified formulae that take into account the decreased moments of inertia
at low angular momenta.

In the second part (Section 5) we present a discussion of some aspects
of the dynamics of nucleus-nucleus fusion, and we sketch a possible way of
estimating fusion cross-sections for the synthesis of heavy and superheavy
nuclei.

2. Thomas—Fermi formulae

For each of the following six nuclei: 74Se, %Mo, 198Cd, 26Xe, 11ON(,
168Yh, we generated self-consistent stable as well as saddle-point solutions
of rotating configurations using the Thomas—Fermi model of [5,6]. As a rule,
the angular momenta ranged between L = 0, through L = L;, where the
Jacobi transition takes place, to L = Lo, where the barrier against fission of
the Jacobi shapes vanishes. Using as a guide scaling rules valid in the liquid
drop model (which is a lowest-order approximation to the Thomas—Fermi
model [8]), as well as universal rules associated with bifurcations and limiting
points in families of equilibrium shapes [9], we constructed formulae in terms
of the atomic and mass numbers Z and A and the angular momentum L,
which represent accurately the numerically calculated properties of the above
six nuclei. These formulae, listed below, can then be used for neighbouring
nuclei, thus avoiding the need for a separate Thomas—Fermi calculation for
each additional nucleus of interest. In the following formulae all energies are
in MeV, and angular momenta are in units of A.

The critical angular momentum at which the Jacobi transition takes
place:

Ly = 0.06029A47/6,/40.83 — ¢, (1)
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where the fissility ¢ is defined by
ZQ
A1 - 17826 (A52)"]

(=

The angular momentum at which the fission barrier vanishes:

Ly = 0.0910847/6,/36.34 — ¢ . (3)

The energy of the oblate (Maclaurin-like) equilibrium shapes (with respect
to the non-rotating ground state):

Eni(L) = v1Ly (0.3)3% = 0.0250%) (4)
where
i = 6.2811\/%, (5)
and I
A= (6)

The energy of the Jacobi shapes (for Ly < L < Ly):

Ey(L) = 0.275v1 Ly + syi (Lo — Iy) [13(1 ~X)

H0-n-pa-x)+3(1-x")], @
where
()]
I = 0.6118 S (8)
()]
B = 0.3078. (10)

The energy of saddle-point shapes for L < Ls:
Bs(L) = 0.275% Ly + §1 (I — L) | o(1 = X)

+Ha-n-p01-x*)+28 (1+X3/2)]- (11)
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The fission barrier for Jacobi shapes (with L1 < L < Lg):
Bj(L) = B X%/, (12)
where
B1 = %’)’1,8 (LQ — Ll) . (13)
The fission barrier for Maclaurin shapes with L < Lq:
Bu(L) = 3m (L — L) [13(1 - X)+501 - —p)(1-X?)
+28 (14 X%2) | = 71L1 (03X - 0.025M — 0.275) . (14)

Now define energy derivatives by

1) = 2400 (13
so that
v, = (L —1) (16)

is an accurate approximation to a nominal quadrupole transition energy
from the state L to the state L — 2. Then for the Maclaurin shapes we have:

(L) =y [1.2X — 0.20%] (17)

and for the Jacobi shapes with Ly < L < Lo we find
(L) = [B+ (1= = HX +pVX] . (18)

For L = Ly we have y\(L1)=+3(L1) =71. For L= Ly we have y;(Ls) =71 1%.

The above equations are accurate representations of the numerical
Thomas—Fermi solutions for mass numbers A greater than about 70 and
less than about 170, or for fissilities ( greater than about 15.8 and less than
about 30.7. They may also be adequate for A less than 70, but should not
be used for A greater than about 170 (fissility greater than about 30.7). The
expression for By(L) may not be reliable for L much below L.

