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SHELL MODEL INTERACTION AROUND 208Pb�K.H. MaierH. Niewodni
za«ski Institute of Nu
lear Physi
sRadzikowskiego 152, 31-342 Kraków, Polandand Hahn-Meitner-InstitutGlieni
ker Straÿe 100, 14109 Berlin, Germany(Re
eived January 25, 2001)The shell model residual intera
tion around 208Pb is studied. Matrixelements of a realisti
 intera
tion, 
al
ulated from the intera
tion betweenfree nu
leons, are 
ompared with experiment. The 
al
ulated intera
tionhas been improved by adjustments to experimental data, to better des
ribenu
lei around 208Pb. Some systemati
 trends of the di�eren
es between
al
ulated and empiri
al intera
tion have been found. Spe
i�
ally, the in-tera
tion between parti
les and holes in 208Pb is treated and that betweentwo proton holes, based on new data for 206Hg.PACS numbers: 21.60.Cs, 27.80.+w1. Introdu
tionMu
h progress has been re
ently a
hieved in understanding nu
lear stru
-ture by means of the shell model. Many new experimental data have beenmeasured around 132Sn. Some properties of the nu
lei around 100Sn havebeen found, and also 78Ni might soon be within rea
h of experimental explo-ration [1℄. Many states around 132Sn have been su

essfully 
al
ulated withintera
tions taken from the 208Pb region [2℄. These nu
lei are doubly magi
and therefore parti
ularly interesting for shell model studies. The mainaim is, for these 
ases of nu
lei far from stability, to explore if there aresome marked di�eren
es in their stru
ture from that of nu
lei 
lose to sta-bility. Nu
lei around 208Pb 
an serve as a referen
e in the valley of stability.Also advan
es in 
omputational te
hniques and 
omputing power allownow shell model 
al
ulations for nu
lei with many a
tive parti
les, and the� Presented at the XXXV Zakopane S
hool of Physi
s �Trends in Nu
lear Physi
s�,Zakopane, Poland, September 5�13, 2000.(899)



900 K.H. Maiernumber of 
on�gurations, that 
an be in
luded in the 
al
ulations, has beensubstantially in
reased. Therefore many more nu
lei and nu
lear propertieshave now be
ome a

essible to detailed shell model 
al
ulations.Of 
ourse knowledge of the intera
tion is a prerequisite for any shellmodel 
al
ulation. It 
an and has been best studied around 208Pb. Anymatrix element of the residual intera
tion, that 
an be newly determinedfrom experiment, might be used dire
tly to explain nu
lear properties, par-ti
ularly if 
on�guration mixing is negligible and the stru
ture of the statesis relatively simple. However the residual intera
tion between the parti
lesaround 208Pb 
omprises some ten thousand matrix elements for the Kuo�Herling spa
e [3℄, while a few hundred 
an be dire
tly measured. There-fore the residual intera
tion has to be taken from theory, but then 
he
kedby 
omparing with the experimentally known matrix elements, with the goalof a better intera
tion. Perhaps one 
an then even improve the 
al
ulationsof the realisti
 intera
tion for the whole region of the nu
lear 
hart.This 
omparison of the intera
tion around 208Pb between experimentand theory is the main theme of this 
ontribution. For the theoreti
alpart, realisti
 intera
tions are taken, following the original work of Kuo andBrown [4℄. They have developped the method, to 
al
ulate the intera
tionbetween nu
leons inside a nu
leus, the shell model residual intera
tion, fromthe measured intera
tion between free nu
leons. Kuo and Herling [3℄ 
al-
ulated then the intera
tion between parti
les, the orbitals above the shell
losure in 208Pb, and that between holes, the orbitals below. This Kuo�Herling intera
tion is still the basis for most shell model studies around208Pb. But now su
h 
al
ulations of realisti
 intera
tions 
an and have beendone without previously ne
essary 
omputational simpli�
ations [5℄. War-burton and Brown [6℄ examined and adjusted the Kuo�Herling intera
tionfor parti
les. Rydstroem et al., [7℄ did the same for the intera
tion be-tween two proton holes and that between a neutron hole and a proton hole.M
Grory and Kuo [8℄ improved the intera
tion between two neutron holes.So far no 
al
ulations had been done for the intera
tion between parti
lesand holes. Now Brown and Rejmund [9℄ 
al
ulated these two body matrixelements from the H7B free nu
leon potential [10℄. In Se
. 3.2 this intera
-tion is 
ompared with experiment and adjusted. Then the 
ombination ofthese 4 intera
tions [6�9℄ 
an be used, to 
over the whole spa
e from 13250Sn82as 
ore to Z = 126 and N = 184, the so 
alled Kuo�Herling spa
e.The solution of the S
hroedinger equation in the shell model gives theenergies of the levels and the wave fun
tions. The energies might be dire
tly
ompared with experiment. Other observables, as quadrupole moments orM1 transition rates, have to be 
al
ulated as the expe
tation values of e�e
-tive operators from the wave fun
tions. In the same way, as the intera
tionenergy between parti
les inside the nu
leus is modi�ed from that between



Shell Model Intera
tion Around 208Pb 901free parti
les, these operators are also modi�ed. Therefore these e�e
tiveoperators have to be 
al
ulated together with the e�e
tive intera
tion andmeasurements are ne
essary, to 
he
k the theory. The expe
tation valuesof the operators 
an then be 
al
ulated for some trial wave fun
tion and
ompared with the 
orresponding measured observables, in order to 
he
kor determine the wave fun
tion [11℄.On the experimental side the 208Pb region, and in parti
ular 208Pb it-self, has been studied in mu
h detail [12�15℄. Be
ause 208Pb and a fewneighbouring nu
lei, as 207Pb and 209Bi, are stable, transfer rea
tions andinelasti
 s
attering of ele
trons, protons, neutrons and heavy ions 
an beused. But also experiments with radioa
tive beams and on radioa
tivetargets have been performed, as 210Bi� (t,�) 209Pb [16℄. Lately also de-tailed 
-spe
tros
opy has been performed with transfer rea
tions and in
oin
iden
e with 
harged parti
les [13℄ and with deep inelasti
 rea
tions[17�19℄. Often the new experimental data add previously missing informa-tion, and fa
ilitate to fully exploit the older data. For instan
e 
-de
aydata 
ombined with the results from transfer rea
tions might �x the spin ofa state and by this make the measured spe
tros
opi
 fa
tor really meaningful.Little is known about the neutron ri
h nu
lei 
lose to 208Pb, as the two va-len
e neutron nu
leus 210Pb [20℄, and even less about proton holes. Thereforethe new experimental information [21℄ on 206Hg, the nu
leus with two protonholes is evaluated below.2. 206Hg the intera
tion between proton holesOnly the groundstate, the 2+ level and the 5� isomer had been known in206Hg [22℄, and the intera
tion between proton holes has been adjusted [7℄to �t these energies. Now, in an experiment with gammasphere at the Atlasa