Fig. 1 compares the values of L; and Ls with the liquid drop model
values of [3] and with the finite range liquid drop model values of [4]. The
curves for Ly up to A = 170 are essentially the same in all three models.
The Thomas—Fermi curve for Lo is usually intermediate between those of
the other two models.

Fig. 2 shows the energies Fnr, Fy, Eg and the barrier B for the nucleus
10801
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Fig. 1. For angular momenta below the curves labeled L; the equilibrium shape is an oblate
configuration rotating about its axis of symmetry. The three models in question are identified by
the dashed, solid and circled curves, representing the liquid drop model of [3], the finite range
liquid drop model of [4] and the present Thomas—Fermi model, respectively. Between L1 and Lo
the equilibrium shapes are triaxial Jacobi configurations rotating about the shortest axis. The
curves L1 and L2 come together at the solid circles, beyond which mass numbers Jacobi shapes
do not exist. Disintegration takes place for angular momenta exceeding L; in the upper range
of mass numbers, or Ly below the solid circles. The curves refer to nuclei on the valley of beta

stability. The four arrows identify approximately the mass numbers of nuclei studied in [10].
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Fig. 2. The energies of the Maclaurin-like oblate shapes, the Jacobi-like triaxial shapes and the
(triaxial) saddle-point shapes are shown in their dependence on angular momentum for '98Cd.
The Jacobi shapes first appear at L; and exist up to La. The fission barrier B is the energy
difference between the saddle energy and either the Jacobi energy for L > L; or the Maclaurin
energy for L < L. It vanishes at Lo.



1038 W.D. MYERS, W.J. SWIATECKI

Fig. 3 shows the nominal quadrupole transition energies ~; for **Mo,
108¢q, MONd and '%8YD, the nuclei that would result after emission of four
neutrons from the compound nuclei formed in the bombardments of 3°Ti,
64Ni, 967Zr and '24Sn by ®Ca. These are the reactions recently studied
in [10]. Fig. 3 implies ‘giant backbends’ in the gamma ray energies -y, at the
critical values given by L = L; 4+ 1, where the originally increasing gamma
ray energies suddenly begin to decrease. This decrease is a hallmark of the
Jacobi regime of shapes, associated with their rapidly increasing moments
of inertia. (Note: Egs. (15),(16) imply that if 4(L) has a maximum at Ly,
then vz has a maximum at L; + 1.)

4.0
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Fig.3. The nominal quadrupole gamma ray energies v, are shown in their dependence
on L for four nuclei. These curves represent the unmodified Thomas—Fermi model, with
sharp giant backbends at the angular momenta indicated. The Jacobi shapes exist beyond
the backbend and terminate at the circled points.

3. Modified formulae

Measured rotational spectra correspond to energies that, for low angular
momenta, increase considerably faster than described by Eq. (4) or illus-
trated in Fig. 2. The implied low effective moments of inertia are associated
with nuclear pairing effects, and are expected to disappear at higher values
of L [7]. In particular, in the regime of the very deformed Jacobi shapes ro-
tating about the shortest axis, the energy estimated using moments of inertia
associated with synchronous rotation (‘rigid’ moments of inertia) should be
relatively accurate. We have accordingly modified the energy plots E(L)
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by interpolating between k times Eni(L), Eq. (4), for small L (where £ is a
number greater than 1, which implies moments of inertia less than 1), and
the formula for Fj(L), Eq. (7), near L = Lo. Explicitly, the interpolation
was done as follows:

E. = yLy [k(0.3)3% - 0.0250") — a\"] for L < Ly, (19)
Es = 0.275v; Ly + 7 (L2 — L1) [Fg(l —X)+1i(1-I-p)(1-X?)
+28 (1 - X3/2) n bXQ] for Ly < L < Lo, (20)

where, for a given k, the three quantities n,a,b are determined by the re-
quirement of continuity of value, slope and curvature at L = L;. The de-
mand for continuity of the curvature is motivated by recognition of the fact
that collective rotations about axially symmetric (Maclaurin-like) shapes do
not take place in nuclei. This implies that, also at low angular momenta,
collective nuclear rotations must take place about an axis that is not an
axis of symmetry, for example about a minor axis of a prolate or triaxial
shape. In that case the transition from such a shape to the rapidly elongating
Jacobi-like shape does not involve a spontaneous oblate-to-triaxial symmetry
breaking, and would be smooth rather than abrupt. The associated gamma
ray energies would now be expected to change gradually from increasing to
decreasing functions of L, which implies continuity of the second derivative
of E(L). (We shall continue to refer to the regime of decreasing gamma ray
energies as the Jacobi regime.)

The abovementioned requirements of continuity lead to the following
formulae for n, a, b:

—B+ VB? +4AC

= o7 (21)
A
= 22
“ 442k’ (22)
b = L1 -Fk+2na), (23)
where
A= (11+k)(k-1), (24)
A B
2 (A
Cz—(——A—B), (26)
kK \ K
where I
k=22_1 (27)
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Fig. 4 illustrates the modified energies and fission barriers in the case of
108Cd. The value of k was taken to be 1.5 (see below).
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Fig.4. The dashed curves repeat the plot from Fig. 2, and the solid curves show the
modification resulting from taking account of the reduction of the moment of inertia at
low L by a factor of 1.5. The Jacobi regime of decreasing gamma ray energies begins now
at the angular momentum L,,. The two circled points refer to fission barriers obtained
with the cranked-Strutinsky method in [11].

The formulae for the energy derivative functions are now as follows:

Y<(L) = m [k (1.2X = 0.2)?) — 2naX" ] for L < I (28)
1o (L) = m [Fo+ (1= T = f) X + BV = 26X | for Ly < L < L5.(29)

The Jacobi regime of decreasing values of (L) begins now at the giant
back-bend angular momentum L, (always less than L;) where vy (L) has
its maximum. It is given by the solution of

k(0.6 —0.3)\2) —n(n — 1)a\? =0, (30)

where A\, = LL—T (The maximum in vy, is then at L,, + 1 — see above.)
Varying k results in a one-parameter family of interpolation functions
for 7, illustrated for “*Mo in Fig. 5. The choice k=1.5 leads to 7z, plots
shown in Fig. 6. This choice turned out to give a rough correspondence with
the preliminary results of the measurements referred to earlier [10]. The
original, unmodified curves in Fig. 3 bear little resemblance to the data.
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Fig.5. The nominal quadrupole gamma ray energies for °*Mo, calculated using a modi-
fication of the Thomas—Fermi results, the modification consisting of assuming the low-L
moments of inertia to be reduced by 1.01, 1.1 and 1.5, respectively. The curve labeled 1.0
is the unmodified Thomas—Fermi result.
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Fig.6. This is like Fig. 3, but after the modification consisting of reducing the low-L

moments of inertia by a factor 1.5. The giant backbends, marking the beginnings of the
Jacobi regimes, are indicated by the arrows.

4. Relation to microscopic calculations

In a recent preprint entitled “Very extended nuclear shapes near A = 100”
Chasman describes a ‘cranked-Strutinsky’ study of 37 nuclei between 90Zr
and ?2Xe, at angular momenta L = 60 and L = 70 [11]. Many of these nuclei
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are found to have strongly deformed prolate or triaxial shapes, and to have
fission barriers in the range from about 4 MeV to about 17 MeV. The circles
in Fig. 4 show these barriers in the case of ®8Cd. For a sample of 17 out
of the 37 cases studied by Chasman the deviations between the microscopic
cranked-Strutinsky and the modified Thomas—Fermi barriers were —0.67 £
1.18 MeV at L = 60, and 0.41 + 1.53 MeV at L = 70. (The deviation for all
34 values at both L = 60 and L = 70 was —0.13+1.45 MeV.) It is interesting
to note that, since the Thomas—Fermi energies are smooth functions of A,
Z and L, one concludes that the microscopic energies are also smooth to
within about 1.5 MeV on the average (or else that the shell corrections
for the equilibrium shape and for the saddle-point shape are approximately
the same). Also, considering the very different inputs in the two types of
calculation, it is remarkable that, on the average, the absolute values of
the fission barriers agree to within a fraction of an MeV. On the whole,
one is led to the conclusion that Chasman’s “very extended shapes” and the
Thomas—Fermi-Jacobi configuarations are the microscopic and macroscopic
descriptions of the same underlying physics that goes back to 1834, namely:
“Sufficiently rapidly rotating fluids prefer elongated prolate shapes”.