elerator, ex
ited states in 206Hg have been populated by deep inelasti
rea
tions of a 1360 MeV 208Pb beam with a thi
k 238U target and their
-de
ay measured [21℄. The level s
heme, as derived from these results,is shown in Fig. 1 and 
ompared with shell model 
al
ulations using the�original� intera
tion [7℄. Spins have been assigned from this 
omparisonwith theory. The 10+ isomer and the 8+ and 7� levels are so 
hara
ter-isti
 for the expe
ted yrast-states formed by two proton holes, that theseassignments are 
ertain.The strong 2344 keV line into the �h�211=2 10+ state resembles very mu
hthe other o
tupole ex
itations, that have been observed in neighbouringnu
lei on top of two parti
le or hole high spin states [23℄. The energy ofthis transition is 
al
ulated to be shifted by �244 keV from the energy ofthe o
tupole ex
itation in 208Pb at 2615 keV by the 
oupling between theo
tupole vibration and the two holes, 
ompared with the observed shift of
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Fig. 1. Experimental and 
al
ulated level s
heme of 206Hg. The dominant 
on�gu-rations of the states are indi
ated.�271 keV. This 
al
ulation is based on the measured o
tupole 
oupling of oneh11=2 proton hole in 207Tl. It is very reliable, as the experien
e with severalsimilar 
ases, parti
ularly the o
tupole ex
itation on top of �i�213=2 12+ statein 206Pb proves [23℄. A se
ond 13� level of the main 
on�guration �j15=2 i�113=2is 
al
ulated at 6180 keV just 113 keV higher. Mixing between these twolevels 
ould explain the 10% di�eren
e between the observed and 
al
ulatedo
tupole 
oupling.With the assignment of 13� to the 6067 keV level from these 
onsider-ations, the parallel 
-bran
h to the 10+ level through 3 intermediate levelsagrees with theoreti
al expe
tations. Cal
ulations 
learly predi
t positiveparity for these three states and very mu
h favour 10+ for the �rst levelabove the 10+ isomer, as any other levels are 300 keV higher. If one in addi-tion ex
ludes M2 multipolarity, then 12+ is 
ertain for the 5643 keV level and11+ highly favoured for the 4987 keV state. Be
ause 3 
rossover transitionshave been found above the 10+ isomer and yrast states are strongly favouredin this type of experiment, the possible spins of the four levels are already



Shell Model Intera
tion Around 208Pb 903restri
ted. The density of states with appropriate spins is low enough, thatshell model 
al
ulations determine the spins of the new levels rather reli-ably, as indi
ated in the �gure. The 10+ and 11+ states 
orrespond to theparti
le-hole ex
itations in 208Pb with the same spin, while the two protonholes of 206Hg 
ouple to 0+. The 12+ level is mainly the two proton hole7� state 
oupled to the lowest 5� state of 208Pb. This stru
ture is howevernot ne
essarily very pure, as for spin 11+, 12+ and 13� the next level lieswithin 250 keV.The intera
tion between proton holes for the 
al
ulations of the stateshas been taken from Ref. [7℄. They took the Kuo�Herling intera
tion [3℄ andadjusted the diagonal matrix elements of the main 
on�guration (see Fig. 1)to reprodu
e the experimental energies, namely by 206 keV and 18 keV forthe 2+ and 5� states. Adjustments of 106,3 and 66 keV are needed for thenew 7�; 8+ and 10+ states. As all 
orre
tions are positive, likely a generalshift of +80 keV (the average of the 5 values) for all diagonal intera
tionelements between proton holes would improve the intera
tion.The admixture of h11=2d5=2 to the main 
omponent h11=2 d3=2 in the 7�state 
an be estimated from the measured B(E3; 10+ ! 7�) = 0:25(4) W.u.,as the E3 transition 
an only pro
eed to this 
on�guration. B(E3; h11=2 !d5=2) = 25 W.u. 
an be reliably estimated [23℄ from the analogous measuredB(E3; j15=2 ! g9=2) = 26(4) W.u. in 209Pb, and then B(E3; h211=210+ !h11=2d5=27�) = 31 W.u. 
al
ulated.The admixed amplitude squared is 0.008(3) from this, while the 
al
u-lated is 0.017, or twi
e as large. In a similar way the B (E3; 5� ! 2+) ismainly determined by the transition from the main h11=2 s1=2 
omponent tothe small admixture of d5=2 s1=2, that is 
al
ulated as 10% for the 2+ state.The measured B(E3) gives only 1%. But a 
loser inspe
tion shows, thatthere are other 
ontributions that might interfere destru
tively and thena reasonable redu
tion, around a fa
tor 2, of the d5=2 s1=2 probability 
ana
hieve agreement with experiment. Rydstroem et al., [7℄ already redu
edall mixing matrix elements for 0+ to reprodu
e the ground state energy of206Hg. So the three pie
es of experimental information favor a redu
tion ofthe nondiagonal elements of the intera
tion.The energies of the 
ore ex
ited 10+ and 11+ levels are lowered relativeto 208Pb, but not enough. Perhaps the intera
tion between neutrons andproton holes, that is little known experimentally should be more attra
tive.The 12+ level is 
al
ulated too high by about as mu
h as its one 
omponent,the �h�111=2 d�13=2 7� state.



904 K.H. Maier3. The neutron neutron-hole and proton proton-holeintera
tion 208Pb3.1. Pandya transformOne neutron or proton is raised from the o

upied orbitals below the shell
losure to an empty orbital above, to form the ex
ited states of 208Pb. There-fore the level s
heme of 208Pb provides information on the diagonal matrixelements of the intera
tion between neutrons and neutron holes and protonsand proton holes. Also 
on�guration mixing between these one parti
le-onehole states 
an be determined from experimental data,and informationon thenondiagonal elements of the intera
tion dedu
ed. Rejmund et al.,have in thisway derived many matrix elements of the intera
tion [11℄. In the followingthese empiri
al intera
tion elelements and also the measured level s
hemeare 
ompared with 
al
ulations, in an attempt to �nd some general trends.Usually shell model 
al
ulations are performed in the parti
le�parti
lerepresentation, as for instan
e by the OXBASH program, and we are used tothink in this way. But the ex
ited one-parti
le one-hole states of 208Pb aredire
tly related to the parti
le-hole intera
tion. The Pandya transformation[24℄ 
onne
ts the matrix elements of both representations:EI(j1j�14 ; j3j�12 )=�(�1)j1+j2+j3+j4XJ (2J+1)W (j1j2j4j3;JI)EJ (j1j2; j3j4):Some features of the Pandya transformation have to be re
ognized.(i) It relates diagonal and nondiagonal elements.(ii) To 
al
ulate any parti
le-hole element, the parti
le�parti
le elementsfor all spins belonging to the orbitals involved are needed; the sameholds for the reverse transformation. Be
ause the experimental infor-mation is nearly always in
omplete, one 
an only transform from thetheoreti
al parti
le�parti
le elements to parti
le-hole.(iii) The Pandya transform does not des
ribe the matrix elements, that mixone-parti
le one-hole and two-parti
le two-hole states. Therefore onlystates of rather pure one-parti
le one-hole stru
ture 
an be treatedhere.(iv) It is often surprising, whi
h states are 
onne
ted by this transforma-tion. For instan
e the intera
tion between �-parti
le g9=2 and �-holeh11=2 in low lying states of 208Tl gives that between �-parti
le g9=2and �-parti
le h11=2 that would be manifest in low lying states of194Tb, that is 35 neutrons above stable 159Tb. Or, as has been foundby 
han
e, the mixing element E13+(�j15=2 �h11=2; �i13=2 �i13=2) in�u-en
es the 3rd 2� state in 208Pb strongly.



Shell Model Intera
tion Around 208Pb 9053.2. Comparison of 
al
ulated and empiri
al intera
tionsIt was found in Ref. [11℄, that proton�proton hole and neutron�neutronhole elements are very similar, if 300 keV are added to the empiri
al ����1intera
tion (diagonal elements). Breaking the 0+ proton pair in the groundstate of 208Pb gains the Coulomb pairing energy, and a 
onstant amountof �300 keV, independent of orbitals and spin, resembles the experimentalenergies well. This is one �nding of a general feature, and allows to treatneutron and proton intera
tions together in the following.The intera
tion between parti
les and holes depends primarily on simplegeometry. The su