5. Fusion dynamics

It is an elementary everyday observation that if two fluid drops are
brought into contact, there takes place a sudden growth of the neck — a
snap — characterized by a time scale much shorter than those typical of
other collective degrees of freedom of the system, such as its overall length.
The driving force for this snap is the great saving of surface energy achieved
with only a minor rearrangement of the fluid’s mass elements in the vicinity
of the neck. Thus, insofar as nuclei can be regarded as fluids (see below for
exceptions) the dinuclear configuration of touching fragments is expected to
be transformed rapidly into a mononuclear shape with about the original
overall length (which we shall refer to as the snap length). With reference
to the potential energy landscape underlying the fusion process, the system,
originally in the fusion valley, is injected into the vicinity of the fission valley
at a point along this valley specified approximately by the snap length.

Once in the fission valley, the system may find itself either inside or
outside the saddle-point barrier guarding the compound nucleus against dis-
integration by fission. For lighter reacting systems the former is the case
and, after contact, fusion takes place automatically. But with increasing
sizes of the reacting nuclei the saddle-point length shrinks rapidly, so that,
beyond a certain critical point, the situation is reversed: after the snap the
system is outside the saddle. The heavier the fusing partners the farther
away from the saddle will the system find itself, and the greater will be the
energy difference A between the saddle-point energy and the system’s po-
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tential energy after injection into the fission valley. This is the physics of the
entrance channel hindrance to fusion discussed in [12]. This hindrance may
well be the principal reason for the rapid decrease of measured cross-sections
for the formation of very heavy elements.

A second factor, which acts in the opposite direction, is present in the case
of reactions at bombarding energies designed to leave the compound nucleus
with a given excitation energy, for example the 13 MeV in the case of the
reactions illustrated in Fig. 7. As can be seen from this figure, the typical
Coulomb barrier in the entrance channel would prevent the relatively lighter
projectiles up to °Zn from even achieving contact between the half-density
nuclear surfaces. The implied hindrance, as represented by the size of the
Coulomb barrier that protrudes above the level of the bombarding energy,
is most pronounced for the lightest projectiles, decreasing with projectile
size, and eventually disappearing altogether for the reaction 86Kr + 298Pb,
This lowering of the ‘Coulomb shield’ for superheavy reactions [13,14] is an
elementary consequence of the energetics of nuclear deformations. Thus,
the energy needed to deform a compound nucleus into the Coulomb barrier
configuration of two touching fragments is resisted by the surface energy and
favoured by the electrostatic energy. Hence, for a sufficiently large charge
on the system, the Coulomb barrier will eventually sink below the level of
the ground-state energy (or this energy augmented by some constant, like
the 13 MeV in the examples above). This is illustrated in Fig. 8.

Coming back to Fig. 7, the hindrance against achieving contact would be
100% up to about "°Zn, and zero afterwards, if a classical, one-dimensional
calculation were used. In a more realistic treatment, the hindrance would
decrease gradually, and a quantitative description of such ‘sub-barrier’ fusion
probabilities has been available for some time in terms of the notion of barrier
height distributions [15].