ess of the s
hemati
 surfa
e delta intera
tion re�e
ts thisfor instan
e. Therefore the diagonal intera
tion elements are presented as afun
tion of the 
lassi
al angle � between the spins of parti
le and hole. Asthe parti
les and holes are 
on
entrated in the plane perpendi
ular to theirspin, � determines largely the overlap of the wave fun
tions. The overlap islarge for � ' 0 or 180 deg and minimal for 90 deg and the intera
tion energyshould re�e
t this, if the intera
tion is of short range. In pra
ti
al terms,the various intera
tion elements 
an be presented together as a fun
tion ofthe 
lassi
al angle, independent of the detailed quantum numbers.
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Fig. 2. Comparison of experimental and 
al
ulated parti
le-hole matrix elements ofthe residual intera
tion in 208Pb. The parity of the states is unnatural�=�(�1)I ;if j = l+1=2 for the parti
le, j = l�1=2 for the hole or vi
e versa. The experimentalelements in
lude those for neutrons and protons, the latter are shifted by +300 keV,see text.



906 K.H. MaierIt was found, that the intera
tion is 
hara
teristi
ally di�erent depend-ing on two parameters, (i) natural (� = (�1)I) or unnatural parity of thestates, and (ii) parti
le and hole have both either j = l+1=2 or j = l� 1=2or they di�er in this respe
t. Fig. 2 
ompares for one of these four 
ases,the empiri
al elements with the realisti
 neutron and proton elements. The-oreti
al neutron and proton elements and the empiri
al elements exhibit thesame trend. The steep rise around 160 deg is experimentally resembled bythe (�h9=2h�111=2; 1+) level, and the two 0� states show the sharp drop atexa
tly 180 deg. The 
al
ulations of the realisti
 intera
tion in
luded theCoulomb energy for protons; in the �gure the proton elements are lower byaround 150 keV than the neutron elements. It has to be remembered, thatthe empiri
al proton elements, as shown, have been adjusted by +300 keV,in order to agree with the neutron elements. TABLE IAdjustments of the empiri
al intera
tion.eq nat eq un not nat not un �neutron �107 �57 �202 �127proton +62 +91 �49 +25proton�neutron +169 +148 +153 +152All diagonal proton elements �300 keVAll nondiagonal 3-elements have been multiplied by 0.895For not nat and the highest spinall 
on�gurations +150 keVneutron i11=2 i13=2 12+ +280 keVproton h9=2 h11=2 10+ +170 keVFor neutron g9=2 i13=2 all spins �70 keVFor neutron j15=2 i13=2 all spins �40 keVFor neutron j15=2 i13=2 14� +95 keVto reprodu
e the lowest 2+ 4+ 6+neutron g9=2 i13=2 2+ � 480 keV 4+ � 480 keV 6+ � 440 keV� All stated adjustments, that are appropriate for a state, have to be added.eq: parti
le and hole are both j = l + 1=2 or both j = l � 1=2.not: parti
le and hole di�er in j = l + 1=2 or j = l � 1=2nat: natural parity, � = (�1)Iun: unnatural parity, � = �(�1)I



Shell Model Intera
tion Around 208Pb 907Fig. 2 shows that a uniform shift of the 
al
ulated neutron elements by�130 keV gives on average already good agreement with the empiri
al ele-ments. The proton elements have to be shifted up by around +25 keV. Alsoin the other three 
ases the main di�eren
e between 
al
ulated and empir-i
al elements is simply a 
onstant, independent of any detailed stru
ture.The adjustments of the intera
tion are summarized in Table I. The di�er-en
e of the 
orre
tion between neutrons and protons is about 150 keV in all4 
ases, in agreement with the assumption of just one overall Coulomb en-ergy. Fig. 3 
ompares the known empiri
al elements with the 
orrespondingrealisti
 ones. The agreement is in general quite good. But the individualelements deviate often by around 100 keV in a seemingly random fashion.Many elements are also only around 100 keV, or in other words the devia-tions 
an amount to 100%. The errors of the empiri
al elements are nearlyalways below 50 keV [11℄. Parti
ularly the two 0� elements indi
ate, thatbetter agreement 
ould be a
hieved with an adjustment that varies with theangle. But there are too few data points 
lose to 0 or 180 deg to determine
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Fig. 3. Comparison of the adjusted with the empiri
al parti
le-hole intera
tion for208Pb. The proton elements are shifted by +300 keV, to make them 
omparablewith the neutron elements. The values marked by ? belong to the 2+ 4+ and 6+states of the �h�111=2�h9=2 
on�guration.



908 K.H. Maierfurther parameters. A 
lear �nding is, that the states of highest spin ofall 
on�gurations with di�erent alignment of spin and orbital angular mo-mentum (j = l+�1=2) are 
al
ulated too low by about 150 keV. Moreover forthe spin orbit partners (�i11=2i�113=2; 12+) and (�h9=2h�111=2; 10+) an additionaldi�eren
e of 280 and 170 keV, respe
tively, is found.The nondiagonal elements 
annot be presented as a fun
tion of just oneparameter. Therefore a straightforward 
omparison between theory andexperiment as for the diagonal elements is not possible. The energy of the
olle
tive 3� state however is very sensitive to 
on�guration mixing. A re-du
tion of 10% for all nondiagonal 3� elements gets its energy right. A re-du
tion of all nondiagonal elements also for other spins gives however noimprovement. These �ndings might be helpful to improve the 
al
ulationsof the intera
tion.All adjustments of the realisti
 intera
tion are summarized in Table I.In addition to the adjustments mentioned above, the elements of the 
on�g-uration �g9=2 i�113=2 for 2+; 4+ and 6+ have been lowered by around 500 keV,in order to reprodu
e the energies of the yrast 2+, 4+ and 6+ levels. Verylikely admixtures of two parti
le�two hole states are the real 
ause for thelowering of these states, but this 
hange will anyway improve 
al
ulations forneighbouring nu
lei. Fig. 4 
ompares the positive and negative parity levels,as 
al
ulated with this intera
tion, with experiment. The results are quitesatisfa
tory. A one to one 
orresponden
e of 
al
ulated and experimentallevels is evident. The se
ond experimental 2+ and 4+ levels are likely two-
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Fig. 4. The level s
heme of 208Pb for (a) positive and (b) negative parity. Theenergies 
al
ulated with the adjusted intera
tion (horizontal bars) are 
omparedwith experimental energies (x).



Shell Model Intera
tion Around 208Pb 909parti
le two-hole states and therefore without theoreti
al 
ounterparts. Therms error for 54 levels is 66 keV and the average linear deviation �21 keV.Without the adjustments of the intera
tion the 
orresponding numbers are189 and 128 keV, respe
tively.4. Con
lusionsMu
h should yet be measured around 208Pb, mainly on the neutronri
h and proton de�
ient side. Nevertheless a wealth of experimental dataon states 
omposed of two parti
les or holes exist, from whi
h the shellmodel residual intera
tion 
an be dire
tly determined [11℄. For the parti
le-hole intera
tion in 208Pb the realisti
 intera
tion reprodu
es the systemati
features of the empiri
al intera
tion well. This is shown as a fun
tion ofthe 
lassi
al angle in Figs. 2, 3. A wide range of angles is 
overed here, asthe spins of the states range from 0� to 14� and the angular momenta ofparti
les and holes from 1/2 to 15/2. This angular dependen
e re�e
ts byand large the dependen
e of the intera
tion between the parti
les on thedistan
e between them, that is explored in this way. Adjustments of the
al
ulated intera
tion resulted in an improved set of matrix elements, thatshould reprodu
e any states around 208Pb that in
lude 
ore ex
itations well.Moreover the trends, that have been found, might give hints to improvethe 
al
ulations for the intera
tion in the nu
leus from that between freenu
leons.Many people 
ooperated in this work. I thank parti
ularly M. Rejmund,B. Fornal and R. Broda. Thanks are also due to all 
olleagues at theH. Niewodni
za«ski Institute of Nu
lear Physi
s, Kraków, for a very pleas-ant time there, and the Foundation for Polish S
ien
e (FNP) for �nan
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