Working together with K. Siwek-Wilczyriska and J. Wilczynski, we have
been led by the above considerations to the following three-stage picture of
the fusion process of heavy nuclear systems:

Stage 1: Overcoming the Coulomb barrier in order to achieve contact.
Using existing theories of sub-barrier fusion, the relevant probabilities can
be estimated. After contact, a snap from the fusion valley into the fission
valley follows. The associated drop in the potential energy is assumed to
heat up the system to a temperature T'.

Stage 2: Overcoming the energy barrier A necessary to reach the com-
pound nucleus from the fission valley after the snap. We assume that this
is achieved by a thermal fluctuation with a probability approximated by
exp(—A/T).

Stage 3: Surviving the competition between fission and neutron emission.
Standard formulae for the relevant probabilities are again available.
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Fig.7. The upper part refers to cross sections for synthesizing heavy elements from
Z=102 to 118 in bombardments of 2°*Pb and 2°°Bi with projectiles from **Ca to *Kr.
The lower part gives three examples of (center-of-mass) potential energy plots along the
fusion valley (thick solid and dashed curves) and fission valley (thin curves). The plots
are against the overall, tip-to-tip extension of the fusing or fissioning configurations. The
ground states are indicated by diamonds, the saddle-points by squares. The solid vertical
line corresponds to contact between the half-density radii, the dashed vertical line to
contact of the density tails, defined by the classical turning points of the fastest particles
in the approaching nuclei. The horizontal arrow defines the bombarding energy, designed
to leave the compound nucleus with 13 MeV of excitation energy.
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Fig.8. This is the energy of tangent spheres (representing the Coulomb barrier) with
respect to the energy of the single-sphere configuration (representing the compound nu-
cleus), in units of that sphere’s surface energy. The plots are against the asymmetry of
the reaction. The label z is the standard fissility parameter, defined as the ratio of the
electrostatic energy of the compound sphere to twice its surface energy. For z slightly
in excess of 1.2 the Coulomb barrier (in this schematic liquid drop model) sinks below
the energy of the compound nucleus. (This ‘unshielding’ would occur earlier with respect
to a somewhat higher bombarding energy that would allow for the emission of one neu-
tron. This is indicated schematically by the dashed line.) In either case the unshielding
is characteristic only of extremely heavy (superheavy) systems and, as a rule, would not
be expected to have been present in most heavy nucleus-nucleus reactions studied so far.
(Quantitative aspects of this figure become modified when a more realistic macroscopic

model is used, and when shell effects are taken into account.)

With the above factors depending in different ways on the reaction pa-
rameters, there is no particular reason to expect the plot of the logarithms
of the formation cross-sections in Fig. 7 to continue as a linear function of
the atomic number beyond Z = 112. In this connection it is interesting to
note that the empirical data in Fig. 7 up to Z = 112, rather than being
fitted by a straight line, may equally well be represented by a cubic that is
made to pass through the point for 86Kr + 2%8Pb, as shown in Fig. 9.

A word about the assumption of a snap at contact, characteristic of
fluids. Nuclei often do exhibit fluid properties, but exceptions occur when
sufficiently strong magic or doubly magic shell effects may endow a nucleus
with properties of an elastic solid [16]. In that case the snap may not occur



1046 W.D. MYERS, W.J. SWIATECKI

=
5 -8
Qo
e
D
2 .10
86Kr+208pb
12 i
-14
100 105 110 115 120

Atomic number Z

Fig.9. The data points are the same as in the upper part of Fig. 7. The curve is the
cubic given by: log(o/barn) = —6.61 — 0.6681(Z — 102) + 0.001377(Z — 102)3.

at contact, but only after a more intimate interpenetration of the partners,
sufficient to destroy their shell effects. Such a delay in the injection into the
fission valley may be advantageous, since the resulting mononucleus will be
more compact, and thus closer to the saddle-point configuration. (See the
discussion in [13,14].)

We hope to develop the above qualitative considerations into a semi-
empirical method of estimating cross-sections for the synthesis of heavy el-
ements.
